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This report gives the result of running the computer algebra independent integration test.

The download section in the appendix contains links to download the problems in plain
text format used for all CAS systems.

The number of integrals in this report is [ 70 |. This is test number [ 124 |].

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.
4.

Mathematica 13.1 (June 29, 2022) on windows 10.
Rubi 4.16.1 (Dec 19, 2018) on Mathematica 13.0.1 on windows 10.
Maple 2022.1 (June 1, 2022) on windows 10.

Maxima 5.46 (April 13, 2022) using Lisp SBCL 2.1.11.debian on Linux via sagemath
9.6.

5. Fricas 1.3.8 (June 21, 2022) based on sbcl 2.1.11.debian on Linux via sagemath 9.6.
6.

7. Sympy 1.10.1 (March 20, 2022) Using Python 3.10.4 on Linux.

8.

Giac/Xcas 1.9.0-13 (July 3, 2022) on Linux via sagemath 9.6.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS
systems.

Sympy was called directly from Python.



1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (70 ) | 0.00 (0 )
Mathematica | 100.00 ( 70 ) | 0.00 (0 )
Fricas | 100.00 (70) | 0.00 (0)
Maple | 100.00 (70) | 0.00 (0)
Mupad | 70.00 (49) |30.00 (21)
Maxima 68.57 (48 ) | 31.43 (22)
Giac 65.71 (46 ) | 34.29 (24)
Sympy 429 (3) | 95.71(67)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100.00 0.00 0.00 0.00
Mathematica 81.43 4.29 14.29 0.00
Fricas 64.29 5.71 30.00 0.00
Maxima, 61.43 7.14 0.00 31.43
Maple 57.14 8.57 34.29 0.00
Giac 35.71 30.00 0.00 34.29
Sympy 4.29 0.00 0.00 95.71
Mupad N/A 70.00 0.00 30.00

Table 1.3: Antiderivative Grade distribution of each CAS

The following is a Bar chart illustration of the data in the above table.



Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failure for each CAS.
There are 3 types of reasons why it can fail. The first is when CAS returns back the input
within the time limit, which means it could not solve it. This the typical normal failure F .

The second is due to time out. CAS could not solve the integral within the 3 minutes time
limit which is assigned F(-1).

The third is due to an exception generated. Assigned F(-2). This most likely indicates an
interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima and



Giac) or it could be an indication of an internal error in CAS. This type of error requires
more investigations to determine the cause.

System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure
Rubi 0 0.00 % 0.00 % 0.00 %
Mathematica | 0 0.00 % 0.00 % 0.00 %
Maple 0 0.00 % 0.00 % 0.00 %
Fricas 0 0.00 % 0.00 % 0.00 %
Giac 24 100.00 % 0.00 % 0.00 %
Maxima 22 100.00 % 0.00 % 0.00 %
Sympy 67 89.55 % 7.46 % 2.99 %
Mupad 21 100.00 % 0.00 % 0.00 %

Table 1.4: Failure statistics for each CAS




1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.

System Mean  time | Mean size | Normalized Median Normalized
(sec) mean size median
Rubi 0.04 69.46 1.00 64.00 1.00
Mathematica | 0.30 70.87 1.12 58.50 1.00
Maple 8.80 214.01 3.13 70.00 1.37
Maxima 0.32 69.92 1.95 46.00 1.20
Fricas 2.15 81.01 1.23 69.50 1.16
Sympy 2.97 38.00 1.93 49.00 1.65
Giac 0.45 84.67 1.66 60.00 1.62
Mupad 2.53 60.37 1.37 42.00 1.10

Table 1.5: Time and leaf size performance for each CAS

The following are bar charts for the normalized leafsize and time used from the above table.
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Mean time used (seconds)

Normalized mean size of antiderivative

Lower is better

Lower is better




1.4

{}

11

list of integrals that has no closed form
antiderivative
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1.5 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}
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1.6 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed (3
minutes time limit was used). These integrals are listed here to make it easier to do further
investigation to determine why it was not possible to verify the result produced.

Rubi {}

Mathematica {}

Maple Verification phase not implemented yet.
Maxima Verification phase not implemented yet.
Fricas Verification phase not implemented yet.
Sympy Verification phase not implemented yet.
Giac Verification phase not implemented yet.

Mupad Verification phase not implemented yet.

1.7 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.
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1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.9 Important notes about some of the re-
sults

1.9.1 Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

{ from sage.interfaces.maxima_lib import maxima_lib
| maxima_lib.set('extra_definite_integration_methods', '[1')
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L maxima_lib.set('extra_integration_methods', '[]') J

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffdrent-
[from-using-maxima/| for reference.

1.9.2 Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

1.9.3 Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for this
purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was deter-
mined using the following function, thanks to user slelievre at https://ask.sagemath|
lorg/question/57123/could-we-have-a-leaf count-function-in-base-sagemath/|

def tree_size(expr):
L
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/

16

For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count_ ops(anti))

except Exception as ee:
leafCount =1

1.9.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post

processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2




1.10 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification ]
Sam Blake test file

[ Rubi script + grading + verification POST
PROCESSOR
PROGRAM
Test files from Albert : n b
T
8 Rich Rubi web site l aple script + grading
Waldek Hebisch - "
test file [ Python script to run sympy + grading
j\> . - Program that
b Latex repo
’ Matlab script for Mupad/Symbolic toolbox generates the p

Latex report
using input

from the ‘ HTML
result tables

™ Giac

SageMath/Python
script to test
Maxima, Fricas +

grading
Maxima —>

High level overview of the CAS
independent integration test

build system
One record (line) per one integral result. The line is CSV comma'separated. This is description of each record

! Fricas

pe

[ | SageMath

1. integer, the problem number.

2. integer. O for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
3. integer. Leaf size of result.

4. integer. Leaf size of the optimal antiderivative.

5. number. CPU time used to solve this integral. O if failed.

6. string. The integral in Latex format

7. string. The input used in CAS own syntax.

8. string. The result (antiderivative) produced by CAS in Latex format

9. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not
11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified.

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi a1 A
20. String. The optimal antiderivative in Mathematica syntx August 26,2022
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2.1 List of integrals sorted by grade for each
CAS

Local contents

2.1.1
2.1.2
2.1.3
214
2.1.5
2.1.6
2.1.7
2.1.8

Rubi .

Mathematica . . . . . . . . . . e

Maple

Maxima . . . . . . o e e e e e

FriCAS



21

2.1.1 Rubi

A grade: { [1}[2,3}4,5}6, 7,8} 9} L0} [L1} 12} 13} [14} [I5} [16} [I7,[I&) [I% [20, 21} 22} 23} 24} [25} [26} [27)
[28,[29}30} 31}, 32} 33} 34} 135} [361, 37, 38, 139} (40, [A1} 12} 43} (44}, (45}, 46}, 47} 48, (49} 50} [p 1} 62} 53}, 54} 55,
5615758} 59} 60} 61}62}[63} 64 65}, 66} 67} (68} /694 70) }

B grade: { }
C grade: { }
F grade: { }

2.1.2 Mathematica

A grade: { [1}2}[3} 4[5}[61[7}8} 9% [10} 1 1}12}[13} 14} [15} [16} [18} 20} 22} 24} 25 26} [27} [28} [29, 30} 31}
%Eﬂ@@@@@@@@@@@@@@@@@@@@@@

B grade: { 323436 }
C grade: { [I7[19}[21}[23} 6566} 67} [68} 6% [70] }

F grade: { }

2.1.3 Maple

A grade: { (12151785617 03[10} 1,2 13} 29,50, BT 52,53, 5% 57,58 50, 0, T 2 3.
546,41 55 56,57, 55 9 60,61} 62631164 }
B grade: { [24)26) 27,285,561}

}C grade: { [14[15}[16}17}18}19,[20} 21, [22, [23} 25} (47} 48} 49} 50} [5 1} [52} 53, (65}, [66} 67} 68} 69} (O]

F grade: { }

2.1.4 Maxima

A grade: { 12,5, 7 BB, 0, 112313, 27,2 294 30, 1) 2 33 34 53,36, 37, 35, B9 0,
[42} 43, |44} [45} 46, [54} 55} 56} [57} [68} 59} [60} 6 1}62, 63} 64] }

B grade: { }

C grade: { }

F grade: { [I6,[L718}[19, 20} 21} 22}[23, [24} 47} 48} 49} 50} 51} 52} 53, 65, 66,67} [68} (69} 70 }

k=
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2.1.5 FriCAS

A grade: { [1}2}[3} 4, 51[6}, 8} 9} [10,[1 1} [12} 13
59,160,611 62} 63} 64 }

B grade: { [7,[40/[41} 58] }

C grade: { [16,[17}[18}[19}[20} [21} [22}[23} 47} (48} [49} [50} 51} 52} 53} [65}[66} 67} 68} (6% [70) }

F grade: { }

[=2)

2.1.6 Sympy
A grade: {[9,32,33] }
B grade: { }

C grade: { }

F grade: { [[,[2,3)/4,5,(6} 7} 8} 10} 11} [12}[13} 14} 15} [16} [17] 8} 19} 20} 21} 22} [23}[24} [25) [26) 27} 28}
[29,130, 11,34} 135, 36} 37, [38) 39} [40), [T}, 42} (43} 14} 45}, (46, [47} 48} (49} 50} 51} 52, 53} 54} (55} 56} 57} [58,
[59}[60 61} 62} 63} 64} 65466} 67, (68} (69 0] }

2.1.7 Giac

A grade: { [1,2}[3} 4, 5}/6} [7}[8, 94 L0} [L1} [12} 13} 26, 27} [28} [29} [30} 31} 32} 33} |34} [35} 36} 6] }
B grade: { [24,37,[38}[39} 40} |41} (42} 43} 44} |45} 64, 55, 56} 57} 58} 59} 60} 6 11 [62, 63} 64 }

C grade: { }

i (BBBOEDELEBE0E00IREER0HED

2.1.8 Mupad
A grade: { }

B grade: { [12,8AE6A B0 41970757779 20,0071, 62 83,8425
(56, 57,3839, 10, 4.1, 12] 43, 1 45] 46] b 55,56, 57, 55 B9, 60,61

C grade: { }

F grade: { [16}[17}[18 [19} 20} 21} 22} 23} 47, 48} {49} 50} 51} 52} 53} 65, (66, 67} 68} 69} 70) }

N

iy
E
— LS
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it
is given just an F.

In this table,the column N.S. in the table below, which stands for normalized size is de-

fined as —antiderivative leaf size help make the table fit, Mathematica was abbre-
optimal antiderivative leaf size

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A A A A A F A B
) verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
viated to MMA.
size 87 87 81 78 60 74 0 79 56
N.S. 1 1.00 0.93 0.90 0.69 0.85 0.00 0.91 0.64

time (sec) N/A 0.036 0.208 0.394 0.300 2.786 0.000 0.475 2.438

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 98 98 75 108 126 114 0 121 102
N.S. 1 1.00 0.77 1.10 1.29 1.16 0.00 1.23 1.04
time (sec) N/A 0.046 0.251 0454 0290 3.768 0.000 0.473 2.485

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 65 65 61 58 43 56 0 57 42
N.S. 1 1.00 0.94 0.89 0.66 0.86 0.00 0.88 0.65

time (sec) N/A 0.033 0.141 0.410 0.284 2.306 0.000 0.438 2.319
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 70 70 54 85 97 95 0 98 7
N.S. 1 1.00 0.77 1.21 1.39 1.36 0.00 1.40 1.10
time (sec) N/A 0.034 0.093 0.461 0.284 2.410 0.000 0.461 2.447
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 43 43 36 35 34 37 0 34 28
N.S. 1 1.00 0.84 0.81 0.79 0.86 0.00 0.79 0.65
time (sec) N/A 0.029 0.071 0.316 0.278 1.499 0.000 0.435 2.367
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 40 40 48 55 58 72 0 60 41
N.S. 1 1.00 1.20 1.38 1.45 1.80 0.00 1.50 1.02
time (sec) N/A 0.018 0.013 0.276 0.281 2.527 0.000 0.435 2.415
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 15 15 15 16 15 31 0 15 17
N.S. 1 1.00  1.00 1.07 1.00 2.07 0.00 1.00 1.13
time (sec) N/A 0.009 0.003 0.356 0.282 1498 0.000 0411 2.345
Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 24 24 35 30 38 40 0 40 22
N.S. 1 1.00 1.46 1.25 1.58 1.67 0.00 1.67 0.92
time (sec) N/A 0.018 0.013 0.299 0.289 2.438 0.000 0.436 0.056




25

Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 31 31 33 37 37 28 51 37 25
N.S. 1 1.00 1.06 1.19 1.19 0.90 1.65 1.19 0.81
time (sec) N/A 0.020 0.026 0.280 0.504 2234 3.637 0424 2.358
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 30 30 50 33 27 28 0 34 28
N.S. 1 1.00 1.67 1.10 0.90 0.93 0.00 1.13 0.93
time (sec) N/A 0.032 0.015 0.388 0.281 2.557 0.000 0.423 0.041
Problem 11 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 61 61 45 65 73 49 0 73 67
N.S. 1 1.00 0.74 1.07 1.20 0.80 0.00 1.20 1.10
time (sec) N/A 0.028 0.063 0.455 0.526 1.788 0.000 0.424  2.443
Problem 12 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 50 50 74 54 43 45 0 57 43
N.S. 1 1.00 1.48 1.08 0.86 0.90 0.00 1.14 0.86
time (sec) N/A 0.046 0.020 0.562 0.282 2.236 0.000 0.466 2.368
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F(-1) A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 89 89 68 86 103 68 0 96 91
N.S. 1 1.00 0.76 0.97 1.16 0.76 0.00 1.08 1.02
time (sec) N/A 0.039 0.075 0.578 0.499 2.136 0.000 0.471 2.942
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Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C B A F F B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 26 26 26 512 304 33 0 0 42
N.S. 1 1.00 1.00 19.69 11.69 1.27 0.00 0.00 1.62
time (sec) N/A 0.027 0.224 0.849 0.649 2.257 0.000 0.000 2.856
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C B A F F B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 25 25 25 510 296 33 0 0 41
N.S. 1 1.00 1.00 20.40 11.84 1.32 0.00 0.00 1.64
time (sec) N/A 0.027 0.200 0.619 0.666 2.593 0.000 0.000 2.675
Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F C F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 110 110 84 251 0 142 0 0 -1
N.S. 1 1.00 0.76 2.28 0.00 1.29 0.00 0.00 -0.01
time (sec) N/A 0.056 0.701 32.662 0.000 0.515 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 110 110 184 668 0 143 0 0 -1
N.S. 1 1.00 1.67 6.07 0.00 1.30 0.00 0.00 -0.01
time (sec) N/A 0.058 0.841 32.345 0.000 0.584 0.000 0.000 0.000
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 72 72 58 201 0 111 0 0 -1
N.S. 1 1.00 0.81 2.79 0.00 1.54 0.00 0.00 -0.01
time (sec) N/A 0.040 0.260 33.550 0.000 0.535 0.000 0.000 0.000
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Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 68 68 126 588 0 99 0 0 -1
N.S. 1 1.00 1.85 8.65 0.00 1.46 0.00 0.00 -0.01
time (sec) N/A 0.041 0.488 34.898 0.000 0.325 0.000 0.000 0.000
Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 75 75 66 198 0 100 0 0 -1
N.S. 1 1.00 0.88 2.64 0.00 1.33 0.00 0.00 -0.01
time (sec) N/A 0.046 0.197 20.783  0.000  0.651 0.000 0.000 0.000
Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 7 7 133 614 0 108 0 0 -1
N.S. 1 1.00 1.73 7.97 0.00 1.40 0.00 0.00 -0.01
time (sec) N/A 0.045 0.765 22272 0.000 0.748 0.000 0.000 0.000
Problem 22 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 112 112 79 241 0 119 0 0 -1
N.S. 1 1.00 0.71 2.15 0.00 1.06 0.00 0.00 -0.01
time (sec) N/A 0.061 0.470 20.996 0.000 0.998 0.000 0.000 0.000
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F C F(-2) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 112 112 143 636 0 129 0 0 -1
N.S. 1 1.00 1.28 5.68 0.00 1.15 0.00 0.00 -0.01
time (sec) N/A 0.064 0.953 23.046  0.000 1.196 0.000 0.000 0.000
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Problem 24 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F A F B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 21 21 21 41 0 19 0 46 21
N.S. 1 1.00  1.00 1.95 0.00 0.90 0.00 2.19 1.00
time (sec) N/A 0.016 0.093 1.209 0.000  3.381 0.000 0.480 0.210
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C B A F F B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 21 21 21 506 305 32 0 0 37
N.S. 1 1.00 1.00 24.10 14.52 1.52 0.00 0.00 1.76
time (sec) N/A 0.021 0.184 0.849 0.624 2.181 0.000 0.000 2.755
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 19 19 19 70 46 21 0 22 42
N.S. 1 1.00 1.00 3.68 2.42 1.11 0.00 1.16 2.21
time (sec) N/A 0.017 0.046 0.464 0.336  3.408 0.000 0.476 2.456
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 19 19 19 56 33 21 0 30 19
N.S. 1 1.00  1.00 2.95 1.74 1.11 0.00 1.58 1.00
time (sec) N/A 0.017 0.028 0.401 0.317 3.032 0.000 0.465 2.387
Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 19 19 19 47 36 21 0 23 23
N.S. 1 1.00 1.00 2.47 1.89 1.11 0.00 1.21 1.21
time (sec) N/A 0.017 0.024 0.404 0.293  4.047 0.000 0.479 2375
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Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 19 19 19 34 22 21 0 20 21
N.S. 1 1.00 1.00 1.79 1.16 1.11 0.00 1.05 1.11
time (sec) N/A 0.017 0.043 0.337 0.297 2.665 0.000 0.436 2.399
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 17 17 17 18 24 21 0 24 22
N.S. 1 1.00 1.00 1.06 1.41 1.24 0.00 1.41 1.29
time (sec) N/A 0.011 0.013 0.299 0.293 3.736  0.000 0.454 0.058
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 11 11 11 12 12 21 0 11 11
N.S. 1 1.00 1.00 1.09 1.09 191 0.00 1.00 1.00
time (sec) N/A 0.007 0.004 0.229 0.288 2.956 0.000 0.419 2.417
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 11 11 23 12 12 12 14 11 11
N.S. 1 1.00  2.09 1.09 1.09 1.09 1.27 1.00 1.00
time (sec) N/A 0.003 0.007 0.125 0.301 3.937 0.041 0413 0.020
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 17 17 33 18 25 19 49 14 14
N.S. 1 1.00 1.94 1.06 1.47 1.12 2.88 0.82 0.82
time (sec) N/A 0.015 0.010 0.341 0.291 3.589 5.219 0409 2.378
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 19 19 46 32 23 21 0 21 22
N.S. 1 1.00 2.42 1.68 1.21 1.11 0.00 1.11 1.16
time (sec) N/A 0.016 0.018 0.431 0.286  3.159 0.000 0.460 0.036
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 19 19 31 45 36 21 0 23 19
N.S. 1 1.00 1.63 2.37 1.89 1.11 0.00 1.21 1.00
time (sec) N/A 0.016 0.025 0.447 0.285 2709 0.000 0.423 2.348
Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B B A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 19 19 59 52 33 21 0 30 23
N.S. 1 1.00 3.11 2.74 1.74 1.11 0.00 1.58 1.21
time (sec) N/A 0.016 0.025 0.572 0.281 2.728 0.000 0.451 2.423
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 85 85 76 73 95 99 0 164 153
N.S. 1 1.00 0.89 0.86 1.12 1.16 0.00 1.93 1.80
time (sec) N/A 0.050 0.166 0.388 0.281 2.733 0.000 0.455 4.941
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 63 63 60 60 70 88 0 122 109
N.S. 1 1.00 0.95 0.95 1.11 1.40 0.00 1.94 1.73
time (sec) N/A 0.041 0.111 0.413 0.281 2.685 0.000 0.484 4.186
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Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 47 47 47 47 58 74 0 107 85
N.S. 1 1.00  1.00 1.00 1.23 1.57 0.00 2.28 1.81
time (sec) N/A 0.031 0.019 0.369 0.290 4.001 0.000 0.457 3.044
Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B F B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 24 24 24 32 31 60 0 57 47
N.S. 1 1.00  1.00 1.33 1.29 2.50 0.00 2.38 1.96
time (sec) N/A 0.012 0.011 0.326 0.279  3.993 0.000 0.489 2411
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A B B F B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 16 16 16 29 37 36 0 43 57
N.S. 1 1.00 1.00 1.81 2.31 2.25 0.00 2.69 3.56
time (sec) N/A 0.018 0.005 0.238 0.285 2.932 0.000 0.447 2.428
Problem 42 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 15 15 26 21 20 17 0 39 17
N.S. 1 1.00 1.73 1.40 1.33 1.13 0.00 2.60 1.13
time (sec) N/A 0.022 0.007 0.279 0.300 2.919 0.000 0461 2411
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 38 38 35 38 34 29 0 82 31
N.S. 1 1.00 0.92 1.00 0.89 0.76 0.00 2.16 0.82
time (sec) N/A 0.028 0.048 0.342 0.286 1.902 0.000 0.460 2.453
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Problem 44 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 54 54 57 49 46 42 0 98 55
N.S. 1 1.00 1.06 0.91 0.85 0.78 0.00 1.81 1.02
time (sec) N/A 0.034 0.048 0.459 0.285 1.903 0.000 0.472 2.511
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 76 76 73 60 57 53 0 140 75
N.S. 1 1.00 0.96 0.79 0.75 0.70 0.00 1.84 0.99
time (sec) N/A 0.043 0.087 0.571 0.295 2.427 0.000 0.454 2.504
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F(-1) A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 92 92 92 70 69 64 0 154 113
N.S. 1 1.00 1.00 0.76 0.75 0.70 0.00 1.67 1.23
time (sec) N/A 0.046 0.059 0.599 0.273 2474 0.000 0.450 6.313
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 169 169 102 526 0 207 0 0 -1
N.S. 1 1.00  0.60 3.11 0.00 1.22 0.00 0.00 -0.01
time (sec) N/A 0.100 0.321 33.612 0.000 0.663 0.000 0.000 0.000
Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 135 135 90 508 0 183 0 0 -1
N.S. 1 1.00 0.67 3.76 0.00 1.36 0.00 0.00 -0.01
time (sec) N/A 0.085 0.193 34.704 0.000 0.744 0.000 0.000 0.000
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Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 109 109 73 456 0 143 0 0 -1
N.S. 1 1.00 0.67 4.18 0.00 1.31 0.00 0.00 -0.01
time (sec) N/A 0.073 0.131 34.091 0.000 0.628 0.000 0.000 0.000
Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 85 85 57 450 0 122 0 0 -1
N.S. 1 1.00  0.67 5.29 0.00 1.44 0.00 0.00 -0.01
time (sec) N/A 0.061 0.062 22.105 0.000 0.387 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 116 116 81 470 0 150 0 0 -1
N.S. 1 1.00 0.70 4.05 0.00 1.29 0.00 0.00 -0.01
time (sec) N/A 0.078 0.124 23.177 0.000 0.382 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 147 147 91 482 0 164 0 0 -1
N.S. 1 1.00 0.62 3.28 0.00 1.12 0.00 0.00 -0.01
time (sec) N/A 0.091 0.376 23.312  0.000 1.211  0.000 0.000 0.000
Problem 53 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F C F(-2) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 176 176 104 493 0 175 0 0 -1
N.S. 1 1.00 0.59 2.80 0.00 0.99 0.00 0.00 -0.01
time (sec) N/A 0.097 0.441 23.065 0.000 0.451 0.000 0.000 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 122 122 80 104 127 122 0 246 197
N.S. 1 1.00 0.66 0.85 1.04 1.00 0.00 2.02 1.61
time (sec) N/A 0.072 0.418 0.543 0.297 3.035 0.000 0.450 5.166
Problem 55 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 97 97 71 106 139 117 0 230 160
N.S. 1 1.00 0.73 1.09 1.43 1.21 0.00 2.37 1.65
time (sec) N/A 0.064 0.173 0.555 0.284  3.400 0.000 0.469 5.032
Problem 56 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 78 78 51 68 79 94 0 162 123
N.S. 1 1.00 0.65 0.87 1.01 1.21 0.00 2.08 1.58
time (sec) N/A 0.060 0.150 0.519 0.281 2.157 0.000 0.443 4.607
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 51 51 59 63 75 82 0 115 89
N.S. 1 1.00 1.16 1.24 1.47 1.61 0.00 2.25 1.75
time (sec) N/A 0.038 0.017 0.379 0.278 2.195 0.000 0.438 3.141
Problem 58 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B F B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 27 27 27 35 34 71 0 60 161
N.S. 1 1.00 1.00 1.30 1.26 2.63 0.00 2.22 5.96
time (sec) N/A 0.013 0.007 0.382 0.277  3.894 0.000 0.405 2.538
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Problem 59 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 27 27 38 37 46 45 0 70 68
N.S. 1 1.00 1.41 1.37 1.70 1.67 0.00 2.59 2.52
time (sec) N/A 0.035 0.016 0.325 0.270  3.291 0.000 0.420 2.515
Problem 60 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 42 42 55 45 42 33 0 86 34
N.S. 1 1.00 1.31 1.07 1.00 0.79 0.00 2.05 0.81
time (sec) N/A 0.043 0.042 0.369 0.282 2.461 0.000 0.409 2.503
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 56 56 53 57 55 45 0 138 66
N.S. 1 1.00 0.95 1.02 0.98 0.80 0.00 2.46 1.18
time (sec) N/A 0.060 0.075 0.474 0.273 2.515 0.000 0.447 2.535
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 88 88 70 84 7 65 0 200 81
N.S. 1 1.00 0.80 0.95 0.88 0.74 0.00 2.27 0.92
time (sec) N/A 0.062 0.119 0.688 0.276 2.801 0.000 0.432 2.527
Problem 63 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 98 98 87 89 89 73 0 222 104
N.S. 1 1.00 0.89 0.91 0.91 0.74 0.00 2.27 1.06
time (sec) N/A 0.083 0.107 0.688 0.282 2.479 0.000 0.459 2.580
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F(-1) B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 132 132 107 115 115 93 0 284 126
N.S. 1 1.00 0.81 0.87 0.87 0.70 0.00 2.15 0.95
time (sec) N/A 0.071 0.119 0.659 0.290 2.990 0.000 0.427 2.667
Problem 65 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 178 178 308 832 0 225 0 0 -1
N.S. 1 1.00 1.73 4.67 0.00 1.26 0.00 0.00 -0.01
time (sec) N/A 0.110 4.541 37.257 0.000 0.948 0.000 0.000 0.000
Problem 66 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 136 136 252 647 0 193 0 0 -1
N.S. 1 1.00 1.85 4.76 0.00 1.42 0.00 0.00 -0.01
time (sec) N/A 0.093 1.488 35.315  0.000 1.012  0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 110 110 156 720 0 153 0 0 -1
N.S. 1 1.00 1.42 6.55 0.00 1.39 0.00 0.00 -0.01
time (sec) N/A 0.075 0.944 34996 0.000 0.716 0.000 0.000 0.000
Problem 68 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 117 117 154 602 0 160 0 0 -1
N.S. 1 1.00 1.32 5.15 0.00 1.37 0.00 0.00 -0.01
time (sec) N/A 0.085 1.081 25.298 0.000  0.405 0.000 0.000 0.000
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Problem 69 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 150 150 169 766 0 176 0 0 -1
N.S. 1 1.00 1.13 5.11 0.00 1.17 0.00 0.00 -0.01
time (sec) N/A 0.102 1.296 23.665  0.000 0.512  0.000 0.000 0.000
Problem 70 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F C F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 185 185 183 645 0 193 0 0 -1
N.S. 1 1.00  0.99 3.49 0.00 1.04 0.00 0.00 -0.01
time (sec) N/A 0.118 1.905 22.723  0.000 0.783 0.000 0.000 0.000
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules
column is the number of unique rules used. The integrand size column is the leaf size of
number of rules
integrand size
the integral was to solve. In this test, problem number [65] had the largest ratio of [33]

the integrand. Finally the ratio is given. The larger this ratio is, the harder

Table 2.1: Rubi specific breakdown of results for each integral

number of numjber of no.rma?lize.d integrand number of rules
# | grade S;seep; uz;g:e antlf;“r:ifzzwe leaf size integrand leaf size
1 A 3 2 1.00 21 0.095
2 A 4 3 1.00 21 0.143
3 A 3 2 1.00 21 0.095
4 A 3 3 1.00 21 0.143
5! A 3 3 1.00 21 0.143
6 A 2 2 1.00 19 0.105
7 A 3 2 1.00 12 0.167
3 A 2 2 1.00 19 0.105
9 A 2 2 1.00 21 0.095
10 A 3 2 1.00 21 0.095
11 A 3 3 1.00 21 0.143
12 A 4 3 1.00 21 0.143
13 A 4 3 1.00 21 0.143
14 A 1 1 1.00 29 0.034
15 A 1 1 1.00 28 0.036
16 A 4 4 1.00 25 0.160
17, A 4 4 1.00 25 0.160
18 A 3 3 1.00 25 0.120
19 A 3 3 1.00 25 0.120
20 A 3 3 1.00 25 0.120
21] A 3 3 1.00 25 0.120
22 A 4 4 1.00 25 0.160
23] A 4 4 1.00 25 0.160
24 A 1 1 1.00 23 0.043
25) A 1 1 1.00 24 0.042
Continued on next page
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number of

number of

normalized

#|ade| s | i | g | RO | e,
26 A 1 1 1.00 21 0.048
27| A 1 1 1.00 21 0.048
28 A 1 1 1.00 21 0.048
29 A 1 1 1.00 21 0.048
30 A 1 1 1.00 19 0.053
31 A 2 2 1.00 10 0.200
32 A 1 1 1.00 8 0.125
33 A 1 1 1.00 19 0.053
34 A 1 1 1.00 21 0.048
35 A 1 1 1.00 21 0.048
36 A 1 1 1.00 21 0.048
37 A 7 5 1.00 28 0.179
38 A 6 ) 1.00 28 0.179
39 A 6 6 1.00 26 0.231
40j A 4 3 1.00 19 0.158
41 A 4 4 1.00 26 0.154
42 A 3 3 1.00 28 0.107
43 A 5 5 1.00 28 0.179
44 A 6 5 1.00 28 0.179
45 A 7 5 1.00 28 0.179
46 A 7 5 1.00 28 0.179
47 A 10 7 1.00 32 0.219
48 A 9 7 1.00 32 0.219
49 A 8 7 1.00 32 0.219
50 A 7 6 1.00 32 0.188
51 A 8 7 1.00 32 0.219
52 A 9 7 1.00 32 0.219
53 A 10 7 1.00 32 0.219
54 A 7 5 1.00 29 0.172
55 A 6 5 1.00 29 0.172
56 A 6 6 1.00 29 0.207
57 A ) 5 1.00 27 0.185
58 A 4 3 1.00 20 0.150
59 A 4 4 1.00 27 0.148
60 A 4 4 1.00 29 0.138

Continued on next page
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number of

number of

normalized

#|eade| s | i | g | RO | e,
61 A 6 5 1.00 29 0.172
62 A 6 5 1.00 29 0.172
63 A 8 6 1.00 29 0.207
64 A 7 5 1.00 29 0.172
65 A 8 6 1.00 33 0.182
66 A 7 6 1.00 33 0.182
67 A 6 ) 1.00 33 0.152
68 A 6 5 1.00 33 0.152
69 A 7 6 1.00 33 0.182
70 A 8 6 1.00 33 0.182




Chapter 3

Listing of integrals

Local contents

3.1 [sect(c+dz) (A+Csec?(c+dz))dr . ... .. ... .. ... 2]
32  [sec’(c+dz)(A+Csec®(c+dx))dr . ... ... ... ... ... ... 45
33  [sec*(c+dz)(A+Csec®(c+dx))dr . ... . ... ... ... 29
34  [sec*(c+dz)(A+Csec®(c+dx))dr . ... . ... ... ... ... 521
35  [sec’(c+dz)(A+Csec’(c+dx))dr . ... . ... ... 56
36  [sec(ct+dz)(A+Csec®*(c+dx))dz . . .. ... .. .. 50
37  [(A4+Csec(c+dz))dr . . ... .. 62
38  [cos(c+dz)(A+Csec?(c+dz))dr . . ... . ... 65
39  [cos?(c+dz)(A+Csec*(c+dz))dx . ... ... 65
310 [cosP(c+dz)(A+Csec*(c+dz))dx . .. .. ... ral
311  [cost(c+dz) (A+Csec*(c+dz))dr . . .. ... o 74
312 [cos’(c+dz) (A+Csec*(c+dz))dx . ... . ... ... ... 78
313  [cos®(c+dz) (A + C sec’(c+dz))dr . .. ... R
314  [sec™(c+dz) (—22 + Csec®(c+dz)) dx . . . .. 86!
3.15  [sec™(c+ dx) < A(1+m) fffz(cJ’dz)) dr . . .. RO
3.16  [(bsec(c+dz))”?(A+Csec®(c+dz))dr . . . . . . ... 92
3.17  [(bsec(c+dx))¥?(A+Csec®(c+dz))dx . . . . . . ..o 96
318 [ y/bsec(c+dz) (A+Csec*(c+dz))dx .. ... .. ... ......... 100!
3.19 ALOsec(ehdn) gy
f\/bsec (c+ dx) v 10
A+C sec?(ct+dx
320 [EEIESldr . o7
A+C sec?(c+dz)
321 [AECECCHN g 110
A+C sec?(c+dz)
322 [ARCRCleldn gy e
A+C sec?(c+dz)
323 [MRCRCleldn gy 118
3.24 SABsecehdn) g 122
J \/sec(c + dz) v



325 [sec™(e+ fz)(m— (1+m)sec’*(e+ fx))dz . ... ... ... ... ...
326  [sec’(e+ fz)(b—6sec’(e+ fz))dx. . ... ...
327 [sec*(e+ fz)(d—5sec*(e+fx))dz. . . . ...
328  [sec*(e+ fz)(B3—4dsec’(e+ fz))dz. .. .. ...
329 [sec’(e+ fz)(2—3sec’(e+ fx))dz. . . . ...
330 [sec(e+ fr)(1—2sec*(e+ fx))dx . ... .. ... ...
331 [ —sec’(e+fx)dz. .. ... ...
332 [ —cos(e+ fr)dr . ... ...
333 [cos?(e+ fz)(—2+sec?(e+ fz))dr . ... ...
334 [cosP(e+ fz)(—=3+2sec?(e+ fr))dr. . .. ... ...
3.35 [cost(e+ fz)(—4+3sec?(e+ fr))dr. ... ... ...
336 [cos’(e+ fx)(—5+4dsec’(e+ fx))dr. .. ... ...
3.37  [sec*(c+dz)(Bsec(c+dz)+ Csec®*(c+dx))de . . . ... .. ... . ...
3.38  [sec*(c+dz)(Bsec(c+dz)+ Csec®*(c+dx))dr . . .. ... ... . ...

3.39  [sec(c+dz)(Bsec(c+dz)+ Csec*(c+dz))dx ... ... ... ...
3.40 [ (Bsec(c+dz)+Csec*(c+dz))dr . . ... ...
341  [cos(c+dz) (Bsec(c+dz) + Csec*(c+dzx))dx . ... ... ... ...
3.42  [cos*(c+dz) (Bsec(c+dz)+Csec*(c+dx))dx . . . . .. ... ... ...
3.43  [cos*(c+dz) (Bsec(c+dz)+Csec*(c+dx))dx . . . . ... . ... ...
3.44  [cos*(c+dz) (Bsec(c+dz)+ Csec*(c+dz))dx . . . . ... ... .. ...
3.45  [cos’(c+dz) (Bsec(c+dz)+ Csec?(c+dz))dx . . . . .. . ... ...
346  [cos®(c+dx) (Bsec(c+dzx) + Csec*(c+dx))dze . . . ... ... ... ...
347  [(bsec(c+dz))*? (Bsec(c+dz) + Csec*(c+dz))dz . . .. ... .. ...
348 [ /bsec(c+dr) (Bsec(c+dz) + Csec’(c+dz))dr . . . . ... ... ...
Bsec(c+dz)+C sec(c+dx)
349 [ Vbsec(c + dz) dT . . .
B sec(c+dz)+C sec? (c+dx
350 [ GresSs e
351 [ Sec(&ti?;i;f;s L) o
352 [ EmlediiCecltdt) gy
353 [ EmcletdiiCocltdl dy
3.54  [sec*(c+dz)(A+ Bsec(c+dz)+ Csec®*(c+dz))de . . ..........
3.55  [sec}(c+dx) (A+ Bsec(c+dz)+ Csec’*(c+dz))dz . . ..... .. ...
3.56  [sec’(c+dz)(A+ Bsec(c+dz)+Csec*(c+dz))dz . .. ...... ...
3.57  [sec(c+dz)(A+ Bsec(c+dz)+Csec*(c+dz))dx . . ... ... ... ..
3.58 [(A+ Bsec(c+dz)+Csec®’(c+dzx))dr . . ... .. ... ... ...
3.59  [cos(c+dz)(A+ Bsec(c+dz)+ Csec*(c+dz))dz . . .. .........
3.60 [cos?(c+dz)(A+ Bsec(c+dzx)+ Csec?(c+dz))dz . ... ........
361  [cos*(c+dx)(A+ Bsec(c+dzx)+ Csec*(c+dz))de . .. .........
3.62 [cos*(c+dz)(A+ Bsec(c+dx)+ Csec?(c+dz))dr . ... ........
3.63  [cos’(c+dz) (A+ Bsec(c+dzx)+ Csec*(c+dz))dr . ... ........
3.64 [cos®(c+dz)(A+ Bsec(c+dzx)+ Csec?(c+dz))dx . . ... ... ...
3.65  [(bsec(c+dz))*?(A+ Bsec(c+dx)+ Csec’(c+dzx))dx . . . . ... ...
3.66 [ +/bsec(c+dz) (A+ Bsec(c+dz)+ Csec*(c+dz))dz .. ... .....




3.67

3.68
3.69
3.70

J

J
J
J

A+ B sec(c+dz)+C sec?(c+dzx)

V/bsec(c + dz)

A+ B sec(c+dz)+C sec? (c+dzx)

(bsec(c+dx))3/2
A+B sec(c+dz)+C sec? (c+dzx)

(bsec(c+dx))5/2
A+B sec(c+dz)+C sec? (c+dzx)

(bsec(c+dx))7/2

dx
dx
dx
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3.1 [ sec®(c + dz) (A + Csec?(c+ dx)) dz

Optimal. Leaf size=87

(TA 4 6C) tan(c + dzx) N C'sec®(c + dz) tan(c + dx) +2(7A + 6C) tan3(c + dx) N (TA + 6C) tan®(c + dz)
7d 7d 21d 35d

[Out] 1/7x(7*A+6*C)*tan(d*x+c)/d+1/7*Cxsec(d*x+c) “6*tan(d*x+c)/d+2/21% (7T*xA+6*C) *t
an(d*x+c) ~3/d+1/35% (7*A+6*C) *tan (d*x+c) ~5/d

Rubi [A]
time = 0.04, antiderivative size = 87, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.09,

steps used = 3, number of rules used = 2, integrand size = 21,
Rules used = {4131, 3852}

(TA+ 6C) tan’(c + dz) 4 2(7A + 6C) tan3(c + dz) 4 (TA+ 6C) tan(c + dz) L C tan(c + dz) sec(c + dz)
35d 21d 7d 7d

Antiderivative was successfully verified.
[In] Int[Sec[c + d*x]~6*(A + C*Secl[c + d*x]~2),x]

[Out] ((7xA + 6*C)*Tan[c + d*x])/(7*d) + (CxSec[c + d*x]~6xTan[c + d*x])/(7*d) +
(2% (7*A + 6xC)*xTan[c + d*x]~3)/(21%d) + ((7*xA + 6*C)*Tan[c + d*x]~5)/(35%d)

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d"(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 4131

Int[(ecscl(e_.) + (£_)*x(x_)I*(b_.))"(m_.)*(cscl(e_.) + (£f_.)*(x_)]1"2x(C_.)
+ (AL)), x_Symbol] :> Simp[(-C)*Cot[e + f*xx]*((b*Csc[e + f*x]) m/(f*x(m + 1)
)), x] + Dist[(C*m + A*(m + 1))/(m + 1), Int[(b*Cscle + f*x])"m, x], x] /;
FreeQ[{b, e, f, A, C, m}, x] && NeQ[C*m + Ax(m + 1), 0] && !LeQ[m, -1]

Rubi steps
6 1
/secﬁ(c + dz) (A + Csec®(c + dz)) dz = Cseci(c+ d;vc)ltan(c + da) + ?(7A +6C) / sec’(c + dz) dz
_ C'sec(c+dz)tan(c+dz) (TA+6C)Subst([ (1 + 222+ z*)
B 7d B 7d

(TA+6C)tan(c+dz) Csec®(c+ dx)tan(c+dz) 2(7TA+¢
7d + 7d +
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Mathematica [A]
time = 0.21, size = 81, normalized size = 0.93

A(tan(c + dz) + 2 tan®(c + dz) + 1 tan®(c + dz)) + C(tan(c + dz) + tan®(c + dz) + 2 tan®(c + dz) + 1 tan"(c + dz))
d d

Antiderivative was successfully verified.

[In] Integrate[Sec[c + d*x]~6*%(A + CxSec[c + d*x]~2),x]
[Out] (A*(Tan[c + d*x] + (2+Tan[c + d*x]~3)/3 + Tan[c + d*x]~5/5))/d + (C*(Tan[c
+ d*x] + Tan[c + d*x]~3 + (3*Tan[c + d*x]~5)/5 + Tan[c + d*x]~7/7))/d

Maple [A]
time = 0.39, size = 78, normalized size = 0.90

method result
4 2 6 4 2
A <_185_ (sec (:w-&-a)) _4(sec 1(:w+c)) > tan(d:):-l-c)—c (—ég— (sec (jw-&-c)) _ 6(sec ;:w-ﬂ—c)) _ 8(sec ;Zw-‘-c))) tan(da
derivativedivides p
sec4(dx+c) 4(sec? (dz+c) secﬁ(da:+c) 6 sec4(dz+c) 8 secz(dx+c)
. —A (—185— ( = ) - ( 15 ) tan(dz+c)—C —%— ( = ) - ( 35 ) — ( 35 ) tan(ds
default
isch 164(70A e3¥(do+0) 1754 e6i(do+0) 42100 e8(d2+¢) 1147 A eti(do+¢) 1126 e4i(do+0) £ 49 4 e2i(do+0) 4 420 ?¥(date) 4
T'1SC. -
105d(e2z(da:+c)+1)7
2(A+C) tan(%-}—%) 2(A+C) (tan13(i}+g)) 4(5A+3C) (tan3 (i}+§)) 4(5A+3C) (tanll (i}-ﬁ-%)) 8(91A+53C) (tan
norman — d — d + 3d + 3d + 35d
2(dx | c v
(tan* (% +5)-1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sec(d*x+c) 6% (A+C*sec(d*x+c)~2),x,method=_RETURNVERBOSE)

[Out] 1/d*x(-A*(-8/15-1/5*sec(d*x+c) ~4-4/15*xsec(d*x+c) ~2)*tan(d*x+c)-Cx(-16/35-1/7
*sec(d*x+c) ~6-6/35xsec (dxx+c) “4-8/35*sec (d*x+c) ~2) xtan (d*x+c))

Maxima [A]

time = 0.30, size = 60, normalized size = 0.69

15Ctan (dz + ¢)" + 21 (A + 3C) tan (dz + ¢)® + 35 (2 A + 3C) tan (dz + ¢)® + 105 (A + C) tan (dz + c)
105d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c) 6% (A+Cxsec(d*x+c)~2),x, algorithm="maxima")

[Out] 1/105%(15%C*tan(d*x + c)~7 + 21*%(A + 3*%C)*tan(d*x + c)~5 + 35%(2%xA + 3*C)*t
an(d*x + c)~3 + 105%(A + C)*tan(d*x + c))/d

Fricas [A]

time = 2.79, size = 74, normalized size = 0.85

(8(7TA+6C)cos(dz+c)°+4(TA+6C)cos(dz+c)* +3(7TA+6C)cos (dz + c)* + 15C) sin (dz + c)
105 d cos (dz + c)”
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c) 6% (A+C*sec(d*x+c)~2),x, algorithm="fricas")
[Out] 1/105%(8%(7*A + 6*%C)*cos(d*x + c)~6 + 4%x(7*A + 6%C)*cos(d*x + c)~4 + 3*(7*A
+ 6xC)*cos(d*x + c)~2 + 15%C)*sin(d*x + c)/(d*cos(d*x + c)~7)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (A+ Csec® (c+dx)) sec® (c + dz) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c)**6*(A+Cksec (d*x+c)**2),x)

[Out] Integral((A + Ckxsec(c + d*x)**2)*sec(c + d*x)**6, x)
Giac [A]
time = 0.47, size = 79, normalized size = 0.91

15C'tan (dz + ¢)” + 21 Atan (dz + ¢)® + 63 C tan (dz + ¢)® + 70 A tan (dz + ¢)® + 105 C tan (dz + ¢)® + 105 A tan (dz + ¢) + 105 C tan (dz + c)
105d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c) ~6*(A+C*sec(d*x+c)~2),x, algorithm="giac")

[Out] 1/105%(15%Cxtan(d*x + c)~7 + 21xAxtan(d*x + c)~5 + 63*Cxtan(d*x + c)~5 + 70
*Axtan(d*x + ¢c)~3 + 105%Cxtan(d*x + c)~3 + 105xAxtan(d*x + c) + 105%Cxtan(d

*x + c))/d

Mupad [B]
time = 2.44, size = 56, normalized size = 0.64

Ctan(erda)’ | (4 1 3C) tan(c+dz)’ + (22 + C) tan(c+dz)’ + (A + C) tan(c+ dz)
d

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + C/cos(c + d*x)~2)/cos(c + d*x)~6,x)
[Out] (tan(c + d*x)~3*%((2%A)/3 + C) + (Cxtan(c + d*x)~7)/7 + tan(c + d*x)*x(A + C)
+ tan(c + d*x)~5x(A/5 + (3*C)/5))/d
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3.2 [ sec®(c + dz) (A + Csec?(c+ dx)) dz

Optimal. Leaf size=98

(6A +5C) tanh™!(sin(c + dz)) (6A + 5C)sec(c + dz)tan(c + dz) (6A + 5C)sec?(c + dz) tan(c + dz)
16d * 16d * 24d _

[Out] 1/16%(6*A+5*C)*arctanh(sin(d*x+c))/d+1/16%(6%A+5%C)*sec(d*x+c)*xtan(d*x+c)/d
+1/24% (6xA+5%C) *sec (d*x+c) ~3xtan (d*x+c) /d+1/6*C*sec (d*x+c) “5xtan (d*x+c)/d

Rubi [A]
time = 0.05, antiderivative size = 98, normalized size of antiderivative = 1.00, number of

number of rules _ (143
integrand size ’

steps used = 4, number of rules used = 3, integrand size = 21,
Rules used = {4131, 3853, 3855}

(6A+5C)tanh~(sin(c + dz)) = (6A +5C)tan(c + dz)sec®(c+ dzx) (64 + 5C)tan(c + dz)sec(c+dzx)  Ctan(c+ dz)sec®(c + dz)
164 * 24d * 16 * 6d

Antiderivative was successfully verified.
[In] Int[Secl[c + d*x]~5*%(A + C*Secl[c + d*x]~2),x]

[Out] ((6%A + 5*%C)*ArcTanh([Sin[c + d*x]])/(16*d) + ((6*A + 5*%C)*Sec[c + d*x]*Tan[
c + dxx])/(16%d) + ((6%A + 5%C)*Sec[c + d*x]~3*Tan[c + d*xx])/(24*d) + (CxSe
clc + d*x] 5*Tan[c + d*xx])/(6%*d)

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)]1*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Csclc + d*x])"(n - 1)/(d*(n - 1))), x] + Dist[b™2*%((n - 2)/(n - 1)),
Int[(b*Csc[c + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2+*n]

Rule 3855

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

Rule 4131

Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.))"(m_.)*(cscl(e_.) + (£_.)*(x_)]1"2%(C_.)
+ (AD)), x_Symbol] :> Simp[(-C)*Cot[e + f*xx]*((b*Csc[e + f*x]) m/(fx(m + 1)
)), x] + Dist[(C*m + Ax(m + 1))/(m + 1), Int[(b*Cscl[e + f*x])"m, x], x] /;
FreeQ[{b, e, f, A, C, m}, x] && NeQ[C*m + A*x(m + 1), 0] && !'LeQ[m, -1]

Rubi steps
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5
/Sec5(c+ dCL‘) (A + CSGC2(C—|— de‘)) de — C'sec (C+ dgzltan(c‘F d-’E) + é(6A+ 50) /8605(C+ dCL’) dr

(6A + 5C) sec®(c + dz) tan(c + dz) = C'sec’(c + dz)tan(c + dz
= _|_ :

24d 6d
_ (6A+50C)sec(c+ dz) tan(c + dzx) N (6A + 5C) sec®(c + dz) tan

B 16d 24d

(6A + 5C) tanh™!(sin(c + dz))  (6A + 5C) sec(c + dz) tan(c +

N 16d - 16d

Mathematica [A]
time = 0.25, size = 75, normalized size = 0.77

3(6A + 5C) tanh ™' (sin(c + dz)) + sec(c + dz) (3(6A + 5C) + 2(6A + 5C) sec?(c + dz) + 8C'sec*(c + dz)) tan(c + dz)
48d

Antiderivative was successfully verified.

[In] Integrate[Sec[c + d*x]~5*(A + C*Sec[c + d*x]~2),x]

[Out] (3%x(6%A + 5*C)*ArcTanh[Sin[c + d*x]] + Secl[c + d*x]*(3*%(6%A + 5%C) + 2% (6%A
+ 5xC)*Sec[c + d*x]~2 + 8*CxSec[c + d*x]~4)*Tan[c + d*x])/(48%d)

Maple [A]
time = 0.45, size = 108, normalized size = 1.10

method result
3
sec® (dz+c) rdc n(sec(dzc n(dzdc sec (da:+c) 5 sec (dz+c)
A<—(—( - )—3sec(g+)>tan(dz+c)+3l (sec(d +§+ta (d+))>+c< < o1 )_ﬁ
derivativedivides d
3 (d d 5 d
A(— (_ (sec (4w+c)) _356C(g1§+0)> tan(dz_i_c)_i_3ln(sec(daH—csH-tam(dz-ﬂ—c)))_"_ ( ( sec ( w+c) sec 2(4w+c)) _5s
default
(2A+150) (tan5(d7m+%)) (24+150) (tan (dm+ )) (10A+110)tan(i}+ ) (10A+110)(tan11(d7m+%)) (42A4—5C) (tanE
norman 4d 4d 8d 5 8d — 24d
(tanz(dz*”%)—l)
risch _ i(lsAelli(dm+c)+15oelli(dm+c)+102Ae9i(da:+c)+85Ce9i(dz+c)+84Ae7i(dm+c)+198067i(dz+c) _84A edildz+c) _19
24d(e2i(dw+c)+1)6

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sec(d*x+c) 5x(A+C*sec(d*x+c)~2),x,method=_RETURNVERBOSE)

[Out] 1/d*x(A*x(-(-1/4*sec(d*x+c) ~3-3/8*sec(d*x+c))*tan(d*x+c)+3/8*1n(sec(d*x+c)+ta
n(d*x+c)))+C*x (- (-1/6*sec(d*x+c) ~5-5/24*sec (d*x+c) ~3-5/16*sec (d*x+c) ) *tan (d*
x+c)+5/16x1n(sec(d*x+c)+tan(d*x+c))))
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Maxima [A]
time = 0.29, size = 126, normalized size = 1.29

. . 2 (3 (6 A+5C) sin(da+c)®—8 (6 A+5 C) sin(dz+c)®+3 (10 A+11 O) sin(dz+-c)
3(6A+5C)log(sin(dz+c)+1)—3(6A+5C)log(sin(dz+c) — 1) — ( (@ 1°3 sin(de 1913 sm(@nt e 1 )
96d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c) 5% (A+C*sec(d*x+c)~2),x, algorithm="maxima")

[Out] 1/96%(3x(6%A + 5%C)*log(sin(d*x + c) + 1) - 3*%(6%A + 5xC)*log(sin(d*x + c)

- 1) - 2%x(3%(6%xA + 5xC)*sin(d*x + c)~5 - 8%(6%A + 5xC)*sin(d*x + c)~3 + 3x*(
10%A + 11xC)*sin(d*x + c))/(sin(d*x + c)”6 - 3*sin(d*x + c)~4 + 3*sin(d*x +
c)"2 - 1))/d

Fricas [A]
time = 3.77, size = 114, normalized size = 1.16

3(6 A+5C) cos (dz + ¢)® log (sin (dz + ¢) + 1) —3(6A+5C)cos(dz+c)610g(—sin(d:c+c)+1)+2(3(6A+5C)cos(dz+c)4+2(6A+5C)cos(dz+c)2+SC)sin(dz+c)
96 d cos (dz + c)°

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c) 5% (A+C*sec(d*x+c)~2),x, algorithm="fricas")

[Out] 1/96%(3x(6%A + 5%C)*cos(d*x + c)~6xlog(sin(d*x + c) + 1) - 3%(6%A + 5%C)*co
s(d*x + c)"6xlog(-sin(d*x + c) + 1) + 2x(3%(6*%A + 5xC)*cos(d*x + c)~4 + 2x(
6*%A + 5xC)*cos(d*x + c)~2 + 8*C)*sin(d*x + c))/(d*cos(d*x + c)76)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (A+ Csec® (c+dx)) sec® (c + dz) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c)**5%(A+Cksec(d*x+c)**2) ,x)

[Out] Integral((A + Ckxsec(c + d*xx)**x2)*sec(c + d*x)**5, x)
Giac [A]

time = 0.47, size = 121, normalized size = 1.23

18 Asin(dz+c)°+15 C sin(dz-+c)® —48 A sin(dz-+c)®—40 C sin(dz-+c)®+30 Asin(dz-+c)+33 C sin(da+
3 (GA 4 50) Iog (‘sin (d$ 4 c) n 1‘) _3 (6A 4 50) log (lsin (d;c 4 c) _ 1|) _ ( sin(dz+c) sin(dz+c) le(. z(d ci )2 1)im( z+4-c)” + sin(dz+c)+ sin(dx c))
sin(dz+c)?—

96d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c) 5*(A+Cxsec(d*x+c)~2),x, algorithm="giac")
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[Out] 1/96%(3x(6%A + 5%C)*log(abs(sin(d*x + c) + 1)) - 3%(6*%A + 5xC)*log(abs(sin(
d*x + ¢c) - 1)) - 2%(18*A*sin(d*x + c)~5 + 15*%C*xsin(d*x + c)~5 - 48%Axsin(dx*
X + ¢)”3 - 40%C*sin(d*x + c)~3 + 30*A*sin(d*x + c) + 33*%Cksin(d*x + c))/(si

n(d*x + ¢c)”2 - 1)°3)/d

Mupad [B]
time = 2.48, size = 102, normalized size = 1.04

atanh(sin (c+dz)) (324 +39) (2 +359) sin(c+dz)’ + (—A—38) sin(c+dz)’ + (32 + 1E) sin(c+ dz)

d B d (sin (c+dz)® — 3sin (c+ dz)* + 3sin (c + dz)* — 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + C/cos(c + d*x)~2)/cos(c + d*x)~5,x)

[Out] (atanh(sin(c + d*x))*((3%A)/8 + (5%C)/16))/d - (sin(c + d*x)*x((5%A)/8 + (11
*C)/16) - sin(c + d*x)~3*x(A + (5%C)/6) + sin(c + d*x)~5%((3%A)/8 + (5%C)/16
))/(d*(3*sin(c + d*x)~2 - 3*sin(c + d*x)"4 + sin(c + d*x)"6 - 1))
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3.3 [ sec*(c + dz) (A + Csec?(c+ dx)) dz

Optimal. Leaf size=65

(5A +4C)tan(c + dz) = Csect(c+dzr)tan(c+dz) (5A+ 4C)tan3(c+ dx)
5d N 5d * 15d

[Out] 1/5%(5*%A+4*C)*tan(d*x+c)/d+1/5*Cxsec(d*x+c) ~4*xtan(d*x+c)/d+1/15% (5%xA+4*C) *t
an(d*x+c)~3/d

Rubi [A]

time = 0.03, antiderivative size = 65, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.09,

steps used = 3, number of rules used = 2, integrand size = 21
Rules used = {4131, 3852}

(5A +4C)tan®(c +dz) = (5A+4C)tan(c+dz) Ctan(c+ dz)sect(c + dx)
15 - 5d * 5d

Antiderivative was successfully verified.

[In] Int[Secl[c + d*x]~4*x(A + CxSecl[c + d*x]~2),x]

[Out] ((5%A + 4%C)*Tan[c + d*x])/(5%d) + (C*Sec[c + d*x] 4*Tan[c + d*x])/(5xd) +
((6%A + 4xC)*Tan[c + d*x]~3)/(15%d)

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d"(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 4131

Int[(cscl(e_.) + (f_.)*(x_)I*(b_.))"(m_.)*(cscl(e_.) + (f_.)*(x_)]1"2%(C_.)
+ (AL)), x_Symbol] :> Simp[(-C)*Cot[e + f*x]*((b*Csc[e + f*x]) m/(f*x(m + 1)
)), x] + Dist[(C*m + A*(m + 1))/(m + 1), Int[(b*Cscl[e + f*xx])"m, x], x] /;
FreeQ[{b, e, f, A, C, m}, x] && NeQ[Cxm + Ax(m + 1), 0] && !'LeQ[m, -1]

Rubi steps
4 1
/sec4(c + dz) (A + C'sec’(c + dz)) dz = Csec(c+ d;)ltan(c + da) + 3(5A +4C) / sec*(c + dz) dx
_ Csec*(c+dz)tan(c+dz) (5A+4C)Subst([ (1 +2?) dz,x
B 5d B 5d

(5A+4C)tan(c+dz) Csect(c+dz)tan(c+dz) (5A+ -
5d + 5d +
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Mathematica [A]
time = 0.14, size = 61, normalized size = 0.94

A(tan(c + dz) + 3 tan3(c + dz)) N C(tan(c+ dz) + 2 tan’(c + dz) + £ tan®(c + dz))
d d

Antiderivative was successfully verified.

[In] Integrate[Sec[c + d*x]~4*(A + CxSec[c + d*x]~2),x]

[Out] (A*(Tan[c + d*x] + Tan[c + d*x]~3/3))/d + (C*(Tan[c + d*x] + (2*Tan[c + d*x
1°3)/3 + Tan[c + d*x]~5/5))/d

Maple [A]

time = 0.41, size = 58, normalized size = 0.89

method result
2(d 4(dz+c))  4(sec?(dx
—A <_§_(sec(3z+c))> tan(d:c+c)_c <_£35_ (Sec (5z+ )) _ (Sec 1(5 +C))> tan(dw—}-c)
derivativedivides
sec? (dz+c sec4(dz+c) 4 secz(daH—c)
—A <—§—((3))> tan(dz+c)—C <—f5— ( 5 ) — ( 5 ) tan(dz+c)
default
risch 4i(15A e81(d2+0) 4 35 4 e4i(d2+0) 1 40C eti(d2+0) 4254 e2i(d2+0) 1 20C e2H(d2+) 4 544-4C)
15d(e2i(dz+e) 41)°
_2(A+0)tan(4P+5)  2(4+0)(ran® (4 +5)) L 5e4at0) (tan® (%2 +%)) | 5e4+0) (tan” (% +5))  4(2544200) (tan® (4 -
norman d d 3d = 3d 15d
(tan (%+5)-1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sec(d*x+c) 4% (A+C*sec(d*x+c)~2),x,method=_RETURNVERBOSE)

[Out] 1/dx(-A*x(-2/3-1/3*sec(d*x+c) ~2)*tan(d*x+c)-C*(-8/15-1/5*sec(d*x+c) ~4-4/15%s
ec(d*xx+c) ~2)*xtan(d*x+c))
Maxima [A]

time = 0.28, size = 43, normalized size = 0.66

3Ctan (dz +¢)® + 5 (A+ 2C) tan (dz + ¢)® + 15 (A + C) tan (dz + ¢)
15d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c) “4*(A+C*sec(d*x+c)~2),x, algorithm="maxima")

[Out] 1/15%(3*Cxtan(d*x + c)~5 + 5x(A + 2xC)*tan(d*x + c)~3 + 15%(A + C)*tan(d*x
+ c))/d
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Fricas [A]
time = 2.31, size = 56, normalized size = 0.86

(2(5A+4C)cos(dz +c)* + (5A+4C) cos (dz + c)* +3C) sin (dz + c)
15 d cos (dz + ¢)°

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c) 4% (A+C*sec(d*x+c)~2),x, algorithm="fricas")
[Out] 1/15%(2%(5%A + 4*C)*cos(d*x + c)~4 + (5%xA + 4*C)*cos(d*x + c)~2 + 3%C)*sin(
d*x + c)/(d*cos(d*x + c)~b)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (A+ Csec® (c+dx)) sec* (c + dz) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c)**4x(A+Cxsec(d*x+c)**2),x)

[Out] Integral((A + Cxsec(c + d*x)*x2)*sec(c + d*x)**4, x)

Giac [A]
time = 0.44, size = 57, normalized size = 0.88

3Ctan (dz + ¢)° + 5 Atan (dz + ¢)® + 10 C'tan (dz + ¢)® + 15 Atan (dz + ¢) + 15 C tan (dz + ¢)
15d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c) 4*(A+Cxsec(d*x+c)~2),x, algorithm="giac")
[Out] 1/15%(3*Cxtan(d*x + c)~5 + BxAxtan(d*x + c)~3 + 10*C*tan(d*x + c)~3 + 15xAx
tan(d*x + c) + 15*%Cxtan(d*x + c))/d

Mupad [B]
time = 2.32, size = 42, normalized size = 0.65

—Cta“(g*d“”)s + (4 +28) tan(c+ dz)’ + (A + O) tan(c + dx)
d

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + C/cos(c + d*x)~2)/cos(c + d*x)~4,x)
[Out] ((Cxtan(c + d*x)~5)/5 + tan(c + d*x)*(A + C) + tan(c + d*x)~3*x(A/3 + (2xC)/

3))/d
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3.4 [ sec®(c + dz) (A + Csec?(c+ dx)) dz

Optimal. Leaf size=70

(4A + 3C) tanh ™' (sin(c + dz)) (4A + 3C)sec(c + dz)tan(c + dr) C'sec®(c+ dz)tan(c + dz)
8d * 8d * 4d

[Out] 1/8*(4xA+3*C)*arctanh(sin(d*x+c))/d+1/8* (4xA+3*C)*sec(d*x+c)*tan(d*x+c)/d+1
/4*Cxsec (d*x+c) “3xtan(d*x+c)/d

Rubi [A]
time = 0.03, antiderivative size = 70, normalized size of antiderivative = 1.00, number of

number of rules _ (143
’ integrand size ’

steps used = 3, number of rules used = 3, integrand size = 21
Rules used = {4131, 3853, 3855}

(4A + 3C) tanh*(sin(c + dz)) (44 + 3C)tan(c + dz)sec(c +dz)  C'tan(c + dz)sec?(c + dz)
8d * 8d * 4d

Antiderivative was successfully verified.

[In] Int[Sec[c + d*x]~3*(A + C*Secl[c + d*x]~2),x]

[Out] ((4*A + 3*C)*ArcTanh[Sin[c + d*x]])/(8xd) + ((4*A + 3*C)*Sec[c + d*x]*Tan[c
+ dxx])/(8*%d) + (CxSec[c + dxx] 3*Tan[c + dxx])/(4*d)

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((bxCscc + d*x])~(n - 1)/(d*(n - 1))), x] + Dist[b”2*((n - 2)/(n - 1)),
Int[(b*Csclc + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2+*n]

Rule 3855

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, 4}, x]

Rule 4131

Int[(cscl(e_.) + (£_.)*x(x_)1*(b_.)) " (m_.)*(cscl(e_.) + (f_.)*(x_)]1"2%(C_.)
+ (AD)), x_Symbol] :> Simp[(-C)*Cot[e + f*xx]*((b*Csc[e + f*x]) m/(fx(m + 1)
)), x] + Dist[(C*m + Ax(m + 1))/(m + 1), Int[(b*Cscl[e + f*x])"m, x], x] /;
FreeQ[{b, e, f, A, C, m}, x] && NeQ[C*m + Ax(m + 1), 0] && !LeQ[m, -1]

Rubi steps



/sec3(c + dz) (A + C'sec®(c + dz)) d

Mathematica [A]

95

3
e dzc)ltan(c tdo) | 3(414 +3C) / sec’(c + dz) dz

(4A + 3C) sec(c + dz) tan(c + dx) 4 C'sec®(c + dz) tan(c + do

8d 4d
(4A 4+ 3C) tanh™!(sin(c + dz)) (44 + 3C)sec(c + dz) tan(c.
- 8d - 8d

time = 0.09, size = 54, normalized size = 0.77

(4A + 3C) tanh ™! (sin(c + dz)) + sec(c + dz) (4A + 3C + 2C sec?(c + dz)) tan(c + dz)

8d

Antiderivative was successfully verified.

[In] Integrate[Sec[c + d*x]~3*%(A + C*Sec[c + d*x]~2),x]

[Out] ((4%A + 3%C)*ArcTanh[Sin[c + d*x]] + Sec[c + d*x]*(4%A + 3*%C + 2*%CxSec[c +

d*x]~2)*Tan[c + d*x])/(8%d)

Maple [A]
time = 0.46, size = 85, normalized size = 1.21

method result
3 (dot
A < sec(dz+c)2tan(dz+c) + ln(sec(dz+c)2+ta,n(dz+c)) ) +C <_ (_ (Sec (493 C)) 3 Sec(gx+c) > tan(dw+c)+ 3 ln(sec(d:v+08)+tan\
derivativedivides
3(d. +
A(sec(dz+c)2tan(dz+c) + ln(sec(dm+c)2+tan(dz+c)) ) +C <_ (_ (Sec (4z c)) 3 Sec(gz+c) > tan(dx+c)+ 3 ln(sec(dm+08)+tan
default
 (44-30) (tan3 (%ﬂug)) _ (44-30) (tan5 (% + g)) + (4A45C) tan(dTw+%) N (4A+5C) (tan7 ( (44+3C) In <t:
norman 4d 4d I 4d 4d
(we(e1) 1)
. 1(4A e7i(dz+c) +3C e7i(dz+c) +4A edi(dz+c) +11C edi(dz+e) _g A g3i(dz+c) _11(0 e3i(dz+c) _g gildz+e) o3¢ eildz+c)
risch — it " ’
4d(e?i(dete) +1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sec(d*x+c) " 3*(A+C*sec(d*x+c)~2),x,method=_RETURNVERBOSE)

[Out] 1/dx(A*x(1/2*sec(d*x+c)*tan(d*x+c)+1/2*1n(sec(d*x+c)+tan(d*x+c)))+Cx(-(-1/4*

sec(d*x+c) ~3-3/8*sec(d*x+c) ) *tan(d*x+c)+3/8*1n(sec(d*x+c)+tan(d*x+c))))

Maxima [A]
time = 0.28, size = 97, normalized size = 1.39

2 ((4 A+3C)sin(de+c)>—(4 A+5C) sin(dz—i—c))

(4A+3C)log(sin(dx+c)+1)— (4A+3C)log(sin(dz+¢c)—1) —

sin(dz+c)* -2 sin(dz+c)?+1

16d
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c) 3% (A+C*sec(d*x+c)~2),x, algorithm="maxima")

[Out] 1/16%((4%A + 3%C)*log(sin(d*x + c) + 1) - (4%A + 3*C)*log(sin(d*x + c) - 1)
- 2% ((4*%A + 3*%C)*sin(d*x + c)73 - (4%A + 5xC)*sin(d*x + c))/(sin(d*x + c)~

4 - 2%sin(d*x + ¢c)"2 + 1))/d

Fricas [A]

time = 2.41, size = 95, normalized size = 1.36

(4A+3C)cos (dz + ¢)* log (sin (dz + ¢) + 1) — (4 A+ 3 C) cos (dz + c)* log (—sin (dz +¢) + 1) + 2 (4 A+ 3C) cos (dz + ¢)* + 2 C) sin (dz + ¢)
16d cos (dz + ¢)*

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c) ~3*(A+C*sec(d*x+c)~2),x, algorithm="fricas")

[Out] 1/16%((4%A + 3xC)*cos(d*x + c) 4xlog(sin(d*x + c) + 1) - (4%A + 3*C)*cos(dx*
X + c)"4xlog(-sin(d*x + c) + 1) + 2%((4*A + 3*C)*cos(d*x + c)~2 + 2*C)*sin(

dxx + c))/(d*cos(d*x + c)~4)

Sympy [F]

time = 0.00, size = 0, normalized size = 0.00

/ (A+ Csec® (c+dx)) sec® (c + dz) d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c)**3x(A+Cxsec(d*x+c)**2) ,x)

[Out] Integral((A + Cxsec(c + d*x)**2)*sec(c + d*x)*x3, x)
Giac [A]

time = 0.46, size = 98, normalized size = 1.40

2 (4 Asin(dz-+c)3+3 C sin(daz+c)3—4 Asin(dz+c)—5 C sin(da:+c))

(sin(dz+c)271) 2

(4A+30C)log(Jsin(dz +c¢)+1]|) — (4A+3C)log (|sin (dz +¢) — 1|) —

16d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c) ~3*(A+C*sec(d*x+c)~2),x, algorithm="giac")

[Out] 1/16%((4*A + 3%C)*log(abs(sin(d*x + c) + 1)) - (4xA + 3*C)*log(abs(sin(d*x
+ c) - 1)) - 2x(4*Axsin(d*x + c)~3 + 3*Cxsin(d*x + c)~3 - 4*xAxsin(d*x + c)
- B*C*xsin(d*x + c))/(sin(d*x + ¢c)~2 - 1)°2)/d

Mupad [B]
time = 2.45, size = 77, normalized size = 1.10
sin(c+dz) (4 +3E) —sin(c+dz)’ (4 +32E) N atanh(sin (c + dz)) (4 + 32£)
d (sin(c+dz)* —2sin(c+dz)* +1) d
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + C/cos(c + d*x)~2)/cos(c + d*x)~3,x)

[Out] (sin(c + d*x)*(A/2 + (5%C)/8) - sin(c + d*xx)~3*%(A/2 + (3%C)/8))/(d*(sin(c +
d*x)~4 - 2%sin(c + d*x)"2 + 1)) + (atanh(sin(c + d*x))*(A/2 + (3%C)/8))/d
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3.5 [ sec’(c + dz) (A + Csec?(c+ dx)) dz

Optimal. Leaf size=43

(3A+2C) tan(c+dz) = C'sec?*(c+ dz)tan(c+ dz)
3d " 3d

[Out] 1/3%(3*A+2*C)x*tan(d*x+c)/d+1/3*Cxsec(d*x+c) ~2xtan(d*x+c)/d

Rubi [A]
time = 0.03, antiderivative size = 43, normalized size of antiderivative = 1.00, number of

number of rules __
' integrand size 0.143,

steps used = 3, number of rules used = 3, integrand size = 21
Rules used = {4131, 3852, 8}

(3A+2C) tan(c+dz) = C'tan(c+ dz)sec?(c + dx)
3d " 3d

Antiderivative was successfully verified.

[In] Int[Sec[c + d*x]~2*(A + CxSecl[c + d*xx]~2),x]

[Out] ((3%A + 2xC)*Tan[c + d*x])/(3*d) + (C*Sec[c + d*x] 2xTan[c + d*x])/(3%d)
Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x~2)~(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQl{c,
d}, x] && IGtQ[n/2, 0]

Rule 4131

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.)) " (m_.)*(cscl(e_.) + (£_.)*(x_)]1"2%(C_.)
+ (AD)), x_Symbol] :> Simp[(-C)*Cot[e + f*x]*((b*Csc[e + f*x])"m/(fx(m + 1)
)), x] + Dist[(C*m + Ax(m + 1))/(m + 1), Int[(b*Cscl[e + f*x])"m, x], x] /;
FreeQ[{b, e, f, A, C, m}, x] &% NeQ[C#m + Ax(m + 1), 0] && !'LeQ[m, -1]

Rubi steps

2
- Creclerdtmler®) | 26a+20) [ secd(c+ do) o

_ Csec’(c+dzx)tan(c+dz) (34 + 2C)Subst([ 1dz,z, —tan(c

3d 3d
(34 + 2C) tan(c + dx) N C'sec®(c + dz) tan(c + dx)

3d 3d

/secz(c + dz) (A + Csec®(c + dz)) dx
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Mathematica [A]
time = 0.07, size = 36, normalized size = 0.84

Atan(c + dx) N C(tan(c + dz) + 3 tan®(c + dz))
d d

Antiderivative was successfully verified.

[In] Integrate([Sec[c + d*x]~2*(A + CxSec[c + d*x]~2),x]
[Out] (AxTan[c + d*x])/d + (Cx(Tan[c + d*x] + Tan[c + d*x]~3/3))/d

Maple [A]
time = 0.32, size = 35, normalized size = 0.81

method result size
2(d.
Atan(dz+c)—-C <— % - (seC(3w+C))> tan(dz+c)
derivativedivides = 35
2 da+
Atan(dz+c)—-C <— % - (Sec<3wc>)> tan(dz+c)
default v 35
. 2i(3A eti(dote) 464 e2i(dete) 46O e2U(do+e) 4 3442C)
risch . - 63
3d(e21(da:+c)+1)
_2(4+0)tan (B +5)  2(4+0) (tan® (P +5)) L 464+C) (tan® (% +5))
norman 4 d 3 ad 75
(tan® (%+5)-1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sec(d*x+c) ~2*(A+C*xsec(d*x+c)~2),x,method= RETURNVERBOSE)
[Out] 1/d*(Ax*tan(d*x+c)-C*(-2/3-1/3*sec(d*x+c) ~2)*tan(d*x+c))
Maxima [A]

time = 0.28, size = 34, normalized size = 0.79

(tan (dz + ¢)* + 3 tan (dz + ¢))C + 3 Atan (dz + c)
3d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c) ~2*(A+C*sec(d*x+c)~2),x, algorithm="maxima")
[Out] 1/3*((tan(d*x + c)~3 + 3xtan(d*x + c))*C + 3*Axtan(d*x + c))/d
Fricas [A]
time = 1.50, size = 37, normalized size = 0.86
((3A+2C)cos (dz + c)* + C) sin (dz + c)
3dcos (dz + ¢)®




Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c) 2% (A+C*sec(d*x+c)~2),x, algorithm="fricas")
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[Out] 1/3*((3%A + 2*C)*cos(d*x + c)~2 + C)*sin(d*x + c)/(d*cos(d*x + c)~3)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (A + C'sec® (c+ dz)) sec® (c + dz) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c)**2x(A+Cxsec(d*x+c)**2),x)

[Out] Integral((A + C*xsec(c + d*x)**2)*sec(c + d*x)*x2, x)

Giac [A]
time = 0.44, size = 34, normalized size = 0.79

C'tan (dz + ¢)® + 3 Atan (dz + ¢) + 3 C tan (dz + c)
3d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c) 2% (A+C*sec(d*x+c)~2),x, algorithm="giac")

[Out] 1/3%(Cxtan(d*x + c)~3 + 3*Axtan(d*x + c) + 3*Cxtan(d*x + c))/d

Mupad [B]
time = 2.37, size = 28, normalized size = 0.65

Ctan(c+dz)® tan(c+dz) (A+C)
3d * d

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + C/cos(c + d*x)~2)/cos(c + d*x)~2,x)
[Out] (Cxtan(c + d*x)~3)/(3*%d) + (tan(c + d*x)*(A + C))/d
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3.6 [ sec(c + dx) (A + C'sec’(c + dx)) dx

Optimal. Leaf size=40

(24 + C) tanh ' (sin(c + dz)) = C'sec(c + dz) tan(c + dx)
2d * 2d

[Out] 1/2*(2%A+C)*arctanh(sin(d*x+c))/d+1/2*Cxsec(d*x+c)*tan(d*x+c)/d

Rubi [A]
time = 0.02, antiderivative size = 40, normalized size of antiderivative = 1.00, number of

number of rules _
9 integrand size 0.105,

steps used = 2, number of rules used = 2, integrand size = 1
Rules used = {4131, 3855}

(2A 4+ C) tanh ' (sin(c + dz)) = C'tan(c+ dz)sec(c + dz)
2d * 2d

Antiderivative was successfully verified.

[In] Int[Sec[c + d*x]*(A + C*Sec[c + d*x]~2),x]

[Out] ((2*A + C)*ArcTanh[Sin[c + d*x]])/(2*xd) + (C*Sec[c + d*x]*Tan[c + d*x])/(2x*
d)

Rule 3855

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, xI]

Rule 4131

Int[(cscl(e_.) + (£_.)*(x_)I*(b_.))"(m_.)*(cscl[(e_.) + (£_.)*(x_)]1"2%(C_.)
+ (A_)), x_Symbol] :> Simp[(-C)*Cot[e + f*x]*((b*Cscle + f*x]) m/(f*(m + 1)
)), x] + Dist[(C*m + A*(m + 1))/(m + 1), Int[(b*Cscl[e + f*xx])"m, x], x] /;
FreeQ[{b, e, f, A, C, m}, x] && NeQ[C*m + Ax(m + 1), 0] && !LeQ[m, -1]

Rubi steps
/sec(c + dz) (A + C'sec’(c+dz)) dz = Csecle+ dzgzitan(c + da) + %(2A +0) / sec(c + dr) dz
(2A + C) tanh ™' (sin(c + dz)) = C'sec(c + dz) tan(c + dx)
- 2d - 2d

Mathematica [A]
time = 0.01, size = 48, normalized size = 1.20
Atanh™!(sin(c + dz)) Ctanh™'(sin(c+dz)) C'sec(c + dz)tan(c+ dz)
d * 2d - 2d
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Antiderivative was successfully verified.

[In] Integrate[Sec[c + d*x]*(A + C*Sec[c + d*x]~2),x]

[Out] (AxArcTanh[Sin[c + d*x]])/d + (CxArcTanh[Sin[c + d*x]])/(2*d) + (CxSec[c +
d*x]*Tan[c + d*x])/(2xd)

Maple [A]
time = 0.28, size = 55, normalized size = 1.38

method result size
. . .. A 1n(SeC(dl‘+C)+tan(dw+c))+c ( Sec(d:v—l—c);an(d:v-i-c) + ln(sec(d:v-}—c);tan(d:c-}—c)) )
derivativedivides 7 %)
A ln(sec(dz+c)+tan(d:c+c))+C ( sec(dm+c)2tan(dm+c) + 1n(sec(dm+c)2+tan(dm+c)) >
default 7 55
d 3(d
Ctan(7$+%)+c(tan (7”;"'%)) (2A+C)ln(tan<d7’”+§)—1) (2A+C)ln<tan<d7’:+§)+l)
norman 4 d — + 93
2 2d 2d
(tan?(%+5) 1)
. iC 3i(dz+c) _qi(dz+c) 1 i(dz+c) 1) A 1 i(dz+c) 4 ; C 1 i(dz+c) _;) A 1 i(dz+c) _; C
risch iC (e 4 e A ) n(e +i) + n(e +i)C _ In(e i)A  In(e i) 118
d(ezz(dm+c) +1) d 2d d 2d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sec(d*x+c)*(A+Cxsec(d*x+c)~2),x,method=_ RETURNVERBOSE)

[Out] 1/d*x(A*1n(sec(d*x+c)+tan(d*x+c))+Cx(1/2*xsec(d*x+c)*tan(d*x+c)+1/2*x1n(sec(d*
x+c)+tan(d*x+c))))

Maxima [A]

time = 0.28, size = 58, normalized size = 1.45

(2A+C)log (sin(dx +¢)+1) — (2A+ C)log (sin(dx +c¢) — 1) — %
4d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c)*(A+Cxsec(d*x+c)~2),x, algorithm="maxima")

[Out] 1/4%((2%A + C)*log(sin(d*x + c) + 1) - (2%A + C)*log(sin(d*x + c) - 1) - 2%
Cxsin(d*x + c)/(sin(d*x + c)"2 - 1))/d

Fricas [A]

time = 2.53, size = 72, normalized size = 1.80

(2A + C)cos (dz + ¢)*log (sin (dz + ¢) + 1) — (2A + C) cos (dz + ¢)* log (— sin (dz + ¢) 4+ 1) + 2 C'sin (dz + ¢)
4dcos (dz + c)°

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c)*(A+Cxsec(d*x+c)~2),x, algorithm="fricas")
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[Out] 1/4%((2%xA + C)*cos(d*x + c)~2xlog(sin(d*x + c) + 1) - (2%xA + C)*cos(d*x + c
)"2*log(-sin(d*x + c) + 1) + 2*C*sin(d*x + c))/(d*cos(d*x + c)~2)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (A + C'sec? (c+ dx)) sec (c + dz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c)*(A+Cxsec(d*x+c)**2),x)

[Out] Integral((A + Cxsec(c + d*x)#*x2)*sec(c + d*x), x)

Giac [A]
time = 0.43, size = 60, normalized size = 1.50
(2 A+ C)log (|sin (dz + ¢) + 1) — (2A + C) log (|sin (dz + ¢) — 1|) — w(d—f)t;

4d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c)*(A+Cxsec(d*x+c)~2),x, algorithm="giac")

[Out] 1/4*((2*A + C)*log(abs(sin(d*x + c) + 1)) - (2xA + C)*log(abs(sin(d*x + c)
- 1)) - 2%Cksin(d*x + c)/(sin(d*x + ¢)72 - 1))/d

Mupad [B]
time = 2.41, size = 41, normalized size = 1.02
atanh(sin (c + dz)) (A+$) 3 C sin(c+dx)
d 2d (sin(c+dz)* — 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + C/cos(c + d*x)~2)/cos(c + d*x),x)
[Out] (atanh(sin(c + d*x))*(A + C/2))/d - (Cxsin(c + d*x))/(2*d*(sin(c + d*x)~2 -

1)
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3.7 [ (A+ Csec’(c+dx)) dr

Optimal. Leaf size=15
C'tan(c + dzx)

A
T+ d

[Out] Axx+Cxtan(d*x+c)/d

Rubi [A]
time = 0.01, antiderivative size = 15, normalized size of antiderivative = 1.00, number of

number of rules _ ( 167
integrand size ’

steps used = 3, number of rules used = 2, integrand size = 12,
Rules used = {3852, 8}

C'tan(c + dx)

A
T+ d

Antiderivative was successfully verified.

[In] Int[A + C*xSec[c + d*x]~2,x]

[Out] A*x + (CxTan[c + d*x])/d

Rule 8

Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x~2)~(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQl{c,
d}, x] && IGtQ[n/2, 0]

Rubi steps

/ (A+ Csec’(c+dr)) do = Az + C/secQ(c + dz) dz
CSubst( [ 1dz,z, — tan(c + dz))

= Az —
! d
— Az C'tan(c + dx)
d
Mathematica [A]
time = 0.00, size = 15, normalized size = 1.00
C'tan(c + dx)

Ax + 1
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Antiderivative was successfully verified.

[In] Integrate[A + CxSec[c + d*x]~2,x]
[Out] A*x + (CxTan[c + dx*x])/d

Maple [A]
time = 0.36, size = 16, normalized size = 1.07

method result size
default Az + w 16
derivativedivides | (@zt9A+Cten(drto) 21
risch Az + FIECED N (e%(gﬁc) ) 25
Az (ta,n2 (%z-i-%)) —Ax— 720tan(dd7z+%>
norman 51
tan? ( %z + %) -1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(A+Cxsec(d*x+c)~2,x,method=_RETURNVERBOSE)
[Out] A*x+Cxtan(d*x+c)/d
Maxima [A]

time = 0.28, size = 15, normalized size = 1.00

C tan (d
+ an (dz + ¢)

A
o d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(A+Cxsec(d*x+c)~2,x, algorithm="maxima")
[Out] A*x + Cxtan(d*x + c)/d

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 31 vs.
2(15) = 30.
time = 1.50, size = 31, normalized size = 2.07

Adz cos (dz + ¢) + C'sin (dz + ¢)
d cos (dx + ¢)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(A+Cxsec(d*x+c)~2,x, algorithm="fricas")

[Out] (Axd*x*cos(d*x + c) + Cksin(d*x + c))/(d*cos(d*x + c¢))



Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/(A+C’sec2 (c+dzx)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(A+Cxsec(d*x+c)**2,x)

[Out] Integral(A + Cxsec(c + d*x)**2, Xx)

Giac [A]

time = 0.41, size = 15, normalized size = 1.00

+ C'tan (dz + ¢)

Azx 7

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(A+Cxsec(d*x+c)~2,x, algorithm="giac")
[Out] Axx + Cktan(d*x + c)/d

Mupad [B]
time = 2.34, size = 17, normalized size = 1.13

Ctan(c+dz)+ Adzx
d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(A + C/cos(c + d*x)~2,x%)
[Out] (Cxtan(c + d*x) + A*xd*x)/d

66



67

3.8 [ cos(c + dzx) (A + Csec?*(c + dz)) dx

Optimal. Leaf size=24

Ctanh™'(sin(c + dz))  Asin(c + dz)
d * d

[Out] Cxarctanh(sin(d*x+c))/d+A*sin(d*x+c)/d

Rubi [A]
time = 0.02, antiderivative size = 24, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.105,

steps used = 2, number of rules used = 2, integrand size = 19,
Rules used = {4130, 3855}

Asin(c+dz) = Ctanh™'(sin(c + dz))
i d

Antiderivative was successfully verified.

[In] Int[Cos[c + d*x]*(A + CxSec[c + d*x]~2),x]

[Out] (CxArcTanh[Sin[c + d*x]])/d + (AxSin[c + d*x])/d
Rule 3855

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, 4}, x]

Rule 4130

Int[(ecscl(e_.) + (£_)*(x_)I*(b_.))"(m_.)*(cscl(e_.) + (£f_.)*(x_)]1"2x(C_.)
+ (A_)), x_Symbol] :> Simp[AxCot[e + fxx]*((b*Cscle + f*x])"m/(f*m)), x] +
Dist[(Cxm + A*(m + 1))/(b"2*m), Int[(b*Cscle + f*x])~(m + 2), x], x] /; Fre
eQ[{b, e, £, A, C}, x] && NeQ[C#m + Ax(m + 1), 0] && LeQ[m, -1]

Rubi steps
/cos(c + dz) (A + C'sec’(c+ dz)) dz = w + C/SGC(C + dz) dz
Ctanh™!(sin(c + dz))  Asin(c + dz)
= d T

Mathematica [A]
time = 0.01, size = 35, normalized size = 1.46
Ctanh™!(sin(c + dz))  Acos(dz)sin(c) = Acos(c)sin(dx)
d - d * d
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Antiderivative was successfully verified.

[In] Integrate[Cos[c + d*x]*(A + C*Secl[c + d*x]~2),x]
[Out] (CxArcTanh[Sin[c + d*x]])/d + (A*Cos[d*x]*Sin[c])/d + (A*Cos[c]*Sin[d*x])/d

Maple [A]
time = 0.30, size = 30, normalized size = 1.25

method result size
e e 1. . in(d 1 d tan(d
derivativedivides | A%in(dz+o+C n(sej( ztc)ttan(de+c)) 30
default Asin(dz+c)+C ln(se;(dm—i—c)—i—tan(dx—}-c)) 30
. iAeildzte) | jAe~ildrte) | In(efldet)4i)C In(eildmt)—i)C

risch — + 5d ] 3 71

_2Atan(g}+%)+2A(m“3(i}+5)) Cln(tan(%w+g>+1> Cln(tan(%‘+g>—1>
d d

norman L y + p — 3 101

(1+tan?(L+5)) (tan?(L+5)-1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(d*x+c)*(A+Cxsec(d*x+c)~2),x,method=_RETURNVERBOSE)
[Out] 1/d*(A*sin(d*x+c)+C*1ln(sec(d*x+c)+tan(d*x+c)))
Maxima [A]

time = 0.29, size = 38, normalized size = 1.58

C(log (sin (dz +¢) + 1) — log (sin (dz 4+ ¢) — 1)) + 2 Asin (dz + ¢)
2d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c)*(A+Cxsec(d*x+c)~2),x, algorithm="maxima")

[Out] 1/2%(C*(log(sin(d*x + c) + 1) - log(sin(d*x + c) - 1)) + 2%A*sin(d*x + c))/
d

Fricas [A]
time = 2.44, size = 40, normalized size = 1.67

Clog (sin (dz +¢) + 1) — C'log (—sin (dz + ¢) + 1) + 2 Asin (dz + ¢)
2d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c)*(A+Cxsec(d*x+c)~2),x, algorithm="fricas")

[Out] 1/2*%(C*log(sin(d*x + c) + 1) - Cxlog(-sin(d*x + c) + 1) + 2xAxsin(d*x + c))
/d
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Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (A + Csec? (c+dx)) cos (c+ dz) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c)*(A+Cxsec(d*x+c)**2),x)

[Out] Integral((A + Cxsec(c + d*x)*x2)*cos(c + d*x), x)

Giac [A]
time = 0.44, size = 40, normalized size = 1.67
C'log (|sin (dz + ¢) + 1|) — C'log (Jsin (dz + ¢) — 1]) + 2 Asin (dx + ¢)
2d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c)*(A+Cxsec(d*x+c)~2),x, algorithm="giac")
[Out] 1/2*(Cxlog(abs(sin(d*x + c) + 1)) - C*log(abs(sin(d*x + c) - 1)) + 2xA*xsin(
d*x + c))/d

Mupad [B]
time = 0.06, size = 22, normalized size = 0.92
A sin (c+ dzx) + C atanh(sin (¢ + d z))
d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(c + d*x)*(A + C/cos(c + d*xx)~2),x)
[Out] (A*sin(c + d*x) + C*atanh(sin(c + d*x)))/d
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3.9 [ cos?(c+ dx) (A + C'sec’(c + dzx)) dx

Optimal. Leaf size=31

Acos(c+ dz) sin(c + dx)
2d

%(A +2C)x +

[Out] 1/2*%(A+2%C)*x+1/2*A*cos (d*x+c)*sin(d*x+c)/d

Rubi [A]
time = 0.02, antiderivative size = 31, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.095

steps used = 2, number of rules used = 2, integrand size = 21,
Rules used = {4130, 8}

Y

Asin(c + dﬂ;)dcos(c o), %x(A +20)

Antiderivative was successfully verified.

[In] Int[Cos[c + d*x]~2*(A + CxSecl[c + d*xx]~2),x]

[Out] ((A + 2xC)*x)/2 + (A*Cos[c + d*x]*Sin[c + d*x])/(2*d)
Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 4130

Int[(cscl(e_.) + (f_.)*(x_)I*(b_.))"(m_.)*(cscl(e_.) + (£f_.)*(x_)]1"2%(C_.)
+ (AD)), x_Symbol] :> Simp[A*Cot[e + fxx]*((bxCscl[e + f*x])"m/(f*m)), x] +
Dist[(Cxm + A*x(m + 1))/(b"2+«m), Int[(b*Cscle + f*x])~(m + 2), x], x] /; Fre
eQ[{b, e, f, A, C}, x] && NeQ[C*m + A*x(m + 1), 0] && LeQ[m, -1]

Rubi steps
/cosz(c + dz) (A + C'sec®(c + dz)) dz = Acos(e+ d;vzlsm(c + da) + %(A +2C) / ldzx
_ %(A +20)s + Acos(c+ d;gism(c + dz)

Mathematica [A]

time = 0.03, size = 33, normalized size = 1.06

A(c+ dz) N Asin(2(c + dz))
2d 4d

Cx +
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Antiderivative was successfully verified.

[In] Integrate[Cos[c + d*x]~2*(A + C*Sec[c + d*x]~2),x]
[Out] Cxx + (Ax(c + d*x))/(2%d) + (A*Sin[2x(c + d*x)])/(4*d)

Maple [A]
time = 0.28, size = 37, normalized size = 1.19

method result
risch % +Cz + Asin(itcilz+2c)
cos(date) sin(date) | do , ¢
derivativedivides 4 ( : d+ EAL ) T
A( cosldzte) sin(date) | do | ¢ +C(dz+-c)
default ( : d : 2>
(_%_0)w+(_g_c>z(tan2(d§+§))+<§+0>w(tan4<d2z+§)>+(%+c)w(tan6 %+§))_Atan(‘57m+%) 2/
norman (1+tan2(d§+g))2(tan2(%’“r%)—l)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(d*x+c) ~2x(A+Cksec(d*x+c)~2),x,method=_RETURNVERBOSE)
[Out] 1/d*x(Ax(1/2*cos(d*x+c)*sin(d*xx+c)+1/2xd*x+1/2%c)+C* (d*x+c))
Maxima [A]

time = 0.50, size = 37, normalized size = 1.19

Atan(dz+c
(dl‘ + C) (A +2 C) + tant(dx(-i-c)-g—l—)l
2d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c) 2% (A+C*sec(d*x+c)~2),x, algorithm="maxima")
[Out] 1/2%x((d*x + c)*(A + 2xC) + Axtan(d*x + c)/(tan(d*x + c)~2 + 1))/d
Fricas [A]

time = 2.23, size = 28, normalized size = 0.90

(A+2C)dz + Acos (dz + ¢)sin (dz + )
2d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c) 2% (A+Cxsec(d*x+c)~2),x, algorithm="fricas")

[Out] 1/2*%((A + 2%C)*d*x + A*cos(d*x + c)*sin(d*x + c))/d
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Sympy [A]
time = 3.64, size = 51, normalized size = 1.65
z sin? (c+dzx) x cos? (c+dzx) sin (c+dz) cos (c+dz)
A 5 + 5 + 5 ford #0 4 Cx
z cos? (c) otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c)**2*(A+Cksec(d*x+c)**2) ,x)
[Out] AxPiecewise((x*sin(c + d*xx)**2/2 + x*cos(c + d*x)**2/2 + sin(c + d*x)*cos(c
+ d*x)/(2*d), Ne(d, 0)), (x*xcos(c)**2, True)) + C*x

Giac [A]
time = 0.42, size = 37, normalized size = 1.19
(do +c)(A+2C) + Atemlietd,

2d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c) ~2*(A+C*sec(d*x+c)~2),x, algorithm="giac")
[Out] 1/2%((d*x + c)*(A + 2%C) + Axtan(d*x + c)/(tan(d*x + c)”2 + 1))/d

Mupad [B]
time = 2.36, size = 25, normalized size = 0.81

A sin(2c+2d A
Asin@et2dn) 4 g (4 4 C)
d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(c + d*x)~2x(A + C/cos(c + d*x)~2),x)
[Out] ((A*sin(2*c + 2*d*x))/4 + d*x*(A/2 + C))/d
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3.10 [ cos®(c+ dz) (A + C'sec’(c + dx)) dx

Optimal. Leaf size=30

(A+C)sin(c+dr)  Asin’(c+dr)
d 3d

[Out] (A+C)*sin(d*x+c)/d-1/3*A*sin(d*x+c)~3/d

Rubi [A]
time = 0.03, antiderivative size = 30, normalized size of antiderivative = 1.00, number of

number of rules __
' integrand size 0.0,

steps used = 3, number of rules used = 2, integrand size = 21
Rules used = {4129, 3092}

(A+C)sin(c+dr)  Asin’(c+dr)
d 3d

Antiderivative was successfully verified.

[In] Int[Cos[c + d*x]~3*(A + CxSecl[c + d*x]~2),x]

[Out] ((A + C)#Sin[c + d*x])/d - (A*Sin[c + d*x]"3)/(3*d)
Rule 3092

Int[sinl(e_.) + (£_)*(x_)]1 " (m_.)*((A_) + (C_.)*sinl[(e_.) + (f_.)*(x_)1"2),
x_Symbol] :> Dist[-f~(-1), Subst[Int[(1 - x72)"((m - 1)/2)*(A + C - C*xx"2)
, Xx], x, Cosle + fxx]], x] /; FreeQ[{e, f, A, C}, x] && IGtQ[(m + 1)/2, 0]

Rule 4129

Int[cscl(e_.) + (£_)*(x_)]1"(m_.)*(cscl(e_.) + (£f_.)*x(x_)]1"2x(C_.) + (A.)),
x_Symbol] :> Int[(C + AxSin[e + f*x]~2)/Sinle + fxx]~(m + 2), x] /; FreeQ[
{e, f, A, C}, x] && NeQ[C*m + Ax(m + 1), 0] && ILtQ[(m + 1)/2, 0]

Rubi steps

/cos3(c + dz) (A + C'sec’(c+ dz)) dz = /cos(c + dz) (C + Acos®*(c+ dz)) da

_ Subst([(A+ C — Az?) dz,x, —sin(c + dz))
T d
(A+ C)sin(c+dz) Asin’(c+ dzx)

d 3d




Mathematica [A]
time = 0.01, size = 50, normalized size = 1.67

C cos(dz)sin(c)  Ccos(c)sin(dz) Asin(c+dz) Asind(c+ dz)
d - d a7

Antiderivative was successfully verified.

[In] Integrate[Cos[c + d*x]~3*%(A + C*Sec[c + d*x]~2),x]

[Out] (C*Cos[d*x]*Sin[c])/d + (C*Cos[c]*Sin[d*x])/d + (A*Sin[c + d*x])/d - (A*Sin
[c + d*x]"3)/(3*d)
Maple [A]
time = 0.39, size = 33, normalized size = 1.10
method result size
A(2+c052(dw+c)) sin(dz+c) .
derivativedivides 3 J +Csin(dz o) 33
A(2+c052(dz+c)) sin(dz+c) .
default s 33
. 3Asin(dz+c) , Csin(dz+c) , Asin(3daz+3c)
I‘lSCh SlI:ldﬁ C + smdz C + sin 12d(13 C 40
2(A—3C)(tan (i}+%)) 2(A— BC)(tan ( doyg ) 2(A+C)tan(d7z+§)+2(A+C)(tan7(¢}+%))
norman 3d ad 3 4 d 111
<1+tan2< )) (tanz( ) 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(d*x+c) 3% (A+C*sec(d*x+c)~2),x,method=_RETURNVERBOSE)
[Out] 1/d*x(1/3*A*(2+cos(d*x+c) ~2)*sin(d*x+c)+Cxsin(d*x+c))
Maxima [A]

time = 0.28, size = 27, normalized size = 0.90

_ Asin (dz + ¢)® — 3 (A + C)sin (dz + ¢)
3d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c) ~3*(A+C*sec(d*x+c)~2),x, algorithm="maxima")
[Out] -1/3%(A*sin(d*x + c)~3 - 3*(A + C)*sin(d*x + c))/d
Fricas [A]

time = 2.56, size = 28, normalized size = 0.93

(Acos (dz +c)* +2A+3C)sin (dr + c)
3d




Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c) ~3*(A+C*sec(d*x+c)~2),x, algorithm="fricas")

[Out] 1/3*(A*cos(d*x + c)~2 + 2*%A + 3*%C)*sin(d*x + c)/d

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (A + C'sec? (c+dx)) cos® (c + dz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c)**3x(A+Cxsec(d*x+c)**2) ,x)

[Out] Integral((A + Cxsec(c + d*x)*x2)*cos(c + d*x)**3, x)

Giac [A]
time = 0.42, size = 34, normalized size = 1.13

_ Asin (dz + ¢)® — 3 Asin (dz + ¢) — 3C'sin (dz + ¢)
3d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c) ~3*(A+C*sec(d*x+c)~2),x, algorithm="giac")

[Out] -1/3*%(A*sin(d*x + ¢)~3 - 3*Axsin(d*x + c) - 3*Cxsin(d*x + c))/d

Mupad [B]
time = 0.04, size = 28, normalized size = 0.93

w—sin(c-l-dx) (A+0)

B d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(c + d*x)~3*x(A + C/cos(c + d*x)~2),x)
[Out] -((A*sin(c + d*x)~3)/3 - sin(c + d*x)*(A + C))/d
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3.11 [ cos*(c+ dz) (A + C'sec’(c + dzx)) dx

Optimal. Leaf size=61

(3A+4C) cos(c + dz)sin(c+dx)  Acos®(c+ dzx)sin(c + dz)
8d - 1d

%(3,4 +4C)z +

[Out] 1/8%(3%A+4%C)*x+1/8%(3*xA+4*C)*cos (d*x+c)*sin(d*x+c)/d+1/4*A*xcos (d*x+c) ~3*si
n(d*x+c)/d

Rubi [A]
time = 0.03, antiderivative size = 61, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.143,

steps used = 3, number of rules used = 3, integrand size = 21
Rules used = {4130, 2715, 8}

. . 3
(3A + 4C) sin(c + dz) cos(c + dx) N Asin(c + dz) cos®(c + dx) N 1:8(314 +40)
8d 4d 8
Antiderivative was successfully verified.
[In] Int[Cos[c + d*x]~4*(A + CxSecl[c + d*xx]~2),x]

[Out] ((3%A + 4%C)*x)/8 + ((3%A + 4%C)*Cos[c + d*x]*Sin[c + d*x])/(8%d) + (A*Cos[
¢ + d*x]"3*Sin[c + d*x])/(4x*d)

Rule 8
Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rule 2715

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Sinf[c + d*x])"(n - 1)/(d*n)), x] + Dist[b™2*((n - 1)/n), Int[(b*Sin[
c + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2
*n]

Rule 4130

Int[(cscl(e_.) + (£f_.)*(x_)1*(b_.)) " (m_.)*(cscl(e_.) + (£_.)*(x_)]1"2%(C_.)

+ (AD)), x_Symbol] :> Simp[A*Cot[e + f*xx]*((bxCscl[e + f*x])"m/(f*m)), x] +

Dist[(C*m + A*(m + 1))/(b"2%m), Int[(b*Cscl[e + f*x])~(m + 2), x], x] /; Fre
eQ[{b, e, f, A, C}, x] && NeQ[C*m + Ax(m + 1), 0] && LeQ[m, -1]

Rubi steps
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3 .
/cos4(c + dz) (A+ C'sec’(c + dz)) dz = Acos(c+ dZd) sin(c + do) + 3(314 +4C) / cos’(c + dz) dz

_ (3A 4 4C) cos(c + dzx) sin(c + dx) N Acos?(c + dz) sin(c + dz)
8d 4d
(34 +4C) cos(c + dz) sin(c + dzx) N Acos3(c-
8d

1

Mathematica [A]
time = 0.06, size = 45, normalized size = 0.74
4(3A+4C)(c+dzx) + 8(A+ C)sin(2(c + dz)) + Asin(4(c + dz))
32d

Antiderivative was successfully verified.

[In] Integrate[Cos[c + d*x]~4*(A + C*Sec[c + d*x]~2),x]
[Out] (4*x(3*A + 4*C)*(c + d*x) + 8*%(A + C)*Sin[2*(c + d*x)] + A*Sin[4*x(c + d*x)])
/(32%d)

Maple [A]
time = 0.46, size = 65, normalized size = 1.07

method result
: 3Ax Czx Asin(4dz+4c) Asin(2dz+2c) sin(2dz+2¢)C
risch s 5 + 5od + id + 1d

( (0053(dm+c)+m2(m> sin(dxz+-c)

+3wgw+3éc) +C < cos(dz+c)2sin(dz+c) +d7:c _’_%)
derivativedivides 3

< (0053 (dz+c)+ Los(da:h-ﬁ-c) ) sin(dz+-c)

4

. +:?+:§) +C<cos(d:v+c)2sin(dz+c)+d71+%)

default 3
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(d*x+c) 4% (A+C*sec(d*x+c)~2),x,method=_RETURNVERBOSE)

[Out] 1/d*x(A*x(1/4*(cos(d*x+c) ~3+3/2*cos(d*x+c))*sin(d*x+c)+3/8*d*x+3/8*c)+Cx(1/2*
cos (d*x+c) *sin(d*xx+c)+1/2xd*x+1/2%c))

Maxima [A]

time = 0.53, size = 73, normalized size = 1.20

(3 A+4C) tan(dz+c)3+(5 A+4 C) tan(dz+c)
(diE + C) (3 A+4 C) + tan(dz+c)*+2 tan(dz+c)2+1

8d
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c) ~4*(A+C*sec(d*x+c)~2),x, algorithm="maxima")
[Out] 1/8%((d*x + c)*(3*%A + 4*%C) + ((3*%A + 4xC)*tan(d*x + c)~3 + (5*%A + 4*C)*tan(
d*x + c))/(tan(d*x + c)"4 + 2xtan(d*x + c)"2 + 1))/d

Fricas [A]
time = 1.79, size = 49, normalized size = 0.80

(3A+44C)dz + (2 Acos (dz +¢)® + (3A+4C) cos (dz + ¢)) sin (dz + ¢)
8d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c) ~4*(A+Cxsec(d*x+c)~2),x, algorithm="fricas")

[Out] 1/8%((3*A + 4*C)*d*x + (2xA*cos(d*x + c)~3 + (3*A + 4*C)*cos(d*x + c))*sin(
d*x + c))/d

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (A+ Csec® (c+dx)) cos* (c + dz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c)**4x(A+Cxsec(d*x+c)**2) ,x)

[Out] Integral((A + Cxsec(c + d*x)*x2)*cos(c + d*x)**4, x)

Giac [A]
time = 0.42, size = 73, normalized size = 1.20

(dx + C) (3 A+4 C) + 3 Atan(dz+c)®+4 Ctan(dz+c)®+5 A tar21(dm+c)+4 C tan(dz+c)
(tan(dw+c)2+1>

8d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c) ~4x(A+Cxsec(d*x+c)~2),x, algorithm="giac")
[Out] 1/8%((d*x + c)*(3%A + 4xC) + (3*Axtan(d*x + c)~3 + 4xCxtan(d*x + c)~3 + 5*A
xtan(d*x + c) + 4xCxtan(d*x + c))/(tan(d*x + c)~2 + 1)°2)/d

Mupad [B]
time = 2.44, size = 67, normalized size = 1.10

. <3_A N g) (34 + %) tan(c+dz)’ + (32 + S) tan(c+ dx)
8 2 d (tan (c + dz)* + 2tan (c + dz)* + 1)
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(c + d*x)~4*(A + C/cos(c + d*xx)~2),x)

[Out] x*((3%A)/8 + C/2) + (tan(c + d*xx)*((5%A)/8 + C/2) + tan(c + d*xx) " 3*x((3*A)/8
+ C/2))/(d*(2xtan(c + d*x)~2 + tan(c + d*x)~4 + 1))
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3.12 [ cos®(c+ dz) (A + C'sec’(c + dzx)) dx

Optimal. Leaf size=50

(A+CO)sin(c+dr)  (2A+ C)sin’(c + dx) N Asin®(c + dzx)
d 3d 5d

[Out] (A+C)*sin(d*x+c)/d-1/3%(2*%A+C)*sin(d*x+c) ~3/d+1/5*A*sin(d*x+c)~5/d

Rubi [A]
time = 0.05, antiderivative size = 50, normalized size of antiderivative = 1.00, number of

number of rules __
' integrand size 0.143,

steps used = 4, number of rules used = 3, integrand size = 21
Rules used = {4129, 3092, 380}

(2A+ C)sin®*(c+dz) (A+C)sin(c+dz) Asin®(c+ dz)
- 3d - d T sd

Antiderivative was successfully verified.
[In] Int[Cos[c + d*x]~5*%(A + CxSecl[c + d*x]~2),x]

[Out] ((A + C)*Sin[c + d*x])/d - ((2*%A + C)*Sin[c + d*x]~3)/(3*%d) + (A*Sin[c + dx
x]75)/(5%d)

Rule 380

Int[((a)) + (b_)*(x_)" (0 )) (p_.)*((c_) + (d_.)*(x_)"(n_))"(q_.), x_Symbol
1 :> Int[ExpandIntegrand[(a + b*x"n) p*(c + d*x"n)~q, x], x] /; FreeQ[{a, b
, ¢, d, n}, x] && NeQ[b*c - axd, 0] && IGtQ[p, 0] && IGtQ[q, O]

Rule 3092

Int[sinl(e_.) + (£_)*(x_)]1 " (m_.)*((A_) + (C_.)*sinl[(e_.) + (f_.)*(x_)1"2),
x_Symbol] :> Dist[-f7(-1), Subst[Int[(1 - x72)"((m - 1)/2)*(A + C - C*xx"2)
, x], x, Cos[e + f*xx]], x] /; FreeQ[{e, f, A, C}, x] && IGtQ[(m + 1)/2, 0]

Rule 4129

Int[cscl(e_.) + (£_)*(x_)1"(m_.)*(cscl(e_.) + (£f_.)*x(x_)]1"2%(C_.) + (A.)),
x_Symbol] :> Int[(C + A*Sin[e + f*x]~2)/Sin[e + f*x]~(m + 2), x] /; FreeQ[
{e, £, A, C}, x] && NeQ[C*m + A*(m + 1), 0] && ILtQ[(m + 1)/2, O]

Rubi steps
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/0055(0 + dz) (A + C'sec’(c+ dz)) dz = /cos3(c + dz) (C + Acos®*(c+ dz)) dz
_ Subst (f 1 —2%) (A+C — Az?) dz,z,—sin(c + dz))

d
Subst([ (A(1+ &) — (24 + C)z* + Az*) dz,z, —sin(c + da
T d
(A+ C)sin(c+dz) (2A+ O)sin®(c+dz) Asin®(c+ dz)
- d - 3d T

Mathematica [A]
time = 0.02, size = 74, normalized size = 1.48

5Asin(c + dz) + Csin(c+dz) C sin3(c +dz) = 5Asin(3(c + dz)) N Asin(5(c + dz))
8d d 3d 48d 80d

Antiderivative was successfully verified.

[In] Integrate[Cos[c + d*x]~5*%(A + C*Sec[c + d*x]~2),x]

[Out] (5*AxSin[c + d*x])/(8%d) + (C*Sin[c + d*x])/d - (C#Sin[c + d*x]~3)/(3*xd) +
(5%A*Sin[3*(c + d*x)])/(48%d) + (A*Sin[5*(c + d*x)])/(80%d)

Maple [A]
time = 0.56, size = 54, normalized size = 1.08

method result
4(cos? (dm+c))
8 4 ( .
A (§+CQS (dz+c)+ ———3—— | sin(de+c) +C(2+cos2(dw+c)) sin(dz-c)
derivativedivides 5 d 3

4(cos2(dw+c)>
Al 84cost(d in(d
<3+COS (dzte)t ———3— | sin(date) ©(2+c0s? (dz+) ) sin(dw+c)

default 5 - 3
. 5A sin(dz+c) 3C'sin(dz+-c) Asin(5dz+5c) 5A sin(3dz+3c) sin(3dz+3c)C
risch 8d + 4d + 80d + 48d + 12d
2(A+C) tan(de-&-%) 2(A+C) (tann(%’”-ﬁ-g)) 2(A+5C)(tan3(d7x+g)) 2(A+5C)(tan9(d7x+g)) 4(19A+5C) (tan5(%
— d + d — 3d + 3d — 15d

norman (1+tan2(d{+§>)5(tan2(d§+§)_1>

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(d*x+c) 5x(A+C*sec(d*x+c)~2),x,method=_RETURNVERBOSE)

[Out] 1/d*(1/5%A*(8/3+cos(d*x+c) ~4+4/3*cos(d*x+c) ~2) *sin(d*x+c)+1/3%Cx (2+cos (d*x+
c) " 2)*sin(d*x+c))
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Maxima [A]
time = 0.28, size = 43, normalized size = 0.86
3 Asin (dz + ¢)’ — 5 (24 + O) sin (dz + ¢)* + 15 (A + O) sin (dz + ¢)
15d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c) ~5*(A+C*sec(d*x+c)~2),x, algorithm="maxima")
[Out] 1/15%(3*A*sin(d*x + c)~5 - 5*(2*A + C)*sin(d*x + c)~3 + 156%(A + C)*sin(d*x
+ ¢c))/d

Fricas [A]
time = 2.24, size = 45, normalized size = 0.90

(3 Acos (dz+c)* + (4 A+5C)cos(dz + )’ + 8 A+ 10C) sin (dz + ¢)
15d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c) 5% (A+C*sec(d*x+c)~2),x, algorithm="fricas")

[Out] 1/15%(3*Axcos(d*x + c)~4 + (4*A + 5*C)*cos(d*x + c)~2 + 8*A + 10*C)*sin(d*x
+ c)/d

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (A + Csec? (c+dx)) cos® (c + dz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c)**5x(A+Cxsec(d*x+c)**2) ,x)

[Out] Integral((A + Cxsec(c + d*x)*x2)*cos(c + d*x)**5, x)

Giac [A]
time = 0.47, size = 57, normalized size = 1.14

3 Asin (dz + ¢)® — 10 Asin (dz + ¢)* — 5 C'sin (dz + ¢)* 4 15 Asin (dz + ¢) + 15 C'sin (dz + ¢)
15d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c) ~5x(A+Cxsec(d*x+c)~2),x, algorithm="giac")
[Out] 1/15%(3*A*sin(d*x + c)~5 - 10*Axsin(d*x + c)~3 - B*Cksin(d*x + c)~3 + 15%Ax

sin(d*x + c) + 15%Cxsin(d*x + c))/d
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Mupad [B]
time = 2.37, size = 43, normalized size = 0.86

Asin(erda)’ 4 (_24 _ &) sin (c+dx) + (A + C) sin (c+ d)
d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(c + d*x)"5*%(A + C/cos(c + d*x)"2),x)

[Out] ((Axsin(c + d*x)~5)/5 + sin(c + d*x)*(A + C) - sin(c + d*x)~3x((2%A)/3 + C/
3))/4d
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3.13 [ cosb(c + dz) (A + C'sec’(c + dzx)) dx

Optimal. Leaf size=89

(5A + 6C) cos(c + dz) sin(c + dz) N (5A + 6C) cos*(c + dz) sin(c + dx) +A cos®(¢ + dz) sin(

1
16 (2A+6C)z+ 16d 94d 6d

16
[Out] 1/16%(5%A+6%C)*x+1/16% (5%A+6%C)*cos (d*x+c)*sin(d*x+c)/d+1/24* (5xA+6%C)*cos (
d*x+c) ~“3*sin(d*x+c)/d+1/6*xA*cos (d*x+c) “5*sin(d*x+c)/d

Rubi [A]

time = 0.04, antiderivative size = 89, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.143,

steps used = 4, number of rules used = 3, integrand size = 21,
Rules used = {4130, 2715, 8}

(5A + 6C) sin(c + dz) cos®(c + dz) N (

5A + 6C) sin(c + dz) cos(c + dz) n Asin(c+dz)cos®(c+dz) 1
24d 16d 6d

—z(5A
+ 16:v(5 +60C)

Antiderivative was successfully verified.
[In] Int[Cos[c + d*x]~"6%(A + CxSecl[c + d*x]~2),x]

[Out] ((5%A + 6%C)*x)/16 + ((5%A + 6*%C)*Cos[c + d*x]*Sin[c + d*x])/(16*%d) + ((5*A
+ 6%C)*Cos[c + d*x]~3*Sin[c + d*x])/(24*d) + (A*Cos[c + d*x] 5*Sin[c + d*x
1)/ (6x%d)

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 2715

Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Sinf[c + d*x])~(n - 1)/(d*n)), x] + Dist[b™2*((n - 1)/n), Int[(b*Sin[
c + dxx])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2
*n]

Rule 4130

Int[(cscl(e_.) + (£_.)*(x_)I*(b_.))"(m_.)*(cscl(e_.) + (£_.)*(x_)]1"2%(C_.)
+ (A_)), x_Symbol] :> Simp[A*Cot[e + fxx]*((bxCscle + f*x]) m/(f*m)), x] +
Dist[(Cxm + Ax(m + 1))/(b"2*m), Int[(b*Cscl[e + f*x])"(m + 2), x], x] /; Fre
eQ[{b, e, f, A, C}, x] && NeQ[C*m + A*(m + 1), 0] && LeQ[m, -1]

Rubi steps
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5 .
= Acos(c+ dgzd) sin(c + da) + é(5A +6C) /cos4(c + dz) dx
(5A + 6C) cos®(c + dz) sin(c + dx)
+
24d
(5A 4 6C) cos(c + dzx) sin(c + dx)
_|_
16d
(5A + 6C) cos(c + dz) sin(c + dz)
16d -

/cosﬁ(c + dz) (A+ Csec’(c+dz)) dz

Acos®(c+ dzx) sin(c + dz
6d
(5A + 6C) cos3(c + dz) si
24d
(5A+6

1

Mathematica [A]
time = 0.08, size = 68, normalized size = 0.76

60Ac + 72¢C + 60Adz + 72Cdz + (45A + 48C) sin(2(c + dz)) + (94 + 6C) sin(4(c + dz)) + Asin(6(c + dz))
192d

Antiderivative was successfully verified.

[In] Integrate[Cos[c + d*x]~6*%(A + C*Sec[c + d*x]~2),x]

[Out] (60%A*c + 72%c*C + 60*%Axd*x + 72*%Ckxdxx + (45%A + 48xC)*Sin[2%(c + d*x)] + (
9%A + 6%C)*Sin[4*(c + d*x)] + A*Sin[6*(c + d*x)])/(192%d)

Maple [A]
time = 0.58, size = 86, normalized size = 0.97

method result
. 5Ax 3Cz Asin(6dz+6c) 3Asin(4dz+4c) sin(4dz+4¢c)C 15Asin(2dz+2c) sin(2dz+2¢)C
risch 16 T8 T 1020 T 64d + = T 64d + 4d
5 cos3(dw+c)) 15 d
cos® (dz+c)+ ( + cos(datc) sin(dz+-c) 3 3cos(dz+c) \ _.
A < 1 8 +M+@ +0 ( (cos (dx+c)+‘27) sin(dz+c) 3dz | 3
6 16 ' 16 1 8 T
derivativedivides y
5(cos3 (dz+
(Coss (datelt (COS El - C)) + P COS(de+C) ) sin(dz+c) (‘3053(dw+c)+ 3 CGS(de+C) ) sin(dz+c)
A +30z 42 | 4O +3z 4 3
6 16 ' 16 1 8 T
default 7
5A _3C 45A _ 27C d 25A _15C d 25A _15C d
norman (‘ﬁ‘?)“‘(“TG—T>"3<'“3H4(7’”‘*‘%))"‘(‘?‘7%0“2 (%“‘%))‘*‘(‘ﬁ—T)m(taflﬁ (7’”"‘%))

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(d*x+c) ~6*(A+Cksec(d*x+c)~2),x,method=_RETURNVERBOSE)
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[Out] 1/d*(Ax(1/6%*(cos(d*x+c) ~5+5/4*cos (d*x+c) " 3+15/8%*cos (d*x+c))*sin(d*x+c)+5/16
*d*x+5/16%c)+C* (1/4* (cos (d*x+c) ~3+3/2*xcos (d*x+c) ) *sin (d*x+c)+3/8*d*x+3/8%*c)

)

Maxima [A]
time = 0.50, size = 103, normalized size = 1.16

3 (5 A+6 C) tan(dz+c)°+8 (5 A+6 C) tan(dz+c)®+3 (11 A+10 C) tan(dz+-c)
3 (d.’E + C) (5 A+6 C) + tan(dz+c)%+3 tan(dz+c)*+3 tan(dz+c)?+1

48d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c) 6% (A+C*sec(d*x+c)”2),x, algorithm="maxima")

[Out] 1/48%(3x(d*x + c)*(5%A + 6*%C) + (3*x(5*xA + 6*%C)*tan(d*x + c)~5 + 8x(5xA + 6%
C)xtan(d*x + ¢c)”3 + 3*(11*%A + 10*C)*tan(d*x + c))/(tan(d*x + c)~6 + 3xtan(d

*x + c)”4 + 3xtan(d*x + ¢c)"2 + 1))/d

Fricas [A]
time = 2.14, size = 68, normalized size = 0.76

3(5A+6C)dz + (8 Acos(dz +c¢)’ +2(5A+6C)cos (dz + c)* + 3 (5 A+ 6 C) cos (dz + c)) sin (dz + c)
48d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c) 6% (A+C*sec(d*x+c)~2),x, algorithm="fricas")
[Out] 1/48%(3%x(5%A + 6%C)*d*x + (8xAxcos(d*x + c)~5 + 2x(5%A + 6*C)*cos(d*x + c)
3 + 3%(5%A + 6*%C)*cos(d*x + c))*sin(d*x + c))/d

Sympy [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c)**6*(A+Cksec (d*x+c)**2),x)

[Out] Timed out
Giac [A]
time = 0.47, size = 96, normalized size = 1.08

3 (dm + C) (5 A+6 C) + 15 A tan(dz+c)®+18 C tan(dz+c)®+40 A tarE(d:c—(i:ic)s—i-)Al?S C;gn(dx+c)3+33 Atan(dz+c)+30 C tan(dz+c)
tan(dz+c)“+1

48d

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(cos(d*x+c) “6*(A+C*sec(d*x+c)~2),x, algorithm="giac")

[Out] 1/48%(3%(d*x + c)*(5%A + 6%C) + (15%Axtan(d*x + c)~5 + 18*Cxtan(d*x + c)~5
+ 40*%Axtan(d*x + c)~3 + 48%Cxtan(d*x + c)~3 + 33xAxtan(d*x + c) + 30*Cxtan(

d*x + c))/(tan(d*x + ¢c)~2 + 1)73)/d

Mupad [B]
time = 2.94, size = 91, normalized size = 1.02

. (5_A N g) (34 +32) tan(c+ dz)® + (52 + C) tan(c+ dz)® + (42 +59) tan(c + dx)
6 8 d (tan (c +dz)° + 3tan (c + dz)* + 3tan (c+ dz)* + 1)
Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(c + d*x)~6*%(A + C/cos(c + d*x)"2),x)

[Out] x*x((5%A)/16 + (3*C)/8) + (tan(c + d*x)*((11*A)/16 + (5%C)/8) + tan(c + d*x)
~3%((5%A)/6 + C) + tan(c + d*x)~5*%((5%A)/16 + (3*C)/8))/(d*(3*tan(c + d*x)~
2 + 3*xtan(c + d*x)~4 + tan(c + d*x)"6 + 1))



88

3.14 [ sec™(c+ dx) (—2 + C'sec®(c + dx)) d

Optimal. Leaf size=26
C'sec'™(c + dz) sin(c + dx)
d(1+m)

[Out] Cxsec(d*x+c)” (1+m)*sin(d*x+c)/d/(1+m)

Rubi [A]
time = 0.03, antiderivative size = 26, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.034,

steps used = 1, number of rules used = 1, integrand size = 29,
Rules used = {4128}

C'sin(c + dz) sec™ ™ (c + dx)
dim+1)

Antiderivative was successfully verified.

[In] Int[Sec[c + d*x] m*(-((C*m)/(1 + m)) + CxSec[c + d*x]"2),x]
[Out] (CxSecl[c + d*x]~(1 + m)*Sin[c + d*x])/(d*(1 + m))

Rule 4128

Int[(cscl(e_.) + (£_)*(x_)]*(b_.))"(m_.)*(cscl(e_.) + (£f_.)*(x_)]1"2x(C_.)
+ (A)), x_Symbol] :> Simp[A*Cot[e + f*x]*((b*Cscl[e + f*x])™m/(f*m)), x] /;
FreeQ[{b, e, £, A, C, m}, x] &% EqQ[C*m + Ax(m + 1), 0]

Rubi steps

C'sec'™™(c + dz) sin(c + dz)
d(1+m)

/secm(c + dz) (_C’_m + C'sec’*(c+ dac)) dx =

1+m

Mathematica [A]
time = 0.22, size = 26, normalized size = 1.00

C'sec't™(c + dz) sin(c + dx)
d(1+m)

Antiderivative was successfully verified.

[In] Integrate[Sec[c + d*x] m*(-((C*m)/(1 + m)) + C*Secl[c + d*x]~2),x]
[Out] (CxSecl[c + d*x]~(1 + m)*Sin[c + d*x])/(d*(1 + m))

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 3.
time = 0.85, size = 512, normalized size = 19.69
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method | result

i 3 i 2
) jet(dz+c) X jet(dz+c) - i(dz+c
icsgn ( 2i(dato) 41 7m  icsgn 2i(deto) 41 csgn (ze ( ) ) T
2 e 2

ic| om (e2i(dm+c)+1)—m(ez‘(é)’i(dz)-ké)'{(c)))me—ms(dm)—mg(c)e_

risch —

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sec(d*x+c) “m*(-C*m/(1+m)+Cxsec(d*x+c)~2),x,method=_RETURNVERBOSE)

[Out] -IxC/(1+m)/d/(exp(2*I*(d*x+c))+1)*(2"m/((exp(2*I*(d*x+c))+1) m)*exp(I*(Re(d
*x)+Re (c)) ) “m*exp (-m*Im(d*x)-m*Im(c))*exp(-1/2*I*csgn(I*exp (I*(d*x+c))/(exp
(2%I*(d*x+c))+1)) ~"3*Pi*m)*exp(1/2*I*csgn(I*exp (I*(d*x+c))/ (exp(2*xI*(d*x+c))
+1) ) "2xcsgn(Ixexp (I* (d*x+c)))*Pi*m)*exp(1/2*xI*xcsgn(I*xexp (I*(d*x+c))/(exp(2*
I*(d*x+c))+1)) "2*csgn(I/ (exp(2*I* (d*x+c))+1))*Pi*m)*exp(-1/2*I*csgn(I*exp (I
* (d*x+c) )/ (exp (2*I* (d*x+c))+1) ) *csgn(I*xexp (I*(d*x+c)))*csgn(I/ (exp (2*I*(d*x
+c))+1)) *Pixm) *exp (2*I*d*x) *exp (2xI*c)-2"m/ ((exp (2*I* (d*x+c) ) +1) “m) *exp (I*(
Re(d*x)+Re(c))) “m*exp(-1/2*m* (I*csgn (I*exp (I*(d*x+c))/ (exp(2xI*(d*x+c))+1))
~3*Pi-I*csgn(I*exp(I*(d*x+c))/(exp(2*I*(d*x+c))+1)) "2*xcsgn(I*exp(I*(d*x+c))
)*Pi-I*csgn(I*xexp(I*(d*x+c))/ (exp(2+I*(d*x+c))+1)) "2*csgn(I/ (exp(2*I*(d*x+c
))+1)) *Pi+I*csgn(I*exp(I*(d*x+c))/(exp(2*I*(d*x+c))+1))*csgn(I*exp(I*(d*x+c
)) ) *csgn(I/ (exp(2*xIx(d*x+c))+1))*Pi+2*Im(c)+2*Im(d*x))))

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 304 vs.
2(26) = 52.
time = 0.65, size = 304, normalized size = 11.69

+omt2) m sin (2dz +2¢) 08 (2 +2¢) + 1)) s (2dz +2¢) = 2"C cos (~{dz +cJm +

+20) o8 (22 +20)
(1) cos (242 + 26+ (m + 1) sin (2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c) “m*(-C*m/(1+m)+C*sec(d*x+c)~2),x, algorithm="maxima")

[Out] -(2"m*Cxcos(-(d*x + c)*(m + 2) + m*arctan2(sin(2*d*x + 2%c), cos(2xd*x + 2%
c) + 1))*sin(2*d*x + 2xc) - 2 m*Ckcos(-(d*x + c)*m + m*xarctan2(sin(2*d*x +
2%c), cos(2*d*x + 2%c) + 1))*sin(2*xd*x + 2xc) + (2 "m*Ckxcos(2*xd*x + 2%c) + 2
“m*C)*sin(-(d*x + c)*x(m + 2) + m*arctan2(sin(2*xd*x + 2*xc), cos(2*d*x + 2%c)

+ 1)) - (2"m*C*cos(2*d*x + 2xc) + 2"m*C)*sin(-(d*x + c)*m + m*arctan2(sin(
2%dxx + 2*%c), cos(2*d*x + 2%c) + 1)))/(((m + 1)*cos(2*d*x + 2*%c)"2 + (m + 1
)*sin(2*d*x + 2*%c)"2 + 2x(m + 1)*cos(2*d*x + 2*c) + m + 1)*(cos(2*d*x + 2*c
)72 + sin(2*d*x + 2%c)”2 + 2xcos(2xdxx + 2%c) + 1)~ (1/2*m)*d)

Fricas [A]
time = 2.26, size = 33, normalized size = 1.27
cos(dlz—l—c) " sin (d.’E + C)
(dm + d) cos (dz + )
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c) “m*(-C*m/(1+m)+C*sec(d*x+c)~2),x, algorithm="fricas")

[Out] Cx(1/cos(d*x + c¢)) m*sin(d*x + c)/((d*m + d)*cos(d*x + c))

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

C([ (—msec™ (c + dz)) dz + [ sec? (c + dz)sec™ (c + dz) dz + [ msec? (c + dz) sec™ (c + dz) dx)
m+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c)**m*(-C*m/(1+m)+C*sec(d*x+c)**2) ,x)

[Out] C*(Integral(-m*sec(c + d*x)**m, x) + Integral(sec(c + d*x)**2xsec(c + d*x)x*
*m, x) + Integral(m*sec(c + d*xx)**2*sec(c + d*x)**m, x))/(m + 1)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c) “m*(-C*m/(1+m)+C*sec(d*x+c)~2),x, algorithm="giac")

[Out] integrate((Cxsec(d*x + c)~2 - C*m/(m + 1))*sec(d*x + c)"m, x)

Mupad [B]
time = 2.86, size = 42, normalized size = 1.62

Csin(2c+2dx) <m)m
d(cos(2c+2dz)+1) (m+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/cos(c + d*x)) " m*(C/cos(c + d*x)~2 - (Cxm)/(m + 1)),x)
[Out] (Cxsin(2*c + 2*d*x)*(1/cos(c + d*x))"m)/(d*(cos(2xc + 2xd*x) + 1)*x(m + 1))
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3.15 [ sec™(c + dzx) (A _ Alltm) SeCZ(c+dx)> dx

m

Optimal. Leaf size=25
_ Asec!*™(c + dz) sin(c + dx)
dm

[Out] -Ax*sec(d*x+c)”~(1+m)*sin(d*x+c)/d/m
Rubi [A]

time = 0.03, antiderivative size = 25, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.036,

steps used = 1, number of rules used = 1, integrand size = 28,
Rules used = {4128}

Asin(c + dz) sec™ (¢ + dz)
dm

Antiderivative was successfully verified.

[In] Int[Secl[c + d*x] mx(A - (A*x(1 + m)*Sec[c + d*x]~2)/m),x]
[Out] -((A*Sec[c + d*x]~(1 + m)*Sin[c + d*x])/(d*m))

Rule 4128

Int[(ecscl(e_.) + (£_)*(x_)I*(b_.))"(m_.)*(cscl(e_.) + (£_.)*(x_)]1"2x(C_.)
+ (AD)), x_Symbol] :> Simp[A*Cot[e + f*x]*((b*Cscle + f*x])"m/(f*m)), x] /;
FreeQ[{b, e, f, A, C, m}, x] && EqQ[C*m + Ax(m + 1), O]

Rubi steps

2 14+m :
/secm(c + dz) (A _ A(1+ m)sec®(c+ dm)) dp — _Asec (¢ + dz) sin(c + dz)

m dm

Mathematica [A]
time = 0.20, size = 25, normalized size = 1.00

_ Asec'™™(c + dz) sin(c + dx)
dm

Antiderivative was successfully verified.

[In] Integrate([Sec[c + d*x]"m*(A - (A*(1 + m)*Sec[c + d*x]~2)/m),x]
[Out] -((AxSec[c + d*x]~(1 + m)*Sin[c + d*x])/(d*m))

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 3.
time = 0.62, size = 510, normalized size = 20.40
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method | result

i 3 i 2

) jei(dz+c) X jet(dz+c) - _i(dz+c) ;
icsgn ( 2i(deto) 11 m™m  icsgn 2i(dato) 41 csgn (ze ) ™m  ics
2 e 2 e

Al 2m (eZi(dm+c)+1) —-m (ei(%(dx)-b-%(c)))me—m%(dz)—mS‘(c)e_

risch

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sec(d*x+c) “m*(A-A*(1+m)*sec(d*x+c) 2/m),x,method=_RETURNVERBOSE)

[Out] I*A/d/m/(exp(2*I*(d*x+c))+1)*(2"m/((exp(2*I*(d*x+c))+1) m)*exp(I*(Re(d*x)+R
e(c))) "mxexp (-m*Im(d*x)-m*Im(c))*exp(-1/2*I*csgn(I*exp (I*(d*x+c))/(exp(2xI*
(d*x+c))+1)) ~"3*Pi*m)*exp (1/2*I*csgn(I*exp (I*(d*x+c))/ (exp(2*xI*(d*x+c))+1))~
2*csgn (Ixexp (I* (d*x+c)))*Pi*m)*exp (1/2xI*csgn(I*exp (I*(d*x+c))/ (exp(2*Ix(d*
x+c))+1)) " 2xcsgn(I/ (exp (2*I*(d*x+c))+1))*Pixm)*exp(-1/2*xI*csgn(I*exp (I*(d*x
+c) )/ (exp(2xIx(d*x+c))+1))*csgn(Ixexp (I*(d*x+c)))*csgn(I/ (exp(2xI*(d*x+c))+
1)) #Pix*m) *exp (2*I*d*x) *exp (2*I*c)-2"m/ ((exp (2*I* (d*x+c))+1) "m) *exp (I* (Re (d*
x)+Re(c))) “m*exp(-1/2*m* (I*csgn(I*exp (I* (d*x+c))/(exp(2*I*(d*x+c))+1)) "3*Pi
-I*xcsgn(Ixexp(I*(d*x+c))/ (exp(2*I*(d*x+c))+1)) "2*csgn(I*exp(I*(d*x+c)))*Pi-
Ixcsgn(Ixexp (I*(d*x+c))/(exp(2*I*(d*x+c))+1)) 2*csgn(I/ (exp(2*I*(d*x+c))+1)
) *Pi+I*csgn(I*exp(I*(d*x+c))/(exp(2*I*(d*x+c))+1))*csgn(I*exp(I*(d*x+c)))*c
sgn(I/ (exp(2*I*(d*x+c))+1))*Pi+2xIm(c)+2*Im(d*x))))

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 296 vs.
2(25) = 50.
time = 0.67, size = 296, normalized size = 11.84

2" Acos (~(da +c)m+2) + ¢ +20) cos (2ds +26) + 1 20— +20) 08 (2dr +20) + 1)) sin (e + 2¢) + (2" Acos (2ds + 2c) + 2" A)sin (~(de + c)(m +2) + m arctan (sin (2l + 2c) ,cos (2dz +2¢) + 1)) = (2" Acos (2 +26) 42" ) @dr+20), )+ 1)
(mcos (2 +2¢)" + msin (2ds + 20)" + 2mcos (2dr + 2¢) + m) (cos (2dr + 26)" + sin (2ds + 26) 42 cos (2dr +26) + 1)1 "d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c) “m*(A-A*(1+m)*sec(d*x+c)~2/m),x, algorithm="maxima")

[Out] (2"m*A*cos(-(d*x + c)*(m + 2) + m*arctan2(sin(2*d*x + 2%c), cos(2xd*x + 2*c
) + 1))*sin(2*d*x + 2%c) - 2 m*A*cos(-(d*x + c)*m + m*xarctan2(sin(2*d*x + 2

*c), cos(2xd*x + 2xc) + 1))*sin(2*d*x + 2%c) + (2 m*xA*cos(2*d*x + 2%c) + 27
mxA)*sin(-(d*x + c)*(m + 2) + m*arctan2(sin(2*d*x + 2%c), cos(2xd*x + 2%c)

+ 1)) - (2"m*A*cos(2xd*x + 2*c) + 2"m*A)*sin(-(d*x + c)*m + m*arctan2(sin(2

*d*xx + 2%c), cos(2xd*x + 2%c) + 1)))/((m*cos(2*d*x + 2%c)~2 + m*xsin(2xd*x +
2%c) "2 + 2xm¥xcos(2xdxx + 2%c) + m)*(cos(2*d*x + 2%c)”2 + sin(2xd*x + 2%c)”

2 + 2%cos(2xdxx + 2xc) + 1)~ (1/2+%m)*d)

Fricas [A]
time = 2.59, size = 33, normalized size = 1.32
cos(dlx—l-c)m sin (d.’I,' + C)
dm cos (dz + ¢)




93

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c) “m* (A-A*(1+m)*sec(d*x+c)~2/m),x, algorithm="fricas")

[Out] -A*x(1/cos(d*x + c¢)) m*sin(d*x + c)/(d*m*cos(d*x + c))

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

A([ (—msec™ (c+ dz)) dz + [ sec? (c + dz)sec™ (c + dz) dz + [ msec? (c + dz) sec™ (c + dz) dz)
m

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c)**m* (A-Ax(1+m)*sec(d*x+c)**2/m) ,x)

[Out] -A*(Integral(-m*sec(c + d*x)**m, x) + Integral(sec(c + d*x)#**2xsec(c + d*x)
**xm, x) + Integral(m*sec(c + d*x)**2*sec(c + d*x)**m, x))/m

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c) “m*(A-A*(1+m)*sec(d*x+c)~2/m),x, algorithm="giac")

[Out] integrate(-(A*(m + 1)*sec(d*x + c)~2/m - A)*sec(d*x + c)"m, x)

Mupad [B]
time = 2.67, size = 41, normalized size = 1.64

A Sln(2C+2diL') (m)m
~ dm (cos(2¢c+2dz) +1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A - (Ax(m + 1))/(m*cos(c + d*x)~2))*(1/cos(c + d*x)) m,x)
[Out] -(Axsin(2*c + 2*d*x)*(1/cos(c + d*xx)) "m)/(d*m*(cos(2%c + 2*d*x) + 1))
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3.16 [(bsec(c + dx))3/% (A + Csec®(c + dz)) dx

Optimal. Leaf size=110

2b*(TA 4 5C)+/cos(c + dz) F(3(c+dz)|2) \/bsec(c + dx) +2b(7A + 5C) (bsec(c + dz))3/?sin(c + dz) +E
21d 21d

[Out] 2/21*b* (7*A+5*C)* (b*sec(d*x+c))~(3/2)*sin(d*x+c)/d+2/21%b~2* (7*A+5%C) * (cos(
1/2*d*x+1/2%c)~2)~(1/2) /cos(1/2xd*x+1/2*c) *E1lipticF (sin(1/2*d*x+1/2%c) ,27(
1/2))*cos (d*x+c) ~(1/2) *(b*sec(d*x+c)) ~(1/2) /d+2/7*Cx (bxsec (d*x+c)) ~(5/2) *ta
n(d*x+c)/d

Rubi [A]
time = 0.06, antiderivative size = 110, normalized size of antiderivative = 1.00, number of

number of rules _ ( 160
integrand size ’

steps used = 4, number of rules used = 4, integrand size = 25,
Rules used = {4131, 3853, 3856, 2720}

20%(7A + 5C)+/cos(c + dz) F(3(c+ dz)|2) \/bsec(c + dz) + 2b(7A + 5C) sin(c + dz)(bsec(c + dz))>/? + 2C tan(c + dz)(bsec(c + dz))°/?
21d 21d 7d

Antiderivative was successfully verified.
[In] Int[(b*Sec[c + d*x])~(5/2)*(A + CxSecl[c + d*xx]~2),x]

[Out] (2%b~2%(7*A + 5xC)*Sqrt[Cos[c + d*x]]*EllipticF[(c + d*x)/2, 2]*Sqrt[b*Sec[
c + d*x]1)/(21%d) + (2xbx(7*A + 5%C)*(b*Sec[c + d*x])~(3/2)*Sin[c + d*x])/(
21%d) + (2xCx(b*Sec[c + d*x])~(5/2)*Tan[c + d*xx])/(7*d)

Rule 2720

Int[1/Sqrtlsinl(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/d)+*EllipticF[(1/2
)*(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, xI]

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Csclc + d*x])"(n - 1)/(d*(n - 1))), x] + Dist[b™2x((n - 2)/(n - 1)),
Int[(b*Csclc + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2+n]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d#*x]
)~n*Sin[c + d*x]"n, Int[1/Sin[c + d*x]~n, x], x] /; FreeQ[{b, c, d}, x] &
EqQ[n~2, 1/4]

Rule 4131
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Int[(cscl(e_.) + (£_D*(x_)]*(b_.))"(m_.)*(cscl(e_.) + (f_.)*(x_)]1"2x(C_.)
+ (AD)), x_Symbol] :> Simp[(-C)*Cot[e + f*x]*((b*Csc[e + f*x]) m/(fx(m + 1)
)), x] + Dist[(C*m + Ax(m + 1))/(m + 1), Int[(b*Cscl[e + f*x])"m, x], x] /;
FreeQ[{b, e, f, A, C, m}, x] && NeQ[C*m + Ax(m + 1), 0] && !LeQ[m, -1]

Rubi steps
5/2

/(bsec(c+ dx))5/2 (A + CSGCQ(C—i- diL')) dr — 2C (bsec(c+ da;)cg tan(c + dx) " ;(714 +5C) /(bsec(c-
_ 2b(7A + 5C)(bsec(c + dx))3/? sin(c + dz) N 2C (bsec(c + ¢
B 21d
_ 2b(7TA+5C)(bsec(c + dz))*/?sin(c + dz) N 2C (bsec(c + ¢
B 21d
_ 20%(7TA+5C)+/cos(c + dz) F(3(c+ dx)|2) \/bsec(c + d:
B 21d

Mathematica [A]
time = 0.70, size = 84, normalized size = 0.76

(bsec(c + dzx))"/? (4(7A +50) cos (¢ + dz) F(1(c+ dz)| 2) + 2(7A + 11C + (7A + 5C) cos(2(c + dz))) sin(c + d:z))
42bd

Antiderivative was successfully verified.

[In] Integrate[(b*Sec[c + d*x])~(5/2)*(A + CxSec[c + d*x]~2),x]

[Out] ((b*Seclc + d*x])~(7/2)*(4*(7*A + 5xC)*Cos[c + d*x]~(7/2)*EllipticF[(c + d*
x)/2, 2] + 2%(7*A + 11*C + (7*A + 5*C)*Cos[2*x(c + d*x)])*Sin[c + d*x]))/(42

*b*xd)

Maple [C] Result contains complex when optimal does not.
time = 32.66, size = 251, normalized size = 2.28

method | result

. . cos(dz+c L. i(—
2(14-cos(dz+c))% (—14cos(dz+c)) <72A(cos3(dz+c)) sin(dz+c) 1+cos%dx+c) 1+co(s(dx+)c) ElhptlcF(%

default | —

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*sec(d*x+c))~(5/2)*(A+Cxsec(d*x+c)~2),x,method=_ RETURNVERBOSE)

[Out] -2/21/d*(1+cos(d*x+c)) 2% (-1+cos(d*x+c))* (7T*xI*Axcos (d*x+c) “3*sin(d*x+c)*(1/
(1+cos(d*x+c)) )~ (1/2) *(cos(d*x+c)/ (1+cos(d*x+c))) ~(1/2) *EllipticF (I*(-1+cos
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(d*x+c))/sin(d*x+c) ,I)+5*xI*C*xcos (d*x+c) "3*sin(d*x+c) *(1/(1+cos(d*x+c)))~(1/
2) *(cos(d*x+c)/(1+cos(d*x+c)))~(1/2)*EllipticF (I*(-1+cos(d*x+c))/sin(d*x+c)
,I)-T*A*cos (d*x+c) "3-5*%Cxcos (d*x+c) ~3+7*A*cos (d*x+c) ~“2+5*%Cxcos (d*x+c) ~2-3*C
*xcos (d*x+c)+3*C) * (b/cos (d*x+c)) ~(5/2) /cos (d*x+c) /sin(d*x+c) "3

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*sec(d*x+c))~(5/2)*(A+Cxsec(d*x+c)~2),x, algorithm="maxima")
[Out] integrate((Cxsec(d*x + c)~2 + A)*(bxsec(d*x + ¢))~(5/2), x)

Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.51, size = 142, normalized size = 1.29

—

—iV/2 (T A+ 50)b3 cos (dz + ¢)* weierstrassPInverse(—4, 0, cos (dz + ¢) +i sin (dz + ¢)) + i VZ (T A+ 5 C)b? cos (dz + )’ weierstrassPInverse(—4, 0, cos (dz + ¢) — i sin (dz + ¢)) + 2 (T A+ 5 C)b? cos (dz + ¢)* + 3CP?) \’ m sin (dz + c)

21dcos (dz +c)°
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*sec(d*x+c))~(5/2)*(A+Cxsec(d*x+c)~2),x, algorithm="fricas")

[Out] 1/21%(-I*sqrt(2)*(7*A + 5*C)*b~(5/2)*cos(d*x + c) 3*weierstrassPInverse(-4,
0, cos(d*x + c) + I*sin(d*x + c)) + Ixsqrt(2)*(7*A + 5xC)*b~(5/2)*cos(d*x

+ c) " 3*weierstrassPInverse(-4, 0, cos(d*x + c) - I*sin(d*x + c)) + 2x((7*A

+ B5*C)*b~2*cos(d*x + c)~2 + 3*C*b~2)*sqrt(b/cos(d*x + c))*sin(d*x + c))/(dx*
cos(d*x + c)~3)

Sympy [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*sec(d*x+c))**(5/2)* (A+C*ksec(d*x+c)**2) ,x)
[Out] Timed out

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*sec(d*x+c))~(5/2)*(A+Cxsec(d*x+c)~2),x, algorithm="giac")



[Out] integrate((Cxsec(d*x + c)~2 + A)*(b*sec(d*x + c))~(5/2), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ (A+C°S(Cidx)2) (COS(clzrdx)Y/?d“"

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + C/cos(c + d*x)~2)*(b/cos(c + d*x))~(5/2),x)
[Out] int((A + C/cos(c + dxx)~2)*(b/cos(c + d*x))~(5/2), x)
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3.17 [(bsec(c + dx))*/? (A + Csec®(c + dzx)) dx

Optimal. Leaf size=110

_ 20°(5A+ 3C)E(3(c+ dz)|2) +2b(5A + 3C) \/bsec(c + dz) sin(c+ dzx) +20(b sec(c + dz))*? tan(c +
5d+/cos(c + dz) \/bsec(c + dz) 5d 5d

[Out] -2/5%b~2%(5%A+3*C)* (cos(1/2xd*x+1/2%c)~2)~(1/2)/cos(1/2*d*x+1/2*c)*Elliptic
E(sin(1/2xd*x+1/2*c) ,2"(1/2))/d/cos(d*xx+c) ~(1/2) / (b*sec(d*x+c)) ~(1/2)+2/5%b

* (5xA+3*C) *sin (d*x+c) * (bxsec (d*x+c) ) ~(1/2) /d+2/5*Cx (b*sec (d*x+c)) ~(3/2) *tan
(d*x+c)/d

Rubi [A]
time = 0.06, antiderivative size = 110, normalized size of antiderivative = 1.00, number of

number of rules __
' integrand size 0.160,

steps used = 4, number of rules used = 4, integrand size = 25
Rules used = {4131, 3853, 3856, 2719}

_ W(5A+ 3C)E(i(c+ dx)|2) N 2b(5A + 3C) sin(c + dz) \/bsec(c + dz) N 2C tan(c + dz)(bsec(c + dz))3/?
5d+/cos(c + dx) +/bsec(c + dz) 5d 5d

Antiderivative was successfully verified.
[In] Int[(b*Seclc + d*x])~(3/2)*(A + CxSec[c + d*x]"2),x]

[Out] (-2*%b~2x(5%A + 3*C)*EllipticE[(c + d*x)/2, 2])/(5xd*Sqrt[Cos[c + d*x]]*Sqrt
[b*Sec[c + d*x]]) + (2%b*(5%A + 3*C)*Sqrt[b*Sec[c + d*x]]*Sin[c + d*x])/(5*
d) + (2%Cx(b*Sec[c + d*x])~(3/2)*Tan[c + d*x])/(5%d)

Rule 2719

Int[Sqrt[sinl(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)I*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + dx
x]*((b*Csclc + d*x])"(n - 1)/(@*(n - 1))), x] + Dist[b™2*((n - 2)/(n - 1)),
Int[(b*Csc[c + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2+n]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d*x]
)~n*Sin[c + d*x]"n, Int[1/Sin[c + d*x]~n, x], x] /; FreeQ[{b, c, d}, x] &
EqQ[n~2, 1/4]

Rule 4131
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Int[(cscl(e_.) + (£_D*(x_)]*(b_.))"(m_.)*(cscl(e_.) + (f_.)*(x_)]1"2x(C_.)
+ (AD)), x_Symbol] :> Simp[(-C)*Cot[e + f*x]*((b*Csc[e + f*x]) m/(fx(m + 1)
)), x] + Dist[(C*m + Ax(m + 1))/(m + 1), Int[(b*Cscl[e + f*x])"m, x], x] /;
FreeQ[{b, e, f, A, C, m}, x] && NeQ[C*m + Ax(m + 1), 0] && !LeQ[m, -1]

Rubi steps
3/2
/(b sec(c + dz))*/? (A + Csec’(c + dz)) dz = 20 (bsec(c + d'?; tan(c + dz) + %(5,4 +30C) /(b sec(c-
_ 2b(5A 4 3C)+/bsec(c + dx) sin(c + dz) 4 2C (bsec(c + d:
B 5d
_ 2b(5A + 3C)+/bsec(c + dx) sin(c + dx) 4 2C (bsec(c + d:
B 5d

_ 2°(5A+3C)E(5(c+dx)|2) L 26(54+3C) /bsec|
5d+/cos(c + dz) \/bsec(c + dz) o

Mathematica [C] Result contains higher order function than in optimal. Order 5 vs. order

4 in optimal.
time = 0.84, size = 184, normalized size = 1.67

4ie'¢+4) cos®(c + d) (—3 (5A(1 + etiletd))? O(1 + 8e?ile+dn) 4 36“(”*“’”))) + (54 +3C) (1+ 62"(”*4”))5/2 23355 —62’(6”’”))) (bsec(c+ dz))*/? (A + C sec?(c + dz))
15d (1 + e2(ctd))? (A 4 2C + A cos(2(c + dz)))

Antiderivative was successfully verified.

[In] Integrate[(b*Sec[c + d*x])~(3/2)*(A + C*Sec[c + d*x]~2),x]

[Out] (((4*I)/15)*E~(I*(c + d*x))*Cos[c + d*xx] " 3*(-3*x(5xA*x(1 + E~((2*I)*(c + d*x)
))"2 + Cx(1 + 8*E~((2*I)*(c + d*x)) + 3*E~((4*I)*(c + d*x)))) + (5%A + 3%C)

*(1 + ET((2+%I)*(c + d*x)))~(5/2)*Hypergeometric2F1[1/2, 3/4, 7/4, -E~((2*I)

*(c + d*x))])*(b*Sec[c + d*x])~(3/2)*(A + C*Sec[c + d*x]~2))/(d*x(1 + E~((2*
I)*(c + d*x)))"2%(A + 2*xC + A*Cos[2x(c + d*x)]))

Maple [C] Result contains complex when optimal does not.
time = 32.34, size = 668, normalized size = 6.07

method | result
- / dz+ e (= |
2(1+cos(dz+-c))? (—14-cos(dz+c))? <51A sin(dx+c) (cos® (dz+c)) 1+cos}dz+c) 1:31(8(536_7_)0) EllipticE (% i

default

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((b*sec(d*x+c))~(3/2)*(A+Cxsec(d*x+c)~2),x,method=_RETURNVERBOSE)

[Out] 2/5/d*(1+cos(d*x+c)) ~2x(-1+cos(d*x+c)) 2% (5*%I*xAxsin(d*x+c)*cos (d*x+c) ~3*x(1/
(1+cos(d*x+c)) )~ (1/2) *(cos(d*x+c)/(1+cos(d*x+c)))~(1/2) *EllipticE(I*(-1+cos
(d*x+c))/sin(d*x+c) ,I)-5*xI*xAxsin(d*x+c)*cos (d*x+c) 3% (1/(1+cos(d*x+c)))~(1/
2)*(cos(d*x+c)/(1+cos(d*x+c)))~(1/2)*E1lipticF (I*(-1+cos(d*x+c))/sin(d*x+c)
, 1) +3*I*Cxsin(d*x+c)*cos (d*x+c) "3*(1/ (1+cos(d*x+c))) ~(1/2) *(cos(d*x+c) / (1+c
os(d*x+c)) )~ (1/2)*E1lipticE(I*(-1+cos(d*x+c))/sin(d*x+c) ,I)-3*I*C*xsin(d*x+c
)*cos (d*x+c) “3*(1/(1+cos(d*x+c)) )~ (1/2) *(cos(d*x+c) / (1+cos(d*x+c)) )~ (1/2) *E
1lipticF(I*(-1+cos(d*x+c))/sin(d*x+c),I)+5xIxAxsin(d*x+c)*cos(d*x+c) ~2*(1/(
1+cos(d*x+c)) )~ (1/2) *(cos(d*x+c)/(1+cos(d*x+c))) ~(1/2)*E1llipticE(I*(-1+cos(
d*xx+c))/sin(d*x+c) ,I)-5*%I*A*sin(d*x+c)*cos (d*x+c) ~2*(1/(1+cos(d*x+c)))~(1/2
)*(cos(d*x+c) / (1+cos (d*x+c))) ~(1/2)*E1llipticF (I*(-1+cos(d*x+c))/sin(d*x+c),
I)+3*I*C*sin(d*x+c)*cos (d*x+c) "2*(1/(1+cos(d*x+c))) " (1/2)*(cos(d*x+c)/(1+co
s(d*x+c)))~(1/2)*E1lipticE(I*(-1+cos(d*x+c))/sin(d*x+c) ,I)-3*I*C*xsin(d*x+c)
*cos (d*xx+c) "2x(1/ (1+cos(d*x+c))) ~(1/2)*(cos (d*x+c) / (1+cos(d*x+c))) ~(1/2)*El
lipticF(I*(-1+cos(d*x+c))/sin(d*x+c),I)-5*A*cos(d*x+c) ~3-3*Ckcos (d*x+c) ~3+5
xAxcos (d*x+c) “2+2xCxcos (d*x+c) “2+C) * (b/cos (d*x+c) ) ~(3/2) /sin(d*x+c) ~5/cos(d
*X+C)

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*sec(d*x+c))~(3/2)*(A+C*sec(d*x+c)~2),x, algorithm="maxima")
[Out] integrate((Cxsec(d*x + c)~2 + A)*(bxsec(d*x + ¢))~(3/2), x)

Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.

time = 0.58, size = 143, normalized size = 1.30

sin (dz + )

—i V2 (5A+3C)b cos (dz + c)? weierstrassZeta (4, 0, weierstrassPInverse(—4, 0, cos (dz + ¢) + i sin (dz +¢))) +i V2 (5A + 3 C)b¥ cos (dz + c)* weierstrassZeta(—d, 0, weierstrassPInverse(—4, 0, cos (dz + ¢) — i sin (dz + c))) +2 ((5 A + 3C)bcos (dz +¢)? + Cb) \m

5dcos (dz + ¢)”

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxsec(d*x+c))~(3/2)*(A+Cxsec(d*x+c)~2),x, algorithm="fricas")

[Out] 1/5%(-Ixsqrt(2)*(5*%A + 3*C)*b~(3/2)*cos(d*x + c) 2*weierstrassZeta(-4, 0, w
eierstrassPInverse(-4, 0, cos(d*x + c) + I*sin(d*x + c))) + I*sqrt(2)=*(5*A

+ 3%C)*b~(3/2) *cos(d*x + c) 2*weierstrassZeta(-4, 0, weierstrassPInverse(-4

, 0, cos(d*x + ¢) - Ixsin(d*x + c))) + 2x((5%A + 3*C)*b*cos(d*x + c)~2 + Cx
b)*sqrt(b/cos(d*x + c))*sin(d*x + c))/(d*cos(d*x + c)~2)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (bsec (c+ dx))% (A+ Csec® (c+dz)) dz
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*sec(d*x+c))**(3/2)* (A+Cksec(d*x+c)**2) ,x)
[Out] Integral((b*sec(c + d*x))**(3/2)*(A + Cxsec(c + dxx)**2), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*sec(d*x+c))~(3/2)*(A+Cksec(d*x+c)~2),x, algorithm="giac")
[Out] integrate((C*sec(d*x + c)~2 + A)*(b*sec(d*x + ¢))~(3/2), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ (A ! cos (Ci d:c)Q) (cos (cb—l— dac))zg/2 dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + C/cos(c + d*xx)~2)*(b/cos(c + d*x))~(3/2),x)
[Out] int((A + C/cos(c + d*x)~2)*(b/cos(c + d*x))~(3/2), x)
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3.18 [ /bsec(c+dzx) (A+ Csec’(c+ dx)) dr

Optimal. Leaf size=72

2(8A+ C)+/cos(c+dz) F(i(c+dx)|2) \/bsec(c+ dx) +2C’\/bsec(c+dac) tan(c + dx)
3d

3d

[Out] 2/3*%(3%A+C)*(cos(1/2*d*x+1/2xc)~2)~(1/2) /cos(1/2xd*x+1/2*c)*EllipticF(sin(1
/2*d*xx+1/2%c) ,27(1/2)) *cos (d*x+c) ~(1/2) *(b*sec (d*x+c)) ~(1/2) /d+2/3*C* (b*sec
(d*x+c))~(1/2)*tan(d*x+c) /d

Rubi [A]
time = 0.04, antiderivative size = 72, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.120,

steps used = 3, number of rules used = 3, integrand size = 25
Rules used = {4131, 3856, 2720}

2(84+ C)+/cos(c+ dz) F(}(c+ dx)|2) /bsec(c + dx) N 2C tan(c + dx)+/bsec(c + dz)
3d 3d

Antiderivative was successfully verified.
[In] Int[Sqrt([b*Sec[c + d*x]]1*(A + C*Secl[c + d*x]~2),x]

[Out] (2*(3*A + C)*Sqrt[Cos[c + d*x]]*EllipticF[(c + d*x)/2, 2]*Sqrt[b*Sec[c + dx*
x]1)/(3*%d) + (2%C*Sqrt[b*Sec[c + d*x]]*Tan[c + d*x])/(3*d)

Rule 2720

Int[1/Sqrtlsin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/d)*EllipticF[(1/2
)x(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Dist[(b*Csclc + d*x]
)"n*Sin[c + d*x]"n, Int[1/Sin[c + d*x]"n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

Rule 4131

Int[(cscl(e_.) + (£_.)*(x_)I*(b_.))"(m_.)*(cscl[(e_.) + (£_.)*(x_)]1"2%(C_.)
+ (AL)), x_Symbol] :> Simp[(-C)*Cot[e + f*xx]*((b*Csc[e + f*x]) m/(f*x(m + 1)
)), x] + Dist[(C*m + A*(m + 1))/(m + 1), Int[(b*xCscl[e + f*xx])"m, x], x] /;
FreeQ[{b, e, f, A, C, m}, x] && NeQ[C*m + Ax(m + 1), 0] && !LeQ[m, -1]

Rubi steps
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/\/bsec(c-l—d:c) (A+ Csec’(c+dzx)) dz = 20/ bsec c—l—dm tan(c+d:v) 3A+C’)/ v/ bsec(c
20\/bsec c+dx tan(c-l—dx) ((3A+C’)\/m

2(8A+ C)+/cos(c+dz) F(i(c+dz)|2) \/bsec(c+ dx)

3d

Mathematica [A]
time = 0.26, size = 58, normalized size = 0.81

2(bsec(c + dz))3/? ((3A +C) cos? (¢ + dz)F ((c+ dz)| 2) + C'sin(c + dw))
3bd

Antiderivative was successfully verified.

[In] Integrate[Sqrt[b*Sec[c + d*x]]*(A + CxSec[c + dx*x]~2),x]

[Out] (2*(b*Sec[c + d*x])~(3/2)*((3%A + C)*Cos[c + d*x]~(3/2)*EllipticF[(c + d*x)
/2, 2] + CxSinl[c + d*x]))/(3*b*d)

Maple [C] Result contains complex when optimal does not.
time = 33.55, size = 201, normalized size = 2.79

method | result

cos(dz+c) . 1,( 1+cos(dz+c))
24/ cos(dx+c) (—1+cos(dz+c)) (31A sin(dz+c) cos(dz+c) 4 / 1+cos(dw+c) T+cos(dz+0) ElhptlcF Sn(deto) 71,).

default o 3dsin(dz+c

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*sec(d*x+c))~(1/2)*(A+Cxsec(d*x+c)~2),x,method=_RETURNVERBOSE)

[Out] -2/3/d*(b/cos(d*x+c))~(1/2)*(-1+cos(d*x+c) ) *(3*IxA*sin(d*x+c) *cos (d*x+c)* (1
/ (1+cos(d*x+c)) )~ (1/2) *(cos (d*x+c) / (1+cos(d*x+c))) " (1/2) *E1llipticF (I*(-1+co

s (d*x+c))/sin(d*x+c) ,I)+I*Cxsin(d*x+c) *cos(d*xx+c)*(1/(1+cos(d*x+c)))~(1/2)*
(cos(d*x+c)/(1+cos(d*x+c)) )~ (1/2)*E1llipticF (I*(-1+cos(d*x+c))/sin(d*x+c),I)
-Cxcos (d*x+c)+C) * (1+cos (d*x+c) ) "2/sin(d*x+c) ~3/cos (d*x+c)

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((b*sec(d*x+c))~(1/2)*(A+Cxsec(d*x+c)~2),x, algorithm="maxima")
[Out] integrate((Cxsec(d*x + c)~2 + A)*sqrt(b*sec(d*x + c)), x)

Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.54, size = 111, normalized size = 1.54

/
V2'(=3i A — i C)Vb cos (dz + ¢) weierstrassPInverse(—4, 0, cos (dz + ¢) + i sin (dz + ¢)) + V2 (3i A+ i C) Vb cos (dz + ¢) weierstrassPInverse(—4, 0, cos (dz + ¢) — i sin (dz + ¢)) + 2 CV/ @t sin (dz + ¢)

3dcos (dz + ¢)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*sec(d*x+c))~(1/2)*(A+Cxsec(d*x+c)~2),x, algorithm="fricas")

[Out] 1/3*%(sqrt(2)*(-3*I*A - I*C)*sqrt(b)*cos(d*x + c)*weierstrassPInverse(-4, 0,
cos(d*x + c) + I*sin(d*x + c)) + sqrt(2)*(3*I*A + IxC)*sqrt(b)*cos(d*x + ¢

) *weierstrassPInverse(-4, 0, cos(d*x + c) - I*sin(d*x + c)) + 2xCxsqrt(b/co
s(dxx + c))*sin(d*x + c¢))/(d*cos(d*x + c))

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/\/bsec(c—l—dx) (A+ Csec® (c+dx)) dz

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((b*sec(d*x+c))**(1/2)*(A+Cksec(d*x+c)**2),x)
[Out] Integral(sqrt(b*sec(c + d*x))*(A + Cxsec(c + d*x)**x2), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*sec(d*x+c))~(1/2)*(A+Cxsec(d*x+c)~2),x, algorithm="giac")
[Out] integrate((Cxsec(d*x + c)~2 + A)*sqrt(b*sec(d*x + c)), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

C b
A+ d
/( cos(c+d:c)2) cos (c+ dx) v

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + C/cos(c + d*x)~2)*(b/cos(c + d*x))~(1/2),x)
[Out] int((A + C/cos(c + d*x)~2)*(b/cos(c + d*x))~(1/2), x)



105

3.19 A+C sec?(c+dzx) d
/ \/bsec(c + dz) v

Optimal. Leaf size=68

2(A—C)E(3(c+dz)|2) 2C tan(c + dz)
d+/cos(c+dz) \/bsec(c+dzx)  dy/bsec(c+ dzx)

[Out] 2*(A-C)*(cos(1/2*d*x+1/2%c)~2)~(1/2)/cos(1/2xd*x+1/2*c)*EllipticE(sin(1/2x*d
*x+1/2%c) ,27(1/2))/d/cos(d*x+c) "~ (1/2) / (b*sec(d*x+c)) ~(1/2) +2*Cxtan (d*x+c) /d
/ (b*sec (d*x+c))~(1/2)

Rubi [A]
time = 0.04, antiderivative size = 68, normalized size of antiderivative = 1.00, number of

number of rules _ ( 190
’ integrand size ’

steps used = 3, number of rules used = 3, integrand size = 25
Rules used = {4131, 3856, 2719}

2(A—C)E(L(c+dx)|2) N 2C tan(c + dz)

d+/cos(c+dz) \/bsec(c+dz)  dy/bsec(c+ dz)

Antiderivative was successfully verified.
[In] Int[(A + C*Sec[c + d*x]~2)/Sqrt[b*Sec[c + d*x]],x]

[Out] (2%(A - C)*EllipticE[(c + d*x)/2, 2])/(d*Sqrt[Cos[c + d*x]]*Sqrt[bxSec[c +
dxx]]) + (2xCxTan[c + dxx])/(d*Sqrt[b*Sec[c + d*x]])

Rule 2719

Int [Sqrt[sin[(c_.) + (d_.)*(x_)1], x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)x*
(c = Pi/2 + d*x), 2], x] /; FreeQl{c, d}, x]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d#*x]
)~n*Sin[c + d*x]"n, Int[1/Sin[c + d*x]~n, x], x] /; FreeQ[{b, c, d}, x] &
EqQ[n~2, 1/4]

Rule 4131

Int[(cscl(e_.) + (f_.)*(x_)I*(b_.))"(m_.)*(cscl(e_.) + (£f_.)*(x_)]1"2%(C_.)
+ (AD)), x_Symbol] :> Simp[(-C)*Cot[e + f*x]*((b*Csc[e + f*x]) m/(fx(m + 1)
)), x] + Dist[(C*m + Ax(m + 1))/(m + 1), Int[(b*Cscl[e + f*x])"m, x], x] /;
FreeQ[{b, e, f, A, C, m}, x] && NeQ[C*m + A*(m + 1), 0] && !'LeQ[m, -1]

Rubi steps
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A+ C'sec?(c + dx) e 2C tan(c + dx —|—(A—C’)/ 1 e
Vbsec(c + dz)’ d+/bsec(c + dz) Vbsec(c + dz)’
_ 2Ctan(c+dx (A=C) [ \/cos(c+dzx) dx
a d+/bsec(c + dx V/cos(c+ dz) \/bsec(c + dzx)
_ 2(A-C)E(5(c+dx)|2) 2C tan(c + dz)
B d+/cos(c+ dx) \/bsec(c+dz)  d\/bsec(c+ dx)

~—

~—

~—

Mathematica [C] Result contains higher order function than in optimal. Order 5 vs. order
4 in optimal.
time = 0.49, size = 126, normalized size = 1.85

% (—3(/1 + Ag2ilctde) _ 2Ce2i(c+dz)) + 2(A _ C)e2i(c+dz) V1 + e2iletdn) |y (%, %; g; _eQi(c-i-da:)))
3d (1 + e?ictd)) | /bsec(c + dx)

Antiderivative was successfully verified.

[In] Integrate[(A + C*Sec[c + d*x]~2)/Sqrt[b*Sec[c + d*x]],x]

[Out] (((-2*%I)/3)*(-3*x(A + A*E~((2*I)*(c + d*x)) - 2*xCxE~((2*xI)*(c + d*x))) + 2x(
A - O*E~((2*%I)*(c + d*x))*Sqrt[1 + E~((2*I)*(c + d*x))]*Hypergeometric2F1[

1/2, 3/4, 7/4, -E"((2xD)*(c + d*x))]))/(d*(1 + E~((2xI)*(c + d*x)))*Sqrt [bx*
Seclc + d*x]11)

Maple [C] Result contains complex when optimal does not.
time = 34.90, size = 588, normalized size = 8.65

method | result

. . dz+ g i(— os(dz+c . . .
2 <—1A sin(dz+-c) cos(dz+c) 4 / 1+cos%dm+c) A/ 1-7-()cs()(s(3m-?c) ElhpmcF(%@ +iA cos(dz+c) sin(dz+c) Tres

default | —

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A+C*sec(d*x+c)~2)/(b*sec(d*x+c))~(1/2),x,method=_RETURNVERBOSE)

[Out] -2/d*(-I*A*cos(d*x+c)*sin(d*x+c)*E1lipticF (I*(-1+cos(d*x+c))/sin(d*x+c),I)*
(1/(1+cos(d*x+c)) ) ~(1/2)*(cos(d*x+c) / (1+cos(d*x+c) ) )~ (1/2) +IxA*cos (d*x+c) *s
in(d*x+c)*(1/(1+cos(d*x+c))) ~(1/2)*(cos(d*x+c) /(1+cos(d*x+c)) )~ (1/2)*Ellipt
icE(I*(-1+cos(d*x+c))/sin(d*x+c) ,I)+I*C*sin(d*x+c)*cos(d*x+c)*(1/(1+cos(d*x
+c)) )~ (1/2)*(cos(d*x+c) /(1+cos(d*x+c)) ) ~(1/2)*E1llipticF (I*(-1+cos(d*x+c))/s
in(d*x+c) ,I)-I*C*cos (d*x+c)*sin(d*x+c)*(1/(1+cos(d*x+c)))~(1/2)*(cos(d*x+c)
/ (1+cos(d*x+c)))~(1/2)*E1lipticE(I*(-1+cos(d*x+c))/sin(d*x+c),I)-I*A*xEllipt
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icF(I*(-1+cos(d*x+c))/sin(d*x+c) ,I)*sin(d*x+c)*(1/(1+cos(d*x+c)))~(1/2)*(co
s(d*x+c)/(1+cos(d*x+c))) ~(1/2)+I*AxE11lipticE(I*(-1+cos(d*x+c))/sin(d*x+c),I
)*xsin(d*x+c)*(1/ (1+cos(d*x+c)) )~ (1/2)*(cos(d*x+c)/(1+cos(d*x+c))) ~(1/2)+I*xC
*E11lipticF(I*(-1+cos(d*x+c))/sin(d*x+c) ,I)*sin(d*x+c)*(1/(1+cos(d*x+c)))~(1
/2)*(cos (d*x+c)/(1+cos(d*x+c)) )~ (1/2)-I*C*E1l1lipticE(I*(-1+cos(d*x+c))/sin(d
*x+c) ,I)*sin(d*x+c) *(1/(1+cos(d*x+c)) )~ (1/2) *(cos(d*x+c) / (1+cos(d*x+c)))~ (1
/2)+Axcos (d*x+c) “2-A*cos (d*x+c)+C*xcos (d*x+c) —C) * (b/cos (d*x+c) )~ (1/2) /b/sin(
d*x+c)

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+Cxsec(d*x+c)~2)/(b*sec(d*x+c))~(1/2),x, algorithm="maxima")
[Out] integrate((C*sec(d*x + c)~2 + A)/sqrt(b*sec(d*x + c)), x)

Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.32, size = 99, normalized size = 1.46

V2 (i A — i C) Vb weierstrassZeta(—4, 0, weierstrassPInverse(—4, 0, cos (dz + ¢) + i sin (dz + ¢))) + V2 (=i A + i C) Vb weierstrassZeta(—4, 0, weierstrassPInverse(—4, 0, cos (dz + ¢) — i sin (dz + ¢))) +2C | sin (dz + c)
\/ cos (dz +¢)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+Cxsec(d*x+c)~2)/(b*sec(d*x+c))~(1/2),x, algorithm="fricas")

[Out] (sqrt(2)*(I*A - I*C)*sqrt(b)*weierstrassZeta(-4, 0, weierstrassPInverse(-4,
0, cos(d*x + c) + I*sin(d*x + c))) + sqrt(2)*(-I*A + I*C)*sqrt(b)*weierstr
assZeta(-4, 0, weierstrassPInverse(-4, 0, cos(d*x + c¢) - I*sin(d*x + c))) +
2xCxsqrt (b/cos(d*x + c))*sin(d*x + c))/(bx*d)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

A+ Csec? (c+dx)

V/bsec (c+ dx)

Verification of antiderivative is not currently implemented for this CAS.

dz

[In] integrate((A+Cksec(d*x+c)**2)/(b*sec(d*x+c))**(1/2),x)
[Out] Integral((A + Cxsec(c + d*x)*%*2)/sqrt(b*sec(c + d*x)), x)
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((A+C*sec(d*x+c)~2)/(b*sec(d*x+c))~(1/2),x, algorithm="giac")

[Out] integrate((Cxsec(d*x + c)~2 + A)/sqrt(b*sec(d*x + c)), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

C
/ A+ cos(c+d:1:)E dx
b
cos (c+ dx)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(1/2),x)
[Out] int((A + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(1/2), x)
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A+C sec?(c+dzx)
3.20 f (bsec(c+dx))3/2 dz

Optimal. Leaf size=75

2(A +3C)+/cos(c+dz) F(i(c+dx)|2) \/bsec(c+ dx) 2Atan(c + dz)
3b%d 3d(bsec(c + dx))3/?

[Out] 2/3%(A+3*C)*(cos(1/2*d*x+1/2%c)~2)~(1/2)/cos(1/2*d*x+1/2*c)*E11lipticF(sin(1
/2xd*xx+1/2%c) ,27(1/2) ) *cos (d*xx+c) ~(1/2) *(bxsec(dxx+c)) ~(1/2) /b~2/d+2/3*Axta
n(d*x+c)/d/ (b*sec(d*x+c))~(3/2)

Rubi [A]
time = 0.05, antiderivative size = 75, normalized size of antiderivative = 1.00, number of

number of rules
' integrand size = 0.120,

steps used = 3, number of rules used = 3, integrand size = 25
Rules used = {4130, 3856, 2720}

2(A +3C)+/cos(c+dz) F(L(c+dz)|2) \/bsec(c+ dz) 2Atan(c + dz)

3b2d 3d(bsec(c + dx))3/?

Antiderivative was successfully verified.
[In] Int[(A + CxSecl[c + d*x]~2)/(b*Sec[c + d*x])~(3/2),x]

[Out] (2*(A + 3%C)*Sqrt[Cos[c + d*x]]*EllipticF[(c + d*x)/2, 2]*Sqrt[b*Sec[c + d*
x11)/(3%b"2%d) + (2xA*Tan[c + d*x])/(3*d*(b*Sec[c + d*x])~(3/2))

Rule 2720

Int[1/Sqrtlsin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/d)*EllipticF[(1/2
)x(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d*x]
)"n*Sin[c + d*x]~n, Int[1/Sin[c + d*x]°n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

Rule 4130

Int[(ecscl(e_.) + (£_)*x(x_)I*(b_.))"(m_.)*(cscl(e_.) + (£f_.)*(x_)]1"2x(C_.)
+ (AL)), x_Symbol] :> Simp[A*Cot[e + f*xx]*((bxCscl[e + f*x])"m/(f*m)), x] +
Dist[(C*m + Ax(m + 1))/(b~2%m), Int[(b*Cscle + f*x])~(m + 2), x], x] /; Fre
eQ[{b, e, f, A, C}, x] && NeQ[C*m + Ax(m + 1), 0] && LeQ[m, -1]

Rubi steps
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(bsec(c + dx))3/2 v 3d(bsec(c + dzx))3/?

/A+Cse02(c+dw)d 2Atan(c + dzx) N (A+30) [ \/bsec c+dz) dx

<(A+3C)\/Cos(c+dx) Jbsec(c—l—d@)fm

_ 2Atan(c+dx)
~ 3d(bsec(c + dr))3/2 3b?
2(A +3C)+/cos(c+dz) F(i(c+dx)|2) \/bsec(c+ dx) 2Atan(c + dz)

3b%d 3d(bsec(c + dx))3

Mathematica [A]
time = 0.20, size = 66, normalized size = 0.88

sec?(c + dx) < (A+3C)\/cos(c+ dz) F(3(c+dz)|2) + Asin(2 (c-l—dx)))
3d(bsec(c + dx))3/?

Antiderivative was successfully verified.

[In] Integrate[(A + CxSec[c + d*x]~2)/(bxSec[c + dx*x])~(3/2),x]

[Out] (Seclc + d*xx]~2x(2x(A + 3*C)*Sqrt[Cos[c + d*x]]*EllipticF[(c + d*x)/2, 2] +
AxSin[2x(c + d*x)]))/(3*d*(b*Sec[c + d*x])~(3/2))

Maple [C] Result contains complex when optimal does not.
time = 20.78, size = 198, normalized size = 2.64

method | result

. L. cos(dz+-c . L.
2(1+4-cos(dz+c))% (—14cos(dz+c)) <1A ElhptlcF(% ) sin(dz+-c) 4 / 1+cos}dx+c) 1+co(s(dac+)c) +3¢C Ellipticl

3dsin(dz+c)® cos(dz+c)? (

default | —

b
cos(dxzA

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A+C*sec(d*x+c)~2)/(b*sec(d*x+c))~(3/2),x,method= RETURNVERBOSE)

[Out] -2/3/d*(1+cos(d*x+c)) " 2x(-1+cos(d*x+c) ) * (I*A*(1/(1+cos(d*x+c))) " (1/2)*(cos(
d*x+c)/(1+cos(d*x+c)) )~ (1/2)*EllipticF (I*(-1+cos(d*x+c))/sin(d*x+c),I)*sin(
d*x+c)+3*xI*C* (1/(1+cos(d*x+c)) )~ (1/2) *(cos (d*x+c)/(1+cos(d*x+c)))~(1/2)*E1l
ipticF(I*(-1+cos(d*x+c))/sin(d*x+c),I)*sin(d*x+c)-A*cos (d*x+c) "2+A*cos (d*x+
c))/sin(d*x+c) ~3/cos(d*x+c) "2/ (b/cos(d*x+c))~(3/2)

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+C*sec(d*x+c)~2)/(b*sec(d*x+c))~(3/2),x, algorithm="maxima")
[Out] integrate((Cxsec(d*x + c)~2 + A)/(b*sec(d*x + c))~(3/2), x)

Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.65, size = 100, normalized size = 1.33

244 m cos (dz + ¢) sin (dz + ¢) + V2 (=i A — 3i C) Vb weierstrassPInverse(—4, 0, cos (dz + ¢) + i sin (dz + ¢)) + V2 (i A + 3i C) Vb weierstrassPInverse(—4, 0, cos (dz + ¢) — i sin (dz + ¢))

3b%d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+Cxsec(d*x+c)~2)/(b*sec(d*x+c))~(3/2),x, algorithm="fricas")

[Out] 1/3%(2*%A*sqrt(b/cos(d*x + c))*cos(d*x + c)*sin(d*x + c) + sqrt(2)*(-I*A - 3
*IxC) *sqrt (b) *weierstrassPInverse(-4, 0, cos(d*x + c) + I*sin(d*x + c)) + s

qrt (2)*(I*A + 3*xI*C)*sqrt(b)*weierstrassPInverse(-4, 0, cos(d*x + c) - I*si
n(d*x + c)))/(b~2%d)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
A 2 d
/ + C'sec® (c+ 3x) s
(bsec(c+dx))?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+Cksec(d*x+c)**2)/(b*sec(d*x+c))**(3/2),x)
[Out] Integral((A + Cksec(c + d*x)**2)/(b*sec(c + d*x))**(3/2), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+Cxsec(d*x+c)~2)/(b*sec(d*x+c))~(3/2),x, algorithm="giac")
[Out] integrate((Cxsec(d*x + c)~2 + A)/(b*sec(d*x + ¢))~(3/2), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

c

A+ cos(c+dz)? d

\ 3/2 4¥
(cos(c—}-dz))

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(3/2),x)
[Out] int((A + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(3/2), x)
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A+C sec?(c+dzx)
3.21 f (bsec(c-l—dac))5/2 dz

Optimal. Leaf size=77

2(3A+5C)E(3(c+ dz)|2) 2Atan(c + dz)
5b2d+/cos(c + dx) \/bsec(c+ dz)  Sd(bsec(c+ dx))>/2

[Out] 2/5%(3%A+5*C)*(cos(1/2xd*x+1/2%c)~2)~(1/2)/cos(1/2*d*x+1/2*c)*E1llipticE(sin
(1/2*%dxx+1/2%c) ,27(1/2)) /b~2/d/cos (d*x+c) ~(1/2) / (bxsec(d*x+c) )~ (1/2)+2/5%A*
tan(d*x+c)/d/ (b*xsec(d*x+c)) "~ (5/2)

Rubi [A]
time = 0.05, antiderivative size = 77, normalized size of antiderivative = 1.00, number of

number of rules
5, integrand size = 0.120,

steps used = 3, number of rules used = 3, integrand size = 2
Rules used = {4130, 3856, 2719}
2(3A+5C)E(3(c+ dz)|2) 2A tan(c + dz)
5b2d+\/cos(c + dx) \/bsec(c+dz)  5d(bsec(c+ dz))5/2

Antiderivative was successfully verified.
[In] Int[(A + CxSecl[c + d*x]~2)/(b*Sec[c + d*x])~(5/2),x]

[Out] (2%(3*A + 5%C)*EllipticE[(c + d*x)/2, 2])/(5%b~2*d*Sqrt[Cos[c + d*x]]*Sqrtl[
bxSec[c + d*x]]) + (2xA*Tan[c + d*x])/(5*d*(bxSec[c + d*x])~(5/2))

Rule 2719

Int[Sqrt[sinl(c_.) + (d_.)*(x_)]]1, x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d*x]
)"n*Sin[c + d*x]~n, Int[1/Sin[c + d*x]°n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

Rule 4130

Int[(cscl(e_.) + (£_)*x(x_)I*(b_.))"(m_.)*(cscl(e_.) + (£f_.)*(x_)]1"2x(C_.)
+ (AL)), x_Symbol] :> Simp[A*Cot[e + f*xx]*((bxCscl[e + f*x])"m/(f*m)), x] +
Dist[(C*m + Ax(m + 1))/(b~2%m), Int[(b*Cscle + f*x])~(m + 2), x], x] /; Fre
eQ[{b, e, £, A, C}, x] && NeQ[C*m + Ax(m + 1), 0] && LeQ[m, -1]

Rubi steps
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1
/ A + C'sec?(c + dx) dp — 2Atan(c + dz) (34+5C) V/bsec(c + dx)
(bsec(c + dx))>5/2 5d(bsec(c + dx))>/? 5b?
_ 2Atan(c+ dx) (83A+5C) [ \/cos(c+ dz) dz
~ 5d(bsec(c +dx))*?  5p2 V/cos(c + dz) \/bsec(c + dz)
_ 2BA+5C)E(5(c+dx)|2) 2Atan(c + dx)
a 5b2d+/cos(c + dz) /bsec(c+dx)  Sd(bsec(c+ dx))>/2

Mathematica [C] Result contains higher order function than in optimal. Order 5 vs. order

4 in optimal.
time = 0.77, size = 133, normalized size = 1.73

8i(3A+5C)e%i(c+d2) by (18,7, ¢

e~ sec?(c + dx)(cos(dx) + isin(dz)) <12i(3A +5C) — Nopore)
30d(bsec(c + dzx))>/?

2i(ctda))

+ 6Asin(2(c+ dx)))

Antiderivative was successfully verified.

[In] Integrate[(A + C*Secl[c + d*x]"2)/(b*Sec[c + d*x])~(5/2),x]

[Out] (Seclc + d*x]~2%(Cos[d*x] + I*Sin[d*x])*((12%I)*(3%A + 5%C) - ((8xI)*(3%A +
5%C)*E~((2*I)*(c + d*x))*Hypergeometric2F1[1/2, 3/4, 7/4, -E~((2*I)*(c + d
*x))1)/Sqrt[1 + E~((2*I)*(c + d*x))] + 6xAxSin[2x(c + d*x)1))/(30*d*E~ (I*d*
x)*x(bxSec[c + d*x])~(5/2))

Maple [C] Result contains complex when optimal does not.
time = 22.27, size = 614, normalized size = 7.97

method | result

1 cos(dz+c S 1
61 sin(dz+<) cos(da+e) \ | T3 oo doro) i +C0(S(dz +)C) Ellipticﬂ%,i) 6i4 cos(dz+e) sin(da-+e) | [ Toocn oy

= —

default

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A+C*sec(d*x+c)~2)/(b*sec(d*x+c))~(5/2),x,method=_RETURNVERBOSE)

[Out] 2/5/d*(3*I*A*sin(d*x+c)*cos(d*x+c)*(1/(1+cos(d*x+c)))~(1/2)*(cos(d*x+c)/(1+
cos(d*x+c)))~(1/2)*EllipticF (I*(-1+cos(d*x+c))/sin(d*x+c) ,I)-3*I*Axsin(d*x+
c)*cos (d*x+c)*E1lipticE(I*(-1+cos(d*x+c))/sin(d*x+c),I)*(1/(1+cos(d*x+c)))”
(1/2)*(cos(d*x+c) / (1+cos(d*x+c))) ~(1/2) +6xI*C*sin (d*x+c) *cos (d*x+c) *E1llipti
cF(I*(-1+cos(d*x+c))/sin(d*x+c) ,I)*(1/(1+cos(d*x+c)))~(1/2)*(cos(d*x+c)/(1+
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cos(d*x+c)))~(1/2)-5*I*Cxsin(d*x+c)*cos(d*x+c)*E1lipticE(I*(-1+cos(d*x+c))/
sin(d*x+c) ,I)*(1/(1+cos(d*x+c)) )~ (1/2) *(cos(d*x+c) / (1+cos (d*x+c)))~(1/2)+3*
I*xA*sin(d*x+c)*E1lipticF (I*(-1+cos(d*x+c))/sin(d*x+c),I)*(1/(1+cos(d*x+c)))
~(1/2)*(cos(d*x+c) /(1+cos(d*x+c))) ~(1/2)-3*I*A*sin(d*x+c)*E1lipticE(I*(-1+c
os(d*x+c))/sin(d*x+c) ,I)*(1/(1+cos(d*x+c)))~(1/2) *(cos (d*x+c)/ (1+cos (d*x+c)
))~(1/2)+5%I*Cxsin(d*x+c) *E1lipticF (I*(-1+cos(d*x+c))/sin(d*x+c) ,I)*(1/(1+c
os(d*x+c)))~(1/2)*(cos(d*x+c)/(1+cos(d*x+c)))~(1/2)-5*I*Cxsin(d*x+c) *Ellipt
icE(I*(-1+cos(d*x+c))/sin(d*x+c) ,I)*(1/(1+cos(d*x+c))) ~(1/2)*(cos(d*x+c) /(1
+cos (d*x+c)) )~ (1/2)-A*cos(d*x+c) "4-2xA*xcos (d*x+c) "2-5*%C*cos (d*x+c) ~“2+3*A*co
s (d*x+c)+5*C*cos (d*x+c) ) /sin(d*x+c) /cos(d*x+c) "3/ (b/cos(d*x+c))~(5/2)

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+C*sec(d*x+c)~2)/(b*sec(d*x+c))~(5/2),x, algorithm="maxima")
[Out] integrate((Cxsec(d*x + c)~2 + A)/(b*sec(d*x + c))~(5/2), x)

Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.75, size = 108, normalized size = 1.40

/
ZAV“

cos (dz + ¢)?sin (de + ¢) + V2 (3i A + 5 C) Vb wei —4,0, wei Tnverse(—4, 0, cos (dz + ¢) + i sin (dz + ¢))) + V2 (=31 A — 5i C) Vb wei —4,0, wei Tnverse(—4, 0, cos (dz + c) — i sin (dz + ¢)))

b
cos (dz + c)

5b%d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+C*sec(d*x+c)~2)/(b*sec(d*x+c))~(5/2),x, algorithm="fricas")

[Out] 1/5%(2%Axsqrt(b/cos(d*x + c))*cos(d*x + c) 2xsin(d*x + c) + sqrt(2)*(3*xIxA
+ 5*I*C)*sqrt(b)*weierstrassZeta(-4, 0, weierstrassPInverse(-4, 0, cos(d*x
+ ¢) + Ixsin(d*x + c))) + sqrt(2)*(-3*I*A - 5xI*C)*sqrt(b)*weierstrassZeta(
-4, 0, weierstrassPInverse(-4, 0, cos(d*x + c) - Ixsin(d*x + c))))/(b~3%d)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
A 2 d
/ + C'sec” (c+ 5:2) d
(bsec (c+ dx))?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+Cksec(d*x+c)**2)/(b*sec(d*x+c))**(5/2),x)
[Out] Integral((A + Cksec(c + d*x)**2)/(b*sec(c + d*x))**x(5/2), x)
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Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((A+C*sec(d*x+c)~2)/(b*sec(d*x+c))~(5/2),x, algorithm="giac")

[Out] integrate((Cxsec(d*x + c)~2 + A)/(bxsec(d*x + ¢))~(5/2), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

C
A+ cos(ct+dz)? d
( b 5/2 z
)

cos(ct+dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(5/2),x)
[Out] int((A + C/cos(c + dxx)~2)/(b/cos(c + d*x))~(5/2), x)
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A+C sec?(c+dzx)
3.22 f (bsec(c-l—dac))7/2 dz

Optimal. Leaf size=112

2(5A + 7C)+/cos(c+ dz) F(%(c+dz)|2) \/bsec(c+ dx) +2(5A +7C)sin(c+dz)  2Atan(c+ dx)
21b%d 2163d+/bsec(c + dz)  Td(bsec(c + dz))"/?

[Out] 2/21*%(5*%A+7*C)*sin(d*x+c)/b~3/d/ (bxsec(d*x+c))~(1/2)+2/21* (5xA+7*C)*(cos(1/
2xdxx+1/2%c) ~2)~(1/2) /cos(1/2*d*x+1/2*c)*E11lipticF (sin(1/2*d*x+1/2%c) ,2"(1/

2)) *cos (d*xx+c) ~(1/2) * (b*xsec(d*x+c)) ~(1/2) /b~4/d+2/T*Axtan (d*x+c) /d/ (b*xsec(d
*xx+c)) " (7/2)

Rubi [A]
time = 0.06, antiderivative size = 112, normalized size of antiderivative = 1.00, number of

number of rules
' integrand size = 0.160,

steps used = 4, number of rules used = 4, integrand size = 25
Rules used = {4130, 3854, 3856, 2720}

2(5A 4 7C)+/cos(c + dz) F(3(c+ dx)|2) \/bsec(c+ dz) + 2(5A + 7C) sin(c + dzx) + 2Atan(c + dzx)
21b%d 21b3d+\/bsec(c + dx) 7d(bsec(c + dz))"/?

Antiderivative was successfully verified.
[In] Int[(A + CxSec[c + d*x]~2)/(b*Secl[c + d*x])~(7/2),x]

[Out] (2x(5%xA + 7*C)*Sqrt[Cos[c + d*x]]*EllipticF[(c + d*x)/2, 2]*Sqrt[b*Sec[c +
d*x]1)/(21%b~4*d) + (2*(5%A + 7*C)*Sin[c + d*x])/(21*%b~3*d*Sqrt [bxSec[c + d
*xx]]) + (2xAxTan[c + d*x])/(7xd*(bxSec[c + d*x])~(7/2))

Rule 2720

Int[1/Sqrtlsin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/d)*EllipticF[(1/2
)x(c - Pi/2 + d*x), 2], x] /; FreeQl{c, d}, x]

Rule 3854

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
b*Csc[c + d*x])"(n + 1)/(b*d*n)), x] + Dist[(n + 1)/(b"2*n), Int[(b*Csclc +
d*x])~(n + 2), x], x] /; FreeQ[{b, c, d}, x] && LtQ[n, -1] && IntegerQ[2*n
]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d*x]
)~n*Sin[c + d*x]"n, Int[1/Sin[c + d*x]~n, x], x] /; FreeQ[{b, c, d}, x] &
EqQ[n~2, 1/4]
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Rule 4130

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.)) " (m_.)*(cscl(e_.) + (£_.)*(x_)1"2%(C_.)
+ (AD)), x_Symbol] :> Simp[AxCot[e + f*xx]*((bxCscle + f*x])"m/(f*m)), x] +
Dist[(Cxm + A*x(m + 1))/(b"2*m), Int[(b*Cscle + f*x])~(m + 2), x], x] /; Fre
eQ[{b, e, f, A, C}, x] && NeQ[C*m + Ax(m + 1), 0] && LeQ[m, -1]

Rubi steps
/ A+ C'sec?(c + dx) dp — 2Atan(c + dz) N (564 +70C) [ W dx
(bsec(c + dx))7/2 7d(bsec(c + dz))7/? H?
2(5A + 7C) sin c—l—dm 2Atan(c+dz 5A+7C bsec(c+ dz
+
- 21b3d\/bsec (c+ dzx) 7d bsec(c + dz))7/2 21b4
<(5A + 7C)+/cos(c+ dx) A

_ 2(5A+7C)sin(c + dx) N 2Atan(c + dz) 4

21b3d\/m 7d(bsec(c + dz))7/?
2(5A + 7C) /cos(c + dz) F(1(c + dz)| 2) v/bsec(c + dz) | 254+ 7C)sin
21b4d 21b3d /b sec(c

Mathematica [A]
time = 0.47, size = 79, normalized size = 0.71

4<5A+7C>F( ctan)l?) | 9(13A + 14C + 3A cos(2(c + dz))) sin(c + dz)
V/cos(c + dz)
42b3d+/bsec(c + dz)

Antiderivative was successfully verified.

[In] Integrate[(A + C*Sec[c + d*x]~2)/(b*Sec[c + d*x])~(7/2),x]

[Out] ((4x(5%xA + 7*C)*EllipticF[(c + d*x)/2, 2])/Sqrt[Cosl[c + d*x]] + 2%x(13%A + 1
4xC + 3*%A*Cos[2*(c + d*x)])*Sin[c + d*x])/(42xb~3*d*Sqrt[b*Sec[c + d*x]])

Maple [C] Result contains complex when optimal does not.
time = 21.00, size = 241, normalized size = 2.15

method | result

. L cos(dz+-c
2(14-cos(dz+c))% (—14cos(dz+c)) <52A ElhptlcF(% ) sin(dz+c) 1+cos%dz+c) A/ 1+co(s(dx+)c) +7iC Ellip

default | —
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((A+C*sec(d*x+c)~2)/(b*sec(d*x+c))~(7/2),x,method=_RETURNVERBOSE)

[Out] -2/21/d*(1+cos(d*x+c)) 2% (-1+cos (d*x+c)) *(5xI*A*x(1/(1+cos(d*x+c)))~(1/2)*(c
os (d*x+c)/(1+cos(d*x+c)))~(1/2)*EllipticF (I*(-1+cos(d*x+c))/sin(d*x+c),I)*s
in(d*x+c)+7*I*C*(1/(1+cos(d*x+c)) )~ (1/2)*(cos(d*x+c)/(1+cos(d*x+c)) )~ (1/2) *
EllipticF(I*(-1+cos(d*x+c))/sin(d*x+c),I)*sin(d*x+c)-3*Axcos(d*x+c) ~4+3*A*c

os (d*x+c) ~3-5%Axcos (d*x+c) ~2-7*C*cos (d*x+c) ~2+5xAxcos (d*xx+c) +7*Cxcos (d*x+c)
)/sin(d*x+c) "3/ (b/cos(d*x+c)) "~ (7/2)/cos(d*x+c) "4

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+Cxsec(d*x+c)~2)/(b*sec(d*x+c))~(7/2),x, algorithm="maxima")
[Out] integrate((C*sec(d*x + c)~2 + A)/(b*sec(d*x + ¢))~(7/2), x)

Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 1.00, size = 119, normalized size = 1.06

—

I
V2 (=5i A — Ti C)Vb weierstrassPInverse(—4, 0, cos (dz + ¢) +1 sin (dz + ¢)) + V2 (5i A + 7i C) Vb weierstrassPTnverse(—4, 0, cos (dz + ¢) — i sin (dz + ¢)) +2 (3 Acos (dz + ¢)* + (5 A+ 7C) cos (dz + c)) \"J W;H) sin (dz + c)

21b%d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+Cxsec(d*x+c)~2)/(b*sec(d*x+c))~(7/2),x, algorithm="fricas")

[Out] 1/21%(sqrt(2)*(-5xI*A - 7*IxC)*sqrt(b)*weierstrassPInverse(-4, 0, cos(d*x +
c) + Iksin(d*x + c)) + sqrt(2)*(5*I*A + 7xI*C)=*sqrt(b)*weierstrassPInverse

(-4, 0, cos(d*x + c) - Ixsin(d*x + c)) + 2%(3*Axcos(d*x + c)”3 + (5xA + 7*C
)xcos(d*x + c))*sqrt(b/cos(d*x + c))*sin(d*x + c))/(b~4*d)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
A 2 d
/ + Csec® (c+ 790) d
(bsec (c+dx))?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+Cxsec(d*x+c)**2)/(b*sec(d*x+c))**(7/2),x)
[Out] Integral((A + Cxsec(c + d*x)*x2)/(b*sec(c + d*x))**(7/2), x)
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Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((A+C*sec(d*x+c)~2)/(b*sec(d*x+c))~(7/2),x, algorithm="giac")

[Out] integrate((C*sec(d*x + c)~2 + A)/(b*sec(d*x + ¢))~(7/2), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

C
/‘A—i_cos(c—l—daf;)2 d
772 &F
()
)

cos(ct+dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(7/2),x)
[Out] int((A + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(7/2), x)
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A+C sec?(c+dzx)
3.23 f (bsec(c-l—dac))g/2 dz

Optimal. Leaf size=112

2(TA+9C)E(3(c+ dz)|2) 2(7TA + 9C) sin(c + dz) 2Atan(c + dx)
15b4d+/cos(c + dx) \/bsec(c + dz) ~ 45b%d(bsec(c+dz))*/2  9d(bsec(c + dz))*/?

[Out] 2/45%(7*A+9%*C) *sin(d*x+c)/b~3/d/ (b*sec(d*x+c)) "~ (3/2)+2/15% (7*A+9*C) * (cos (1/
2xd*x+1/2%c) ~2)~(1/2) /cos(1/2*d*x+1/2*c)*E11lipticE(sin(1/2*d*x+1/2%c) ,2~(1/
2))/b"4/d/cos(d*x+c) ~(1/2) / (bxsec(d*x+c) )~ (1/2)+2/9*xAxtan (d*x+c)/d/ (b*sec(d
*xx+c))~(9/2)

Rubi [A]
time = 0.06, antiderivative size = 112, normalized size of antiderivative = 1.00, number of

number of rules
' integrand size = 0.160,

steps used = 4, number of rules used = 4, integrand size = 25
Rules used = {4130, 3854, 3856, 2719}
2(TA+9C)E(3(c+ dz)| 2) 2(7A + 90) sin(c + dz) 2Atan(c + dz)
15b4d+/cos(c + dx) \/bsec(c + dz) ~ 45b3d(bsec(c+ dz))3/2 ~ 9d(bsec(c + dz))*/?

Antiderivative was successfully verified.
[In] Int[(A + CxSec[c + d*x]~2)/(b*Secl[c + d*x])~(9/2),x]

[Out] (2% (7xA + 9%C)*EllipticE[(c + d*x)/2, 2])/(15%xb~4*d*Sqrt[Cos[c + d*x]]*Sqrt
[bxSec[c + d*x]]) + (2*%(7*A + 9*C)*Sin[c + d*x])/(45%b"3*d*(b*Sec[c + d*xx])
~(3/2)) + (2%AxTan[c + d*xx])/(9*d*(b*Sec[c + d*x])~(9/2))

Rule 2719

Int[Sqrtlsinl(c_.) + (d_.)*(x_)]1], x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, xl]

Rule 3854

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
b*Csc[c + d*x])"(n + 1)/(b*d#*n)), x] + Dist[(n + 1)/(b"2*n), Int[(b*Csclc +
d*x])~(n + 2), x], x] /; FreeQ[{b, c, d}, x] && LtQ[n, -1] && IntegerQ[2*n
]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d*x]
)~n*Sin[c + d*x]"n, Int[1/Sin[c + d*x]~n, x], x] /; FreeQ[{b, c, d}, x] &
EqQ[n~2, 1/4]
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Int[(cscl(e_.) + (£_.)*(x_)1*(b_.)) " (m_.)*(cscl(e_.) + (£_.)*(x_)1"2%(C_.)

+ (AD)), x_Symbol] :> Simp[AxCot[e + f*xx]*((bxCscle + f*x])"m/(f*m)), x] +

Dist[(Cxm + A*x(m + 1))/(b"2*m), Int[(b*Cscle + f*x])~(m + 2), x], x] /; Fre
eQ[{b, e, f, A, C}, x] && NeQ[C*m + Ax(m + 1), 0] && LeQ[m, -1]

Rubi steps

/ A+ C'sec?(c + dx)
(bsec(c + dx))/?

dr =

2Atan(c+dz)  (TA+9C) [ Gorramyr 4o

9d(bsec(c + dzx))%/? * 9p?

2(7TA +9C) sin(c + dzx) 2Atan(c + dzx) (TA+9C) | Vb sec(lc + dz)

45b3d(bsec(c + dx))3/2 ~ 9d(bsec(c + dz))9/? * 156

2(TA+9C)sin(c+dz)  2Atan(c+ dz) (TA49C) [ \/cos(c + dz

4563d(bsec(c + dx))¥2  9d(bsec(c + dz))2 * 15p4 V/cos(c+ dz) /bsec(c
2(TA+9C)E(1(c+ dz)|2) 2(TA+9C)sin(c + dz) 2Atan(c

15b%d+\/cos(c + dz) \/bsec(c +dz)  45b3d(bsec(c+ dx))3/2 = 9d(bsec(c +

Mathematica [C] Result contains higher order function than in optimal. Order 5 vs. order

4 in optimal.

time = 0.95, size = 143, normalized size = 1.28

e~ (cos(dz) + isin(dz)) <336iA + 432iC — SUTAFSO)HIT) o (5 55T ) + (76A + 72C) sin(2(c + dz)) + 10Asin(4(c + dz)))

\/1 + e2i(ctdz) '

360b%d +/bsec(c + dz)

Antiderivative was successfully verified.

[In] Integrate[(A + CxSec[c + d*x]~2)/(bxSec[c + dx*x])~(9/2),x]

[Out] ((Cos[d*x] + I*Sin[d*x])*((336*I)*A + (432*%I)*C - ((32*I)*(7*A + 9*C)*E~((2
*I)*(c + d*x))=*Hypergeometric2F1[1/2, 3/4, 7/4, -E~((2*I)*(c + d*x))])/Sqrt
[1 + EC((2%I)*(c + d*x))] + (76%A + 72xC)*Sin[2*(c + d*x)] + 10*A*Sin[4*(c

+ d*x)]))/(360%b~4*d*E”~ (I*d*x) *Sqrt [bxSec[c + d*x]])

Maple [C] Result contains complex when optimal does not.
time = 23.05, size = 636, normalized size = 5.68

] method \ result
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) ) 1 COS(d{E+C) L. i(—14cos(dz+c)) . . s ;
14iA sin(dz+c) cos(dz+c) 4 / 1+COS(d£lI+C) A/ 1+COS(d.’E+C) ElhptlcF(W,z) 144 A cos(dz+c) sin(dz+c) 1+COS(d$+C)

default 15 -

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A+C*xsec(d*x+c)~2)/(b*sec(d*x+c))~(9/2),x,method= RETURNVERBOSE)

[Out] 2/45/d*(21*IxA*sin(d*x+c)*cos(d*x+c)*EllipticF (I*(-1+cos(d*x+c))/sin(d*x+c)
,I)*(1/(1+cos(d*x+c))) ~(1/2)*x(cos(d*x+c) / (1+cos(d*x+c)) ) ~(1/2)-21*I*xA*sin(d
*xx+c)*cos (d*x+c) *E1lipticE(I*(-1+cos(d*x+c))/sin(d*x+c) ,I)*(1/(1+cos(d*x+c)
))~(1/2)*(cos (d*x+c)/(1+cos (d*x+c)) )~ (1/2) -5*Axcos (d*x+c) “6+27*I*Cxsin (d*x+
c)*cos (d*x+c)*E11lipticF (I*(-1+cos(d*x+c))/sin(d*x+c),I)*(1/(1+cos(d*x+c)))"
(1/2)*(cos(d*x+c)/(1+cos(d*x+c))) ~(1/2)-27*I*Cxsin(d*x+c) *cos (d*x+c)*E1llipt
icE(I*(-1+cos(d*x+c))/sin(d*x+c) ,I)*(1/(1+cos(d*x+c))) ~(1/2)*(cos(d*x+c) /(1
+cos(d*x+c))) ~(1/2)+21*I*A*sin(d*x+c) *E1lipticF (I*(-1+cos(d*x+c))/sin(d*x+c
), D *x(1/(1+cos(d*x+c))) " (1/2) *(cos (d*x+c) / (1+cos (d*x+c))) ~(1/2)-21*I*A*xsin(
d*x+c)*E1lipticE(I*(-1+cos(d*x+c))/sin(d*x+c) ,I)*(1/(1+cos(d*x+c)))~(1/2)*(
cos(d*x+c)/(1+cos(d*x+c))) ~(1/2)+27*I*Cxsin(d*x+c)*E1lipticF (I*(-1+cos(d*x+
c))/sin(d*x+c) ,I)*(1/(1+cos(d*x+c))) ~(1/2) *(cos(d*x+c) /(1+cos(d*x+c))) ~(1/2
)—27*I*C*sin(d*x+c)*E11lipticE(I*(-1+cos(d*x+c))/sin(d*x+c) ,I)*(1/(1+cos(d*x
+c)))~(1/2)*(cos(d*x+c) / (1+cos(d*x+c)) ) ~(1/2)-2*A*cos (d*x+c) "4-9*C*xcos (d*x+
c) ~4-14xA*cos (d*x+c) "2-18*Cxcos (d*x+c) ~2+21*%A*cos (d*x+c) +27*Cxcos (d*x+c)) /s
in(d*x+c)/cos(d*x+c) "5/ (b/cos(d*x+c))~(9/2)

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+C*sec(d*x+c)~2)/(b*sec(d*x+c))~(9/2),x, algorithm="maxima")
[Out] integrate((C*sec(d*x + c)~2 + A)/(b*sec(d*x + ¢))~(9/2), x)

Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 1.20, size = 129, normalized size = 1.15

—
3V2 (~Ti A — 9i C) Vb weierstrassZeta(—4, 0, weierstrassPInverse(—4, 0, cos (dz + ¢) + i sin (dz + ¢))) + 3 V2 (7i A + 9 C) Vb weierstrassZeta(—4, 0, weierstrassPTnverse(—4, 0, cos (dz + ¢) — i sin (dz + ¢))) — 2 (5 Acos (dz + ¢)* + (TA +9C) cos (dz + ¢)*) \s‘ 5 o (dz +¢)

b
Cos(dz +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+Cxsec(d*x+c)~2)/(b*sec(d*x+c))~(9/2),x, algorithm="fricas")

[Out] -1/45%(3*sqrt(2)*(-7*IxA - 9*I*C)*sqrt(b)*weierstrassZeta(-4, 0, weierstras
sPInverse(-4, 0, cos(d*x + c) + I*sin(d*x + c))) + 3*xsqrt(2)*(7*I*A + 9xIx*C
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) *sqrt (b) *weierstrassZeta(-4, 0, weierstrassPInverse(-4, 0, cos(d*x + c) -
I*sin(d*x + c))) - 2*%(5*A*cos(d*x + c)~4 + (7*A + 9xC)*cos(d*x + c)~2)*sqrt

(b/cos(d*x + c))*sin(d*x + c))/(b~5xd)

Sympy [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: SystemError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+Cksec(d*x+c)**2)/(b*sec(d*x+c))**(9/2),x)

[Out] Exception raised: SystemError >> excessive stack use: stack is 3879 deep

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+C*sec(d*x+c)~2)/(b*sec(d*x+c))~(9/2),x, algorithm="giac")
[Out] integrate((Cxsec(d*x + c)~2 + A)/(b*sec(d*x + ¢))~(9/2), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

C
/A + cos(c+da:)E dr

b 9/2
cos(c+d )

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(9/2),x)
[Out] int((A + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(9/2), x)
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3.24 3—|—3sec (c+dx) dr
/ \/sec(c + dz)

Optimal. Leaf size=21

6+/sec(c + dz) sin(c+ dzx)

d
[Out] 6*sin(d*x+c)*sec(d*x+c)~(1/2)/4

Rubi [A]
time = 0.02, antiderivative size = 21, normalized size of antiderivative = 1.00, number of

number of rules
3, integrand size =0.043

steps used = 1, number of rules used = 1, integrand size = 2
Rules used = {4128}

Y

6 sin(c + dz)+/sec(c + dz)

d

Antiderivative was successfully verified.

[In] Int[(3 + 3*Sec[c + d*x]~2)/Sqrt[Seclc + d*x]],x]
[Out] (6xSqrt[Sec[c + d*x]]1*Sin[c + d*x])/d

Rule 4128

Int[(cscl(e_.) + (f_.)*(x_)I*(b_.))"(m_.)*(cscl(e_.) + (£f_.)*(x_)]1"2%(C_.)
+ (A)), x_Symbol] :> Simp[A*Cot[e + f*x]*((bxCscl[e + f*x])™m/(f*m)), x] /;
FreeQ[{b, e, f, A, C, m}, x] && EqQ[C*m + Ax(m + 1), 0]

Rubi steps

3 + 3sec?(c + dx) i — 6+/sec(c + dz) sin(c+ dx)

V/sec(c + dx) - d

Mathematica [A]
time = 0.09, size = 21, normalized size = 1.00

6+/sec(c + dz) sin(c+ dzx)

d

Antiderivative was successfully verified.

[In] Integrate[(3 + 3*Sec[c + d*x]~2)/Sqrt[Seclc + d*x]],x]
[Out] (6%Sqrt[Secl[c + d*x]]1*Sin[c + d*x])/d
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Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 40 vs.
2(19) = 38.
time = 1.21, size = 41, normalized size = 1.95

method | result size

default 41

Verification of antiderivative is not currently implemented for this CAS.

[In] int((3+3*sec(d*x+c)~2)/sec(d*x+c)”~(1/2),x,method=_RETURNVERBOSE)
[Out] 12*sin(1/2*d*x+1/2%*c)*cos(1/2*xd*x+1/2*xc)/(2*xcos(1/2*d*x+1/2*c)~2-1)"(1/2)/d

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((3+3*sec(d*x+c)~2)/sec(d*x+c)~(1/2),x, algorithm="maxima")
[Out] 3*integrate((sec(d*x + c)~2 + 1)/sqrt(sec(d*x + c)), x)

Fricas [A]
time = 3.38, size = 19, normalized size = 0.90

6 sin (dx + c)
d+/cos (dz + ¢)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((3+3*sec(d*x+c)~2)/sec(d*x+c)~(1/2),x, algorithm="fricas")
[Out] 6*sin(d*x + c)/(d*sqrt(cos(d*x + c)))

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

3</mdz+/secg(c+dx)dx>

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((3+3*sec(d*x+c)**2)/sec(d*x+c)**(1/2),x)
[Out] 3*(Integral(l/sqrt(sec(c + d*x)), x) + Integral(sec(c + d*x)**(3/2), x))
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Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 46 vs. 2(19) = 38.
time = 0.48, size = 46, normalized size = 2.19

1 1\*
12 \/—tan (gdx+§c) +1 tan (1 dz+ % ¢)

tan(%dw+%c)4—1 d
( )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((3+3*sec(d*x+c)~2)/sec(d*x+c)~(1/2),x, algorithm="giac")

[Out] -12*sqrt(-tan(1/2*d*x + 1/2%c)~4 + 1)*tan(1/2*d*x + 1/2%c)/((tan(1/2xd*x +
1/2xc)~4 - 1)*d)

Mupad [B]
time = 0.21, size = 21, normalized size = 1.00

. 1
681n(C+d.’L') m

d

Verification of antiderivative is not currently implemented for this CAS.

[In] int((3/cos(c + d*x)~2 + 3)/(1/cos(c + d*x))~(1/2),x)
[Out] (6*sin(c + d*x)*(1/cos(c + d*x))~(1/2))/d
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3.25 [ sec™(e+fz) (m — (14 m)sec’(e + fz)) dz

Optimal. Leaf size=21
_sec'*™(e + fx)sin(e + fx)
f

[Out] -sec(f*x+e)”(1+m)*sin(f*xx+e)/f

Rubi [A]
time = 0.02, antiderivative size = 21, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.042,

steps used = 1, number of rules used = 1, integrand size = 24,
Rules used = {4128}

_sin(e + fz)sec™ (e + fx)
f

Antiderivative was successfully verified.

[In] Int[Sec[e + f*x]"m*(m - (1 + m)*Sec[e + f*xx]~2),x]
[Out] -((Secle + f*x]~(1 + m)*Sin[e + fx*x])/f)

Rule 4128

Int[(ecscl(e_.) + (£_)*(x_)I*(b_.))"(m_.)*(cscl(e_.) + (£f_.)*(x_)]1"2x(C_.)
+ (AD)), x_Symbol] :> Simp[A*Cot[e + f*x]*((b*Cscle + f*x])"m/(f*m)), x] /;
FreeQ[{b, e, f, A, C, m}, x] && EqQ[C*m + Ax(m + 1), O]

Rubi steps

_sec'*™(e + fx)sin(e + fx)
f

/secm(e + fz) (m — (1 + m)sec’(e + fz)) dz =

Mathematica [A]
time = 0.18, size = 21, normalized size = 1.00

_sec'*™(e + fx)sin(e + fx)
f

Antiderivative was successfully verified.

[In] Integrate[Sec[e + f*x] m*(m - (1 + m)*Sec[e + fx*x]~2),x]
[Out] -((Secle + f*x]~(1 + m)*Sin[e + fx*x])/f)

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 3.
time = 0.85, size = 506, normalized size = 24.10
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method | result

e2i(fr+e) 11 e2i(fr+e) 11
2 2

il 2m (e2i(fa:+e)+1) -m (ei(éR(fx)-f-D‘E(e)))me—mS‘(fa:)—mS‘(e)e— e

. 3 : 2 .
icsgn ( M) Tm  icsgn ( M) csgn (iez(fz+e) ) Tm  icsg

e

risch

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sec(f*x+e) m*(m-(1+m)*sec(f*x+e)”~2),x,method=_RETURNVERBOSE)

[Out] I/f/(exp(2xIx(f*xx+e))+1)*(2"m/((exp(2*xI*(f*x+e))+1) "m)*exp(I*(Re(f*x)+Re(e)

)) “mxexp (-m*Im (f*x)-m*Im(e) ) *exp(-1/2*I*csgn(Ixexp (I* (f*x+e))/ (exp (2xI* (£*x
+e))+1)) ~3*Pix*m)*exp (1/2*%I*csgn(I*exp (I*(f*x+e))/ (exp(2*xI*(f*x+e))+1)) 2*cs
gn(Ixexp(I*(f*x+e)))*Pi*m)*exp(1/2*Ixcsgn(I*xexp (I*(fxx+e))/ (exp (2xI*(f*x+e)
)+1))"2xcsgn(I/ (exp(2*I*(f*x+e))+1))*xPi*m)*exp(-1/2*xI*xcsgn(I*xexp (I* (f*x+e))
/ (exp (2*I*(f*x+e))+1))*csgn(I*exp(I*(f*xx+e)))*csgn(I/(exp(2*I*(f*x+e))+1))*
Pi*m) *exp (2*xI*f*x) xexp (2*I*e)-2"m/ ((exp (2*I* (f*x+e))+1) “m) *exp (I* (Re (f*x)+R
e(e))) "mxexp (-1/2*m* (I*csgn(I*exp(I*(f*xx+e))/(exp(2*I* (f*x+e))+1)) "3*%Pi-I*c
sgn (Ixexp (I*(f*x+e))/(exp(2xI*(fxx+e))+1)) "2xcsgn(I*exp(I* (f*x+e)))*Pi-I*cs
gn(Ixexp (I*(fxx+e))/(exp(2xIx(f*xx+e))+1)) " 2xcsgn(I/(exp(2*I*(f*x+e))+1))*Pi
+Ixcsgn(I*xexp (I*(fxx+e))/ (exp(2xIx(f*xx+e))+1))*csgn(Ixexp (I*(f*x+e)))*csgn(
I/ (exp(2*I*(f*x+e))+1))*Pi+2+Im(e)+2*xIm(£f*x))))

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 305 vs.
2(23) = 46.
time = 0.62, size = 305, normalized size = 14.52

2% cos(—(f + 6)(m +2) + marctan (sn (2 -+ 2¢) cos (2 f + 26) + 1)) sin (2 + 26) — 2% 8 (—(f + e + maretan (s (2 + 2¢) 008 (2 f-+26) + 1) sin (2 f-+ 26) + (2082 f-+ 26) + 2%)sin (—(F -+ )(m +2) + marctan sn (2 f + 2) cos(2 1+ 26) + 1) = (205 2 fz-+26) + 2)sin (~(f + e + marctan(sn (2 + 2¢)
(c08 (2 £+ 26)7 +5in (2 f+ 26)7 +2 c05 (2 f +2€) + 1) (cos (2./ +2¢)* +5in (2 fz + 2)° + 2 cos (2 fz +2¢) + 1)1 "f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(f*x+e) “m*(m-(1+m)*sec(f*x+e)~2),x, algorithm="maxima")

[Out] (2"m*cos(-(f*x + e)*(m + 2) + m*arctan2(sin(2*f*x + 2%e), cos(2xf*xx +

+ 1)) *sin(2*f*xx + 2%e) - 2"m*cos(-(f*x + e)*m + m*arctan2(sin(2*f*xx + 2x%e),
cos (2*f*x + 2%e) + 1))*sin(2xfxx + 2*e) + (2 m*cos(2xf*xx + 2%e) + 27m)*sin
(-(f*x + e)*(m + 2) + m*arctan2(sin(2*f*x + 2%e), cos(2xfxx + 2xe) + 1)) -
(2 m*cos (2*f*x + 2%e) + 2 m)*sin(-(f*x + e)*m + m*arctan2(sin(2xfxx + 2xe),
cos(2xf*x + 2xe) + 1)))/((cos(2*f*x + 2*e)~2 + sin(2*xf*x + 2xe)~2 + 2x*cos(
2+%fxx + 2%e) + 1)*x(cos(2*fxx + 2*e)”2 + sin(2*f*x + 2*e) 2 + 2xcos(2*f*x +
2%e) + 1)~ (1/2#m)x*f)

Fricas [A]

time = 2.18, size = 32, normalized size = 1.52

—cos(;z+e)m sin (fz +e)
fcos(fx+e)

2xe)
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(sec(f*x+e) “m*(m-(1+m)*sec(f*x+e)~2),x, algorithm="fricas")

[Out] -(1/cos(f*x + e)) m*sin(f*x + e)/(fxcos(f*xx + e))

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

—/(—msecm (e+ fx)) dz — /sec2 (e + fz)sec™ (e+ fz)dz — /msec2 (e+ fz)sec™ (e + fz)dzx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(f*x+e)**m* (m-(1+m)*sec(f*x+e)**2),x)
[Out] -Integral(-m*sec(e + fxx)**m, x) - Integral(sec(e + f*x)**2xsec(e + f*x)**m
, X) - Integral(m*sec(e + f*x)**2xsec(e + f*x)**m, x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(sec(f*x+e) “m*(m-(1+m)*sec(f*x+e)”2),x, algorithm="giac")
[Out] integrate(-((m + 1)*sec(f*x + e)”2 - m)*sec(f*x + e)”m, Xx)

Mupad [B]
time = 2.75, size = 37, normalized size = 1.76

sin(2e+2 f ) (W)m
"~ f(cos(2e+2fxz)+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((m - (m + 1)/cos(e + f*xx)~"2)*(1/cos(e + f*x)) m,x)
[Out] -(sin(2*e + 2*xf*x)*(1/cos(e + f*x))"m)/(f*(cos(2*e + 2%f*xx) + 1))
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3.26 [ sec®(e + fz) (5 — 6sec(e + fz)) dx

Optimal. Leaf size=19
_sec’(e + fz) tan(e + fx)
f

[Out] -sec(f*x+e) 5xtan(f*x+e)/f

Rubi [A]
time = 0.02, antiderivative size = 19, normalized size of antiderivative = 1.00, number of
steps used = 1, number of rules used = 1, integrand size = 21, number of rules _ ) 48

integrand size ’
Rules used = {4128}

_tan(e + fz) sec’(e + fx)
f

Antiderivative was successfully verified.

[In] Int[Secl[e + f*x] 5x%(5 - 6%Secl[e + f*x]~2),x]
[Out] -((Sec[e + f*x] 5*Tan[e + f*x])/f)

Rule 4128

Int[(cscl(e_.) + (£_)*(x_)]*(b_.))"(m_.)*(cscl(e_.) + (£f_.)*(x_)]1"2x(C_.)
+ (A)), x_Symbol] :> Simp[A*Cot[e + f*x]*((bxCscl[e + f*x])™m/(f*m)), x] /;
FreeQ[{b, e, f, A, C, m}, x] && EqQ[C*m + Ax(m + 1), 0]

Rubi steps

_sec’(e + fz) tan(e + f)
f

/sec5(e + fz) (5 — 6sec’(e + fz)) dz =

Mathematica [A]
time = 0.05, size = 19, normalized size = 1.00

_sec’(e + fz) tan(e + fx)
f

Antiderivative was successfully verified.

[In] Integrate[Secl[e + f*x]~5%(5 - 6*Secle + f*x]~2),x]
[Out] -((Sec[e + f*x] 5*Tan[e + f*x])/f)
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Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 69 vs.
2(19) = 38.
time = 0.46, size = 70, normalized size = 3.68

method result
. h 32i(e7i(f:c+e) _e5i(fw+e))
T1SC f(ezl(fw+€)+1)6
(secs(fz+e)) 3sec(fzte) sec (fere) 5 secs(fere)) 5 sec(fz+e)

-5 — 1 - 3 tan(fz+e)+6( — o — 16 tan(fz+e)
derivativedivides

= (_ (sec3(£z+e)) _ 3sec(£z+e)> tan(fx+e)-|—6< sec (fz+5) 5 sec ;Zw-ﬁ-a)) _ 5sec(1{3m+8)> tan(fz+e)
default

2tan(%+%) 10(tan3 (%4-5)) 20(tan® (%“’4-%)) 20(tan7(f;—z+§)) 10(tan® (%4—%)) 2(tan!! (%4-%))

_ f — f — f — f — f — f

norman 6
(tan? (5 +5) 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sec(f*x+e) 5x(5-6*sec(f*x+e)~2),x,method= RETURNVERBOSE)
[Out] 1/fx(-5%(-1/4x*sec(f*x+e) 3-3/8*sec(f*x+e))*tan(f*x+e)+6%(-1/6%sec(f*x+e) 5-
5/24*sec(f*x+e) "3-5/16*sec (f*x+e) ) *tan(f*x+e))
Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 46 vs.
2(21) = 42.
time = 0.34, size = 46, normalized size = 2.42
sin (fz + e)
(sin (fz +e)° —3sin(fr+e)* +3sin(fz+e)®—1)f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(f*x+e) 5% (5-6*sec(f*x+e)”2),x, algorithm="maxima")

[Out] sin(f*x + e)/((sin(f*x + e)”6 - 3*sin(f*x + e€)~4 + 3*xsin(f*x + e)~2 - 1)*f)

Fricas [A]
time = 3.41, size = 21, normalized size = 1.11
sin (fz + e)
fcos (fz +e)°

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(f*x+e) 5x(5-6xsec(f*x+e)~2),x, algorithm="fricas")

[Out] -sin(f*x + e)/(f*cos(f*xx + e)~6)
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Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

—/ (—5sec® (e + fz)) dw—/Gsec7 (e + fz)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(f*x+e)**5x(5-6xsec(f*x+e)**2),x)
[Out] -Integral(-5*sec(e + fxx)**5, x) - Integral(6*sec(e + f*x)*x7, x)
Giac [A]
time = 0.48, size = 22, normalized size = 1.16
sin (fx + €)
(sin (fz + e)? — 1)3f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(f*x+e) 5% (5-6*sec(f*x+e)”2),x, algorithm="giac")
[Out] sin(f*x + e)/((sin(f*x + e)~2 - 1)73xf)

Mupad [B]
time = 2.46, size = 42, normalized size = 2.21

sin (e + fx)
f (sin(e+fﬂn)6—3sin(e—|—fx)4+3sin(e—|—fx)2 —1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(-(6/cos(e + f*x)~2 - 5)/cos(e + f*xx)~5,x)
[Out] sin(e + fxx)/(f*(3*sin(e + f*x)~2 - 3*sin(e + f*x)~4 + sin(e + f*x)"6 - 1))
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3.27 [ sec*(e + fz) (4 — 5sec’(e + fz)) dx

Optimal. Leaf size=19
_sec(e + fz) tan(e + fx)
f

[Out] -sec(f*x+e) “4xtan(f*x+e)/f
Rubi [A]

time = 0.02, antiderivative size = 19, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.048,

steps used = 1, number of rules used = 1, integrand size = 21,
Rules used = {4128}

_tan(e + fx)sec*(e + fx)
f

Antiderivative was successfully verified.

[In] Int[Secl[e + f*x]~4x(4 - 5xSecl[e + f*x]~2),x]
[Out] -((Sec[e + f*x]~4*Tan[e + f*x])/f)

Rule 4128

Int[(cscl(e_.) + (f_.)*(x_)I*(b_.))"(m_.)*(cscl(e_.) + (£f_.)*(x_)]1"2%(C_.)
+ (A)), x_Symbol] :> Simp[A*Cot[e + f*x]*((bxCscl[e + f*x])™m/(f*m)), x] /;
FreeQ[{b, e, f, A, C, m}, x] && EqQ[C*m + Ax(m + 1), 0]

Rubi steps

_sec’(e + fz) tan(e + fx)
f

/sec4(e + fz) (4 — 5sec’(e + fz)) dz =

Mathematica [A]
time = 0.03, size = 19, normalized size = 1.00

_sec*(e + fx) tan(e + fx)
f

Antiderivative was successfully verified.

[In] Integrate([Sec[e + f*x]~4*(4 - 5xSec[e + f*x]~2),x]
[Out] -((Sec[e + f*x]~4xTan[e + f*x])/f)
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Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 55 vs.
2(19) = 38.
time = 0.40, size = 56, normalized size = 2.95

method result size
. 16i(66i(f:c+e) _e4i(fw+e))
risch F@Gara 1) 41
sec2 Trt+e sec4 xr+e SEC2 xr+e
4 <_§_((§+))> tan(fw+e)+5 <_185_ ( (150 + )) _4( ifsc + )) > tan(fw+e)
derivativedivides 7 56
sec2 rt+e sec4 T+e sec2 rt+e
4 <_§_((£+))> tan(fz+e)+5 (_185_ ( (J; + )) _4( LJ: + )) ) tan(fz-te)
default 7 56
2tan(f7z+%) +8(tan3(%+%)) N 12(tan5(‘fTZ+%)) +s(tan7(f7z+§>> +2(tan9(%+%))
norman ! I s - ! ! 96
(san2(57+5)-1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sec(f*x+e) 4x(4-5*sec(f*x+e)”~2),x,method= RETURNVERBOSE)
[Out] 1/f*x(-4*(-2/3-1/3*sec(f*x+e) 2)*tan(f*x+e)+5*%(-8/15-1/5*sec(f*x+e) ~4-4/15%s
ec(f*x+e) "2) *tan(f*x+e))
Maxima [A]
time = 0.32, size = 33, normalized size = 1.74
tan (fz +e)° + 2 tan (fz + €)® + tan (fz + e)
f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(f*x+e) “4*(4-5*sec(f*x+e)”2),x, algorithm="maxima")
[Out] -(tan(f*x + e)~5 + 2xtan(f*x + e)~3 + tan(f*x + e))/f
Fricas [A]
time = 3.03, size = 21, normalized size = 1.11
_ sin(fz+e)
feos(fz +e)°

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(f*x+e) “4*(4-5*sec(f*x+e)”2),x, algorithm="fricas")

[Out] -sin(f*x + e)/(fxcos(f*x + e)~5)
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Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

—/ (—4sec* (e + fz)) dav—/&')sec6 (e + fz)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(f*x+e)**4x(4-5xsec(f*x+e)**2),x)
[Out] -Integral(-4xsec(e + fxx)**4, x) - Integral(b*sec(e + f*x)*x6, x)

Giac [A]
time = 0.47, size = 30, normalized size = 1.58

_tan(fx—l—e)5+2 tan (fz +e)® + tan (fz + €)
f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(f*x+e) 4% (4-5xsec(f*x+e)”2),x, algorithm="giac")

[Out] -(tan(f*x + e)~5 + 2xtan(f*x + e)~3 + tan(f*x + e))/f

Mupad [B]
time = 2.39, size = 19, normalized size = 1.00

_ _sin(e+ f2)
feos(e+ fz)°

Verification of antiderivative is not currently implemented for this CAS.

[In] int(-(5/cos(e + f*x)"2 - 4)/cos(e + f*x)~4,x)

[Out] -sin(e + f*xx)/(fxcos(e + f*x)~5)
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3.28 [sec®*(e + fz) (3 — 4sec’(e + fz)) dx

Optimal. Leaf size=19
_sec’(e + fz) tan(e + fx)
f

[Out] -sec(f*x+e) "3xtan(f*x+e)/f

Rubi [A]
time = 0.02, antiderivative size = 19, normalized size of antiderivative = 1.00, number of
steps used = 1, number of rules used = 1, integrand size = 21, number of rules _ ) 48

integrand size ’
Rules used = {4128}

_tan(e + fz) sec’ (e + fx)
f

Antiderivative was successfully verified.

[In] Int[Secl[e + f*x] 3%(3 - 4xSec[e + f*x]~2),x]
[Out] -((Sec[e + f*x]~3*Tan[e + f*x])/f)

Rule 4128

Int[(cscl(e_.) + (£_)*(x_)]*(b_.))"(m_.)*(cscl(e_.) + (£f_.)*(x_)]1"2x(C_.)
+ (A)), x_Symbol] :> Simp[A*Cot[e + f*x]*((bxCscl[e + f*x])™m/(f*m)), x] /;
FreeQ[{b, e, f, A, C, m}, x] && EqQ[C*m + Ax(m + 1), 0]

Rubi steps

_sec’(e + fz) tan(e + f)
f

/sec3(e + fz) (3 — 4sec’(e + fz)) dz =

Mathematica [A]
time = 0.02, size = 19, normalized size = 1.00

_sec’(e + fx) tan(e + fx)
f

Antiderivative was successfully verified.

[In] Integrate[Secl[e + f*x]~3*(3 - 4*Secle + f*x]~2),x]
[Out] -((Sec[e + f*x]~3*Tan[e + f*x])/f)
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Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 46 vs.

2(19) = 38.
time = 0.40, size = 47, normalized size = 2.47

method result size
. 83 (e5i(fw+e)_e3i(fz+e))
risch F@Gra 1) 41
z+e) tan(fz secg(fz+e) z+e
3sec(fz+ %ta (f +e)+4<_( o )_BSec(é‘ +e) tan(f:c—i—e)
derivativedivides 7 47
3sec(fz+e) tan(fz+e) (sec3(fz+e)) 3sec(fz+te)
5 +4( - 1 — 3 tan(fz+e)
default 7 47
_2tan(%+%) _6(tan3(§+g)) _G(tans(%-i—%)) _2(tan7(sz+%))
norman i L L L 80
(tan® (£ +5)-1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sec(f*x+e) " 3*(3-4*sec(f*x+e)”~2),x,method=_RETURNVERBOSE)
[Out] 1/fx(3/2*sec(f*x+e)*tan(f*x+e)+4*x(-1/4xsec(f*x+e) " 3-3/8*sec(f*x+e))*tan(f*x
+e))

Maxima [A]
time = 0.29, size = 36, normalized size = 1.89

sin (fz + e)
(sin (fz+e)* —2sin(fr+e)’+1)f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(f*x+e) 3% (3-4*sec(f*x+e)”2),x, algorithm="maxima")

[Out] -sin(f*x + e)/((sin(f*x + e)”4 - 2xsin(f*x + e)~2 + 1)x*f)

Fricas [A]
time = 4.05, size = 21, normalized size = 1.11
_ sin(fz+e)
fcos (fz +e)*

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(f*x+e) 3% (3-4*sec(f*x+e)”2),x, algorithm="fricas")

[Out] -sin(f*x + e)/(f*cos(f*xx + e)~4)
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Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

_/ (—3sec® (e + fz)) dz — /4sec5 (e + fz)dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(f*x+e)**3x(3-4*sec(f*x+e)**2),x)
[Out] -Integral(-3xsec(e + f*x)**3, x) - Integral(4*sec(e + f*x)**x5, x)
Giac [A]
time = 0.48, size = 23, normalized size = 1.21
sin (fz + €)
- (sin (fz + e)? — 1)2f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(f*x+e) ~3*(3-4*sec(f*x+e)”2),x, algorithm="giac")
[Out] -sin(f*x + e)/((sin(f*x + e)~2 - 1)72x%f)

Mupad [B]
time = 2.37, size = 23, normalized size = 1.21

B sin (e + f )
f(sin(e+ fz)? - 1)2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(-(4/cos(e + f*x)"2 - 3)/cos(e + f*x)~3,x)
[Out] -sin(e + f*x)/(f*(sin(e + f*x)~"2 - 1)72)
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3.29 [ sec’(e + fz) (2 — 3sec’*(e + fz)) dx

Optimal. Leaf size=19
_sec’(e + fz) tan(e + fx)
f

[Out] -sec(f*xx+e) " 2xtan(f*xx+e)/f
Rubi [A]

time = 0.02, antiderivative size = 19, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.048,

steps used = 1, number of rules used = 1, integrand size = 21,
Rules used = {4128}

_tan(e + fz) sec’(e + fx)
f

Antiderivative was successfully verified.

[In] Int[Secl[e + f*x]~2%(2 - 3*Secl[e + f*x]~2),x]
[Out] -((Sec[e + f*x]~2+Tan[e + f*x])/f)

Rule 4128

Int[(ecscl(e_.) + (£_)*(x_)I*(b_.))"(m_.)*(cscl(e_.) + (£f_.)*(x_)]1"2x(C_.)
+ (AD)), x_Symbol] :> Simp[A*Cot[e + f*x]*((b*Cscle + f*x])"m/(f*m)), x] /;
FreeQ[{b, e, f, A, C, m}, x] && EqQ[C*m + Ax(m + 1), O]

Rubi steps

_sec’(e + fz) tan(e + f)
f

/sec2(e + fz) (2 — 3sec’*(e + fz)) dz =

Mathematica [A]
time = 0.04, size = 19, normalized size = 1.00

_sec’(e + fx) tan(e + fx)
f

Antiderivative was successfully verified.

[In] Integrate[Sec[e + f*x]~2*(2 - 3*Sec[e + f*x]~2),x]
[Out] -((Sec[e + f*x]~2+Tan[e + f*x])/f)

Maple [A]
time = 0.34, size = 34, normalized size = 1.79



method result size
2tan(fz+e)+3 (— % — W) tan(fz+e)
derivativedivides 7 34
2
2tan(fz+e)+3 (— % - W) tan(fz+e)
default 7 34

41:(e4i(fz+e)_e2i(fz+e))
F(e2ifete) 41)3
Ztan(‘sz-f-%) +4(tan3(%+%)) +2(tan5(f7z+%))

i 7 i
norman (tan2 ( Iz +%> _1> 3 64

risch 41

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sec(f*x+e) 2*(2-3*sec(f*x+e)~2),x,method=_RETURNVERBOSE)
[Out] 1/f*(2%tan(f*x+e)+3%(-2/3-1/3*sec(f*x+e) ~2)*tan(f*x+e))
Maxima [A]

time = 0.30, size = 22, normalized size = 1.16

_tan(fm+e)3 +tan (fz +e)
f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(f*x+e) 2% (2-3*sec(f*x+e)”2),x, algorithm="maxima")
[Out] -(tan(f*x + e)~3 + tan(f*x + e))/f
Fricas [A]
time = 2.67, size = 21, normalized size = 1.11
_ sin(fz+e)
fcos(fz+e)®

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(sec(f*x+e) 2% (2-3*sec(f*x+e)”2),x, algorithm="fricas")
[Out] -sin(f*x + e)/(f*cos(f*x + e)~3)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

_/(—25902 (e+ fz)) alﬂf—/3sec4 (e + fz)dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(f*x+e)**2x(2-3xsec(f*x+e)**2),x)
[Out] -Integral(-2xsec(e + fxx)**2, x) - Integral(3*sec(e + f*x)**x4, x)

Giac [A]
time = 0.44, size = 20, normalized size = 1.05

_tan(fx+e)3 + tan (fz +e)
f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(f*x+e) ~2x(2-3xsec(f*x+e)~2),x, algorithm="giac")
[Out] -(tan(f*x + e)~3 + tan(f*x + e))/f

Mupad [B]
time = 2.40, size = 21, normalized size = 1.11

_tan(e + fz) (tan(e + fz)’+ 1)
f

Verification of antiderivative is not currently implemented for this CAS.

[In] int(-(3/cos(e + f*x)"2 - 2)/cos(e + f*x)~2,x)
[Out] -(tan(e + fx*x)*(tan(e + f*x)~2 + 1))/f
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3.30 [sec(e + fx) (1 — 2sec’(e + fz)) dx

Optimal. Leaf size=17
_sec(e + fz) tan(e + fz)
f

[Out] -sec(f*x+e)*tan(f*x+e)/f

Rubi [A]
time = 0.01, antiderivative size = 17, normalized size of antiderivative = 1.00, number of

number of rules _ ( 53
integrand size ’

steps used = 1, number of rules used = 1, integrand size = 19,
Rules used = {4128}

_tan(e + fz)sec(e + fz)
f

Antiderivative was successfully verified.

[In] Int[Secl[e + f*x]*(1 - 2xSecl[e + f*x]~2),x]
[Out] -((Sec[e + f*x]*Tan[e + f*x])/f)

Rule 4128

Int[(cscl(e_.) + (£_.)*(x)1*(b_.))"(m_.)*(cscl(e_.) + (£_.)*(x_)]1"2%(C_.)
+ (A)), x_Symbol] :> Simp[A*Cot[e + f*x]*((b*Cscl[e + f*x])"m/(f*m)), x] /;
FreeQ[{b, e, f, A, C, m}, x] &% EqQ[C*m + Ax(m + 1), 0]

Rubi steps

_sec(e + fz)tan(e + fz)
f

/sec(e + fz) (1 — 2sec’(e + fz)) dx =

Mathematica [A]
time = 0.01, size = 17, normalized size = 1.00

_sec(e + fz) tan(e + fz)
f

Antiderivative was successfully verified.

[In] Integrate[Sec[e + f*xx]*(1 - 2*Sec[e + f*x]~2),x]
[Out] -((Secle + f*x]*Tan[e + f*x])/f)

Maple [A]
time = 0.30, size = 18, normalized size = 1.06



method result size
derivativedivides | —% ””+e);an(f z+e) 18
default __sec(fz+te) ;a,n( fote) 18

i (e3i(frte) _gi(fzte)
risch 2i(e¥ (ot +e)) "

f(e2i(fz+e)+1)2

_2tan(i}+%) _2(tan3(%+%))
norman ! - 48

(ta® (5 +5) 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sec(f*x+e)*(1-2*sec(f*x+e)”2),x,method=_RETURNVERBOSE)
[Out] -sec(f*x+e)*tan(f*xx+e)/f
Maxima [A]
time = 0.29, size = 24, normalized size = 1.41
sin (fz + e)
(sin (fz+e)*—1)f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(f*x+e)*(1-2xsec(f*x+e)”2),x, algorithm="maxima")
[Out] sin(f*x + e)/((sin(f*x + e)~2 - 1)xf)
Fricas [A]
time = 3.74, size = 21, normalized size = 1.24
_ sin(fz+e)
fcos(fz+e)”

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(f*x+e)*(1-2xsec(f*x+e)”2),x, algorithm="fricas")
[Out] -sin(fxx + e)/(fxcos(f*x + e)72)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

—/(—sec(e+fw)) dx—/2sec3 (e+ fz)dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(f*x+e)*(1-2*sec(f*x+e)**2),x)

143



144

[Out] -Integral(-sec(e + f*x), x) - Integral(2*sec(e + f*x)#**3, x)
Giac [A]

time = 0.45, size = 24, normalized size = 1.41
1
f(W — sin(fx—l—e))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(f*x+e)*(1-2*sec(f*x+e)”2),x, algorithm="giac")
[Out] -1/(£*(1/sin(f*x + e) - sin(f*x + e)))
Mupad [B]
time = 0.06, size = 22, normalized size = 1.29
sin (e + f z)
f (sin(e+ fz)* — 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(-(2/cos(e + f*x)~2 - 1)/cos(e + fx*xx),x)
[Out] sin(e + f*x)/(f*(sin(e + f*x)~2 - 1))
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3.31 [ —sec*(e + fz)dx

Optimal. Leaf size=11
_tan(e + fz)

f
[Out] -tan(f*x+e)/f
Rubi [A]

time = 0.01, antiderivative size = 11, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.200,

steps used = 2, number of rules used = 2, integrand size = 10,
Rules used = {3852, 8}

_tan(e + fz)
f

Antiderivative was successfully verified.

[In] Int[-Secl[e + f*x]~2,x]

[Out] -(Tan[e + f*x]/f)

Rule 8

Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rubi steps

/ _sec?(e + ) do = Subst( | 1d:c,x}— tan(e + fz))

__tan(e+ fx)
B f

Mathematica [A]
time = 0.00, size = 11, normalized size = 1.00

_tan(e + fz)
f



Antiderivative was successfully verified.

[In] Integrate[-Sec[e + fx*x]~2,x]
[Out] -(Tan[e + f*xx]/f)

Maple [A]
time = 0.23, size = 12, normalized size = 1.09

method result size
derivativedivides | — w 12
default — —tan(j}ﬁe) 12
. 2
risch - m 20
2tan( {2 +£
norman z (ff = ) 30
o (2 43)1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(-sec(f*x+e)~2,x,method=_RETURNVERBOSE)
[Out] -tan(f*x+e)/f

Maxima [A]
time = 0.29, size = 12, normalized size = 1.09
_tan(fz +e)
f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(-sec(f*x+e)~2,x, algorithm="maxima")

[Out] -tan(f*x + e)/f

Fricas [A]
time = 2.96, size = 21, normalized size = 1.91
_ sin(fz +e)
fcos(fx+e)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(-sec(f*x+e)~2,x, algorithm="fricas")

[Out] -sin(f*x + e)/(f*xcos(f*x + e))

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

—/sec2 (e + fz)dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(-sec(f*x+e)**2,x)

[Out] -Integral(sec(e + f*x)**2, x)

Giac [A]
time = 0.42, size = 11, normalized size = 1.00

_tan(fz +e)
f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(-sec(f*x+e)~2,x, algorithm="giac")
[Out] -tan(f*x + e)/f

Mupad [B]
time = 2.42, size = 11, normalized size = 1.00

_tan(e + fz)
f

Verification of antiderivative is not currently implemented for this CAS.

[In] int(-1/cos(e + f*x)~2,x)
[Out] -tan(e + fx*xx)/f
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3.32 [ —cos(e + fz)dx

Optimal. Leaf size=11
_sin(e + fz)
f

[Out] -sin(f*x+e)/f

Rubi [A]
time = 0.00, antiderivative size = 11, normalized size of antiderivative = 1.00, number of

number of rules _ (195
integrand size ’

steps used = 1, number of rules used = 1, integrand size = 8,
Rules used = {2717}

__sin(e + fz)
f

Antiderivative was successfully verified.
[In] Int[-Cos[e + f*x],x]

[Out] -(Sin[e + f*x]/f)

Rule 2717

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + d*x]/d, x] /;
FreeQ[{c, d}, x]

Rubi steps

__sin(e + fz)

/—cos(e + fz)dr = 7

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 23 vs. 2(11) =
22.
time = 0.01, size = 23, normalized size = 2.09

_cos(fz)sin(e)  cos(e)sin(fz)

f f

Antiderivative was successfully verified.

[In] Integrate[-Cos[e + f*x],x]
[Out] -((Cos[f*x]*Sin[e]l)/f) - (Cos[el*Sin[fx*x])/f

Maple [A]
time = 0.12, size = 12, normalized size = 1.09



method result size
derivativedivides | — w 12
default — w 12
risch — w 12
2tan Tm +5 )
norman — 30
f(1+tan2(£245))
) sin(e) \/7? < L _ cos(fz) >
IIlGIJ erg __cos(e) ]scln(fx) + }/7? \/F 35

Verification of antiderivative is not currently implemented for this CAS.

[In] int(-cos(f*x+e),x,method=_RETURNVERBOSE)

[Out] -sin(fx*x+e)/f
Maxima [A]

time = 0.30, size = 12, normalized size = 1.09

Verification of antiderivative is not currently implemented for this CAS.

_sin(fz +e)
f

[In] integrate(-cos(f*x+e),x, algorithm="maxima")

[Out] -sin(f*x + e)/f
Fricas [A]

time = 3.94, size = 12, normalized size = 1.09

Verification of antiderivative is not currently implemented for this CAS.

_sin(fz+e)
f

[In] integrate(-cos(f*x+e),x, algorithm="fricas")

[Out] -sin(f*x + e)/f

Sympy [A]

time = 0.04, size = 14, normalized size = 1.27

sin (e;—fm) for .f 7£ 0

zcos(e) otherwise
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(-cos(f*x+e),x)

[Out] -Piecewise((sin(e + f*x)/f, Ne(f, 0)), (x*cos(e), True))

Giac [A]
time = 0.41, size = 11, normalized size = 1.00

_sin(fz+e)
f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(-cos(f*x+e),x, algorithm="giac")
[Out] -sin(f*x + e)/f

Mupad [B]
time = 0.02, size = 11, normalized size = 1.00

_sin(e+ fz)
f

Verification of antiderivative is not currently implemented for this CAS.

[In] int(-cos(e + f*x),x)

[Out] -sin(e + fx*xx)/f
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3.33 [ cos?(e + fx) (—2 +sec’(e + fx)) dx

Optimal. Leaf size=17
_cos(e + fz)sin(e + fz)
f

[Out] -cos(f*x+e)*sin(f*xx+e)/f

Rubi [A]
time = 0.01, antiderivative size = 17, normalized size of antiderivative = 1.00, number of

number of rules _ ( 53
integrand size ’

steps used = 1, number of rules used = 1, integrand size = 19,
Rules used = {4128}

_sin(e + fz) cos(e + fz)
f

Antiderivative was successfully verified.

[In] Int[Cos[e + f*x] 2%(-2 + Secl[e + f*x]~2),x]
[Out] -((Cos[e + f*x]*Sin[e + f*x])/f)

Rule 4128

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.))"(m_.)*(cscl(e_.) + (£_.)*(x_)]1"2%(C_.)
+ (A)), x_Symbol] :> Simp[A*Cot[e + f*x]*((bxCscl[e + f*x])"m/(f*m)), x] /;
FreeQ[{b, e, f, A, C, m}, x] &% EqQ[C*xm + Ax(m + 1), 0]

Rubi steps

_cos(e + fz)sin(e + fx)
f

/0082(6 + fz) (-2 +sec’(e + fz)) dz =

Mathematica [A]
time = 0.01, size = 33, normalized size = 1.94

cos(2fx)sin(2e)  cos(2e)sin(2fx)
B 2f B 2f

Antiderivative was successfully verified.

[In] Integrate[Cos[e + f*x]~2*%(-2 + Sec[e + f*x]~2),x]
[Out] -1/2*(Cos[2*f*x]*Sin[2%e])/f - (Cos[2*e]*Sin[2*f*x])/(2%f)

Maple [A]
time = 0.34, size = 18, normalized size = 1.06



method result iz
i in(2fz+2e)
risch — % 5
derivativedivides | — ¢ x+€)fSin(f z+e) 18
default __cos(fz+e)sin(fz+e) 18
f
2tan(;7“”+§) B 4(tan? (?4.%)) +2(tan5 (£+5))
norman 79
(1+tan? (f§+§)>2 (van? (f2+5)-1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(f*x+e) 2x(-2+sec(f*x+e) 2),x,method=_RETURNVERBOSE)
[Out] -cos(f*x+e)*sin(f*x+e)/f
Maxima [A]

time = 0.29, size = 25, normalized size = 1.47

tan (fx + e)
(tan (fz +e)*+1)f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(f*x+e) ~2*(-2+sec(f*x+e)~2),x, algorithm="maxima")
[Out] -tan(fxx + e)/((tan(f*x + e)~2 + 1)*f)
Fricas [A]

time = 3.59, size = 19, normalized size = 1.12

_cos(fr+e)sin(fz+e)
f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(f*x+e) 2% (-2+sec(f*x+e)~2),x, algorithm="fricas")
[Out] -cos(f*x + e)*sin(f*x + e)/f

Sympy [A]

time = 5.22, size = 49, normalized size = 2.88

L, z sin? ée+fx) + z cos? §e+f90) 4 Sin (€+fz;;os (e4f2)  for f#0

z cos? (e) otherwise

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(cos(f*x+e)**2x(-2+sec(f*x+e)**2) ,x)
[Out] x - 2*Piecewise((x*sin(e + f*x)**2/2 + x*cos(e + f*x)**2/2 + sin(e + f*xx)*c
os(e + f*xx)/(2xf), Ne(f, 0)), (x*cos(e)**x2, True))

Giac [A]

time = 0.41, size = 14, normalized size = 0.82
_sin(2 fz +2e)
2f

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(cos(f*x+e) 2% (-2+sec(f*x+e)~2),x, algorithm="giac")

[Out] -1/2*sin(2xfxx + 2xe)/f

Mupad [B]

time = 2.38, size = 14, normalized size = 0.82
_sin(2e+2f2)
2f

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(e + fxx)~2*(1/cos(e + f*x)~2 - 2),x)
[Out] -sin(2*xe + 2xfxx)/(2*f)
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3.34 [ cos®(e + fx) (—3 + 2sec’(e + fz)) dx

Optimal. Leaf size=19
_cos’(e + fx)sin(e + fz)
f

[Out] -cos(f*x+e) "2*sin(f*x+e)/f

Rubi [A]
time = 0.02, antiderivative size = 19, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.048

steps used = 1, number of rules used = 1, integrand size = 21,
Rules used = {4128}

Y

_sin(e + fz) cos?*(e + fx)
f

Antiderivative was successfully verified.

[In] Int[Cos[e + f*x]~"3*(-3 + 2xSec[e + f*x]~2),x]
[Out] -((Cos[e + f*x]~2+Sin[e + f*x])/f)

Rule 4128

Int[(cscl(e_.) + (£_)*x(x_)I*(b_.))"(m_.)*(cscl(e_.) + (£f_.)*(x_)]"2x(C_.)
+ (A_)), x_Symbol] :> Simp[A*Cot[e + fxx]*((bxCscle + f*x]) m/(f*m)), x] /;
FreeQ[{b, e, f, A, C, m}, x] && EqQ[C*m + Ax(m + 1), 0]

Rubi steps

_cos’(e + fx)sin(e + fz)
f

/0053(6 + fz) (-3 +2sec’(e + fz)) dz =

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 46 vs. 2(19) =
38.
time = 0.02, size = 46, normalized size = 2.42

2 cos(fx) sin(e) N 2cos(e) sin(fz)  3sin(e + fz) 4 sin®(e + fz)
f f f f

Antiderivative was successfully verified.

[In] Integrate[Cos[e + f*x]~3%(-3 + 2xSec[e + fx*x]~2),x]

[Out] (2*Cos[f*x]*Sin[e])/f + (2%Cos[e]l*Sin[f*x])/f - (3*Sin[e + f*x])/f + Sin[e
+ f*x]~3/f



Maple [A]
time = 0.43, size = 32, normalized size = 1.68
method result Size
risch _ Sin(i‘]ﬂﬁe) _ Sin(3£;+3e) o7
derivativedivides | — (2+cos?(fz+e)) sin(fa+e)+2sin(fz-+e) 32
f
default —(2+cos?(fa+e)) sin(fz+e)+2sin(fa+e) 32
f
zcan(f%+%) _ 6(tan® (f%qug)) +6(tan5 (?Jr%)) _2(tan7(;‘2£+%))
norman o5
(v (1)) (o (£+1) )

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(f*x+e) 3*(-3+2*sec(f*x+e)~2),x,method=_RETURNVERBOSE)
[Out] 1/f*x(-(2+cos(f*x+e) "2)*sin(f*x+e)+2xsin(f*x+e))
Maxima [A]

time = 0.29, size = 23, normalized size = 1.21

sin (fz 4 €)® — sin (fz + e)
f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(f*x+e) 3% (-3+2xsec(f*x+e)”2),x, algorithm="maxima")
[Out] (sin(f*x + e)~3 - sin(f*x + e))/f
Fricas [A]
time = 3.16, size = 21, normalized size = 1.11
_ cos (fz +e)sin (fz + €)
f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(f*x+e) 3% (-3+2*ksec(f*x+e)~2),x, algorithm="fricas")
[Out] -cos(fxx + e)~2*sin(f*x + e)/f

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (2sec® (e + fz) — 3) cos® (e + fz)dz

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(cos(f*x+e)**3x(-3+2*sec(f*x+e)**2) ,x)
[Out] Integral((2*sec(e + f*x)**2 - 3)*cos(e + f*x)**3, x)
Giac [A]
time = 0.46, size = 21, normalized size = 1.11
sin (fz +e)® —sin (fz + €)
f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(f*x+e) 3% (-3+2*ksec(f*x+e)”~2),x, algorithm="giac")
[Out] (sin(f*x + e)"3 - sin(f*x + e))/f
Mupad [B]
time = 0.04, size = 22, normalized size = 1.16
_sin(e+ fz) —sin (e + fz)®
f

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(e + f*x)~3*%(2/cos(e + f*x)~2 - 3),x)
[Out] -(sin(e + f*x) - sin(e + f*x)~3)/f
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3.35 [ cos*(e + fx) (—4 + 3sec’(e + fz)) dx

Optimal. Leaf size=19
_cos’(e+ fx)sin(e + fz)
f

[Out] -cos(f*x+e) " 3xsin(f*xx+e)/f

Rubi [A]
time = 0.02, antiderivative size = 19, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.048,

steps used = 1, number of rules used = 1, integrand size = 21,
Rules used = {4128}

_sin(e + f=) cos®(e + fx)
f

Antiderivative was successfully verified.

[In] Int[Cos[e + f*x]~"4*x(-4 + 3*Sec[e + f*x]~2),x]
[Out] -((Cos[e + f*x]~3*Sin[e + f*x])/f)

Rule 4128

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.))"(m_.)*(cscl(e_.) + (£_.)*(x_)]1"2%(C_.)
+ (A)), x_Symbol] :> Simp[A*Cot[e + f*x]*((b*Cscl[e + f*x])"m/(f*m)), x] /;
FreeQ[{b, e, f, A, C, m}, x] &% EqQ[C*xm + Ax(m + 1), 0]

Rubi steps

_cos’(e + fx)sin(e + fz)
f

/0084(6 + fz) (—4 + 3sec’(e + fz)) dz =

Mathematica [A]
time = 0.03, size = 31, normalized size = 1.63
_sin(2(e + fz)) sin(4(e + fz))
Af 8f

Antiderivative was successfully verified.

[In] Integrate[Cos[e + f*x]~4*(-4 + 3*Sec[e + fx*x]~2),x]
[Out] -1/4%Sin[2*(e + f*x)]/f - Sin[4*(e + fxx)]/(8%f)

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 44 vs.
2(19) = 38.
time = 0.45, size = 45, normalized size = 2.37
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method result size
. __sin(4fz+4e)  sin(2fz+2e)
risch SF o7 30
derivativedivides _ <COS?’(fx+e)+ 3 cos(2fa:+e) ) sin(fa+e)+ 3 cos(fa:Jre; sin(fz+e) 45
f
- <cos?’(fx+e)+73 Cos(zfm+e) ) sin(fz+e)+ 8 Cos(fm+52) sin(fote)
default 7 45
2tan(f7w+%) _ 8(ta.n3 (%4—%)) n 12(tan5 (%4—%)) _ 8(tan7(f7$+%)) +2(tan9 (%-ﬁ-%))
norman ! £ L £ 111

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(f*x+e) 4% (-4+3xsec(f*x+e)”2),x,method=_RETURNVERBOSE)
[Out] 1/f*(-(cos(f*xx+e) ~3+3/2%cos(f*x+e))*sin(f*x+e)+3/2*cos (f*x+e)*sin(f*x+e))
Maxima [A]

time = 0.28, size = 36, normalized size = 1.89

tan (fx + e)
(tan (fz +e)* + 2 tan (fz +¢€)* + 1) f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(f*x+e) “4*(-4+3*sec(f*x+e)”2),x, algorithm="maxima")
[Out] -tan(f*x + e)/((tan(f*x + e)”4 + 2xtan(f*x + e)”2 + 1)xf)
Fricas [A]
time = 2.71, size = 21, normalized size = 1.11
cos (fz + €)’sin (fz + €)
f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(f*x+e) “4*(-4+3xsec(f*x+e)”2),x, algorithm="fricas")
[Out] -cos(f*x + e)~3*sin(f*x + e)/f

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (3sec’® (e + fz) — 4) cos* (e + fz)dz

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(cos(f*x+e)**4x(-4+3*sec(f*x+e)**2) ,x)

[Out] Integral((3*sec(e + f*x)**2 - 4)*xcos(e + f*xx)**4, x)

Giac [A]
time = 0.42, size = 23, normalized size = 1.21
tan (fz + e)

(tan (fz +e)® + 1)2f

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(cos(f*x+e) “4*(-4+3*sec(f*x+e)”2),x, algorithm="giac")
[Out] -tan(f*x + e)/((tan(f*x + e)~2 + 1)72xf)

Mupad [B]
time = 2.35, size = 19, normalized size = 1.00

_cos(e+ fx)? sin (e + f )
f

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(e + f*x)~4x(3/cos(e + f*x)~2 - 4),x)
[Out] -(cos(e + f*xx)~3*sin(e + f*x))/f
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3.36 [ cos®(e + fx) (=5 +4sec’(e + fz)) dx

Optimal. Leaf size=19
_cos*(e + fx)sin(e + fz)
f

[Out] -cos(f*x+e) “4xsin(f*x+e)/f

Rubi [A]
time = 0.02, antiderivative size = 19, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.048,

steps used = 1, number of rules used = 1, integrand size = 21,
Rules used = {4128}

_sin(e + fz) cos’ (e + fx)
f

Antiderivative was successfully verified.

[In] Int[Cos[e + f*x]~“5%(-5 + 4xSec[e + f*x]~2),x]
[Out] -((Cos[e + f*x]~4*Sin[e + f*x])/f)

Rule 4128

Int[(cscl(e_.) + (£_)*x(x_)I*(b_.))"(m_.)*(cscl(e_.) + (£f_.)*(x_)]"2x(C_.)
+ (A_)), x_Symbol] :> Simp[A*Cot[e + fxx]*((bxCscle + f*x]) m/(f*m)), x] /;
FreeQ[{b, e, f, A, C, m}, x] && EqQ[C*m + Ax(m + 1), 0]

Rubi steps

_cos’(e + fx)sin(e + fz)
f

/0055(6 + fz) (=5 + 4sec’(e + fz)) dz =

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 59 vs. 2(19) =
38.
time = 0.02, size = 59, normalized size = 3.11

7sin(e + fz) 4sin®(e+ fz) 25sin(3(e + fz)) sin(5(e + fz))
8f B 3f B 48f B 16f

Antiderivative was successfully verified.

[In] Integrate[Cos[e + f*x]~5*%(-5 + 4xSec[e + fx*x]~2),x]

[Out] (7*Sin[e + f*x])/(8*f) - (4*Sinf[e + f*xx]~3)/(3*f) - (25%Sin[3*(e + f*xx)])/(
48+f) - Sin[5*(e + f*x)]/(16%f)
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Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 51 vs.
2(19) = 38.
time = 0.57, size = 52, normalized size = 2.74

method result Siz¢
. sin(fz+e) sin(5 fz+5€) 3sin(3fz+3e)
risch — s 167 — 167 41
5052 xT e COS2 xT e Sin xT €
~ < 5 4 cost (fabe)+ w ) sin(fa:+e)+4(2+ G Z )) sin(fa-+e)
derivativedivides 7 52
2 2 .
_ <§+cos4(fx+e)+4(cos (3fz+e)) > sin(fx+e)+4(2+cos (fa:-;e)) sin(fz+e)
default 7 52
2tan(f7w+%) IO(tans(%—f—%)) 20(tan5 %-ﬁ-%)) 20(tan7(%+%)) IO(tang(sz{—%)) 2(tan11(f7w+%))
i - ; + i - ; + ; - ; -
norman = 127
(1+tan2(L2+5))" (tan2 (L2 +5)-1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(f*x+e) 5x(-5+4xsec(f*x+e)”2),x,method=_RETURNVERBOSE)
[Out] 1/f*(-(8/3+cos(f*x+e) ~4+4/3*cos (f*xx+e) ~2)*sin(f*x+e)+4/3*(2+cos(f*x+e) ~2)*s
in(f*x+e))
Maxima [A]
time = 0.28, size = 33, normalized size = 1.74
sin (fz +e)® — 2 sin (fz + e)® + sin (fz + €)
f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(f*x+e) 5% (-5+4*sec(f*x+e)~2),x, algorithm="maxima")

[Out] -(sin(f*x + e)”5 - 2%sin(f*x + e)~3 + sin(f*x + e))/f

Fricas [A]
time = 2.73, size = 21, normalized size = 1.11
_ cos (fz + €)*sin (fz + €)
f

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(cos(f*x+e) 5% (-5+4*sec(f*x+e)~2),x, algorithm="fricas")
[Out] -cos(f*x + e) 4*xsin(f*x + e)/f

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (4sec’ (e + fzr) — 5) cos® (e + fz)dz



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(f*x+e)**5x(-5+4*sec(f*x+e)**2),x)

[Out] Integral((4*sec(e + f*x)**2 - 5)*cos(e + f*x)**5, x)

Giac [A]
time = 0.45, size = 30, normalized size = 1.58

_sin(fz+e)5—2sin(fm+e)3+sin(fw+e)
f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(f*x+e) 5*(-5+4*sec(f*x+e)”2),x, algorithm="giac")

[Out] -(sin(f*x + e€)°5 - 2*%sin(f*x + e)~3 + sin(f*x + e))/f

Mupad [B]
time = 2.42, size = 23, normalized size = 1.21

_sin(e+ f ) (sin (e + fx)* — 1)2
f

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(e + f*x)“5*(4/cos(e + f*x)~2 - 5),x)
[Out] -(sin(e + f*x)*(sin(e + f*x)~2 - 1)°2)/f
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3.37 [ sec®*(c+dzx) (B sec(c + dz) + Csec(c + dz)) dx

Optimal. Leaf size=85

3Ctanh™'(sin(c 4+ dz)) Btan(c+dz) 3Csec(c+ dz)tan(c+dr) Csec’(c+ dz)tan(c+dr) Btan®
8d d + 8d + 4d + ‘

[Out] 3/8*C*arctanh(sin(d*x+c))/d+Bxtan(d*x+c)/d+3/8*Cxsec(d*x+c)*tan(d*x+c)/d+1/
4xC*sec (d*x+c) ~3*tan (d*x+c) /d+1/3*Bxtan (d*x+c) ~3/d

Rubi [A]
time = 0.05, antiderivative size = 85, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.179,

steps used = 7, number of rules used = 5, integrand size = 28,
Rules used = {4132, 3852, 12, 3853, 3855}

Btan®(c+dz) Btan(c+dzr) 3Ctanh !(sin(c+dz)) Ctan(c+ dz)sec’(c+dx) 3Ctan(c+ dz)sec(c+ dz)
3d + d + 8d + 4d + 8d

Antiderivative was successfully verified.
[In] Int[Sec[c + d*x] 3*(B*Sec[c + d*x] + CxSec[c + d*x]~2),x]

[Out] (3*CxArcTanh([Sin[c + d*x]])/(8*d) + (B*Tan[c + d*x])/d + (3*CxSec[c + d*x]*
Tan[c + d*x])/(8*%d) + (C*Secl[c + d*x] 3*xTan[c + d*x])/(4*d) + (BxTan[c + dx*
x]73)/(3x*d)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x~2)"(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQl{c,
d}, x] && IGtQ[n/2, 0]

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + dx
x]*((b*Csclc + d*x])"(n - 1)/(d*(n - 1))), x] + Dist[b™2x((n - 2)/(n - 1)),
Int[(b*Csclc + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2x*n]

Rule 3855

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]
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Rule 4132

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.))"(m_.)*((A_.) + cscl(e_.) + (£f_.)*(x_)]1*
(B_.) + cscl(e_.) + (£f_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + fxx])"(m + 1), x], x] + Int[(b*Cscle + f*x])"m*(A + C*Cscle + f*x]~2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps

/sec3(c + dz) (Bsec(c + dz) + C'sec’(c+ dz)) dz = B / sec!(c + dr) dr + /Csec5(c + dz) dx

BSubst( [ (1 + 2?) dz,z,—t
:C’/sec5(c+dx)dx— ubst (J ( +x)dxx ‘
Btan(c+dz) Csec®(c+dzx)tan(c+dz) Btan
= + +
d 4d
Btan(c+dz) 3Csec(c+dzx)tan(c+dz) Csec
= + +
d 8d
3Ctanh '(sin(c+dz)) Btan(c+dz) 3Csec(c
- 8d * d *

Mathematica [A]
time = 0.17, size = 76, normalized size = 0.89

C'sec®(c + dz) tan(c + dx) N 3C (tanh™(sin(c + dz)) + sec(c + dz) tan(c + dz)) N B(tan(c + dz) + 3 tan®(c + dz))
4d 8d d

Antiderivative was successfully verified.

[In] Integrate[Sec[c + d*x]~3*(B*Sec[c + d*x] + C*Sec[c + d*x]~2),x]

[Out] (CxSec[c + d*x]~3*Tan[c + d*x])/(4*d) + (3*C*(ArcTanh[Sin[c + d*x]] + Seclc
+ d*x]*Tan[c + d*x]))/(8*%d) + (B*(Tan[c + d*x] + Tan[c + d*x]~3/3))/d

Maple [A]
time = 0.39, size = 73, normalized size = 0.86

method result

_B (_2_ (sec2 (derC)) > tan(dw+c)+C <_ (_ (secs(dw+c)) _ 3sec(éix+c)> t_Ja‘n(da:_+_c)_’_3ln(sec(da:+c8)Jr‘can(da:Jrc))>

3 3 4
derivativedivides

d

sec?(dz+c sec3 (dz+c
_B <_§— ( (3 + )) ) ta.n(d:c—{—c)—l—C <_ (_ ( C (4 + )) _35ec(éiz+c)> taIl(dz_+_c)_’_3ln(sec(daH—cSH—tan(daH—c))>

default

d
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_ 1,(9C e7i(dz+c) +33C ebildz+c) _y8 B edi(dz+c) _33( ¢3i(dz+c) _g4B e2i(dz+c) _g( gi(dz+c) —16B) 3In (ei(da:+c) _

risch

12d(e2i(dz+e) 41)* 8d
(8B-5C)(tan” (9 +5))  (8B+5C)tan(9E+§) (40B—-9C)(tan® (4 +4§)) | (40B+90)(tan® (42 +5)) 3Cln(tan(f
norman _ 4d + 4ad — 412d + 12d _
(ten(%+5)-1) "

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sec(d*x+c) ~3*(B*sec(d*x+c)+Cxsec(d*x+c)~2),x,method=_RETURNVERBOSE)

[Out] 1/d*x(-B*(-2/3-1/3*sec(d*x+c) ~2)*tan(d*x+c)+Cx(-(-1/4*sec(d*x+c) ~3-3/8*xsec(d
*x+c) ) *tan (d*x+c)+3/8*1n (sec (d*x+c)+tan (d*x+c))))

Maxima [A]
time = 0.28, size = 95, normalized size = 1.12

2 (3 sin(dz+c)3—5 sin(dz+c))
sin(dz+c)*—2 sin(dz+c)?+1

48d

16 (tan (dz + ¢)* + 3 tan (dz + ¢)) B — 3C< — 3 log (sin (dz + ¢) + 1) + 3 log (sin (dz + ¢) — 1))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c) ~3*(B*sec(d*x+c)+Cksec(d*x+c)”2),x, algorithm="maxima")

[Out] 1/48%(16*(tan(d*x + c)~3 + 3xtan(d*x + c))*B - 3*C*(2*(3*sin(d*x + ¢c)°3 - 5
*sin(d*x + c))/(sin(d*x + c)"4 - 2*sin(d*x + c)~2 + 1) - 3*log(sin(d*x + c)

+ 1) + 3xlog(sin(d*x + c) - 1)))/d

Fricas [A]

time = 2.73, size = 99, normalized size = 1.16

9C cos (dz + ¢)*log (sin (dz + ¢) + 1) — 9C cos (dz + ¢)* log (— sin (dz +¢) + 1) + 2 (16 B cos (dz + ¢)® +9C cos (dz + ¢)* + 8 Bcos (dz + ¢) + 6C) sin (dz + c)
48d cos (dz + ¢)*

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c) ~3*(B*sec(d*x+c)+Cksec(d*x+c)”2),x, algorithm="fricas")

[Out] 1/48%(9*C*cos(d*x + c) 4xlog(sin(d*x + c) + 1) - 9*Cxcos(d*x + c) 4*log(-si
n(d*x + c) + 1) + 2x(16*Bxcos(d*x + c)~3 + 9xCkcos(d*x + c)~2 + 8*B*cos(d*x
+ c) + 6xC)*sin(d*x + c))/(d*cos(d*x + c)~4)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (B + C'sec (c + dx)) sec* (c + dz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c)**3*(Bxsec(d*x+c)+C*sec(d*x+c)**2) ,x)
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[Out] Integral((B + Cxsec(c + d*x))*sec(c + d*xx)**4, x)

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 164 vs. 2(77) =

154.
time = 0.45, size = 164, normalized size = 1.93

2 (24ch(;a+%c)’-1scmn(%dz+%c)’-AuBcan(%dz+%c)‘*-wcm(%d1+%c)5+4uman(% dot+lo)’~9Ctan(d du+ o)’ ~24 Btan(} do+1 o) -15Ctan(S dot1c))

(tan(F et} o))"

9C1log ([tan (2dz + 1c) +1|) —9Clog ([tan (3 dz + 3 c) —1]) —

24d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c) ~3*(B*sec(d*x+c)+C*xsec(d*x+c)~2),x, algorithm="giac")

[Out] 1/24%(9*Cxlog(abs(tan(1/2*d*x + 1/2*%c) + 1)) - 9*Cxlog(abs(tan(1/2xd*x + 1/
2%c) - 1)) - 2x(24xBxtan(1/2*d*x + 1/2*c)”7 - 15%Cxtan(1/2*d*x + 1/2%c)”7 -
40*%Bxtan(1/2*d*x + 1/2%c)”5 - 9*Ckxtan(1/2xd*x + 1/2%c)”5 + 40*Bxtan(1/2*d*

X + 1/2xc)”3 - 9*xCxtan(1/2*d*x + 1/2%c)"3 - 24*Bxtan(1/2*xd*x + 1/2xc) - 15%
Cxtan(1/2*xd*x + 1/2*c))/(tan(1/2*%d*x + 1/2*c)"2 - 1)"4)/d

Mupad [B]
time = 4.94, size = 153, normalized size = 1.80

2

4d d (tan (§+%’)8—4tan (§+%z)6+6tan (¢+ )4—4 an (§+7’”)2+1>

3Catanh(tan(s + %)) _ (25— °¢) tan(5+ %)+ (<152 — 32) tan(5 + %)° + (12 — %) tan(5+ %)’ + (<25 = °F) tan(5 + %)
do t
2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B/cos(c + d*x) + C/cos(c + d*x)~2)/cos(c + d*x)~3,x)

[Out] (3*C*xatanh(tan(c/2 + (d*x)/2)))/(4xd) - (tan(c/2 + (d*x)/2)"7*(2%B - (5xC)/
4) + tan(c/2 + (d*x)/2)"3*%((10*B)/3 - (3%C)/4) - tan(c/2 + (d*x)/2) " 5x((10*

B)/3 + (3%C)/4) - tan(c/2 + (d*x)/2)*(2*B + (5%C)/4))/(d*(6*tan(c/2 + (d*x)

/2)"4 - 4xtan(c/2 + (d*x)/2)"2 - 4xtan(c/2 + (d*x)/2)"6 + tan(c/2 + (d*x)/2

)78 + 1))
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3.38 [ sec?(ct+dzx) (B sec(c + dz) + Csec*(c + dz)) dx

Optimal. Leaf size=63

Btanh™'(sin(c + dz)) + C'tan(c + dx) + Bsec(c + dz) tan(c + dz) n C tan®(c + dx)
2d d 2d 3d

[Out] 1/2*B*arctanh(sin(d*x+c))/d+Cxtan(d*x+c)/d+1/2*Bxsec(d*x+c)*tan(d*x+c)/d+1/
3xCxtan (d*x+c)~3/d

Rubi [A]
time = 0.04, antiderivative size = 63, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.179,

steps used = 6, number of rules used = 5, integrand size = 28
Rules used = {4132, 3853, 3855, 12, 3852}

Btanh™!(sin(c + dz)) + Btan(c + dz) sec(c + dx) + Ctan®(c+dz) Ctan(c+ dx)
2d 2d 3d d

Antiderivative was successfully verified.
[In] Int[Secl[c + d*x] " 2x(BxSec[c + d*xx] + CxSec[c + d*x]~2),x]

[Out] (BxArcTanh[Sin[c + d*x]])/(2%d) + (CxTan[c + d*x])/d + (B*Sec[c + d*x]*Tan[
c + d*xx])/(2xd) + (C*Tan[c + d*x]~3)/(3*d)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
QLu, (b_)*(v_) /; FreeQ[b, x]]

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d"(-1), Subst[Int[Expa
ndIntegrand[(1 + x72)"(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQl[{c,
d}, x] && IGtQ[n/2, 0]

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Csclc + d*x])"(n - 1)/(d*(n - 1))), x] + Dist[b™2x((n - 2)/(n - 1)),
Int[(b*Csclc + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2+n]

Rule 3855

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]
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Rule 4132

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.))"(m_.)*((A_.) + cscl(e_.) + (£f_.)*(x_)]1*
(B_.) + cscl(e_.) + (£f_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + fxx])"(m + 1), x], x] + Int[(b*Cscle + f*x])"m*(A + C*Cscle + f*x]~2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps

/secz(c + dz) (Bsec(c + dz) + C'sec’(c+ dz)) dz = B / sec’(c + dr) dr + /Csec4(c + dz) dx

_ Bsec(c+ dz) tan(c + dz)
B 2d
Btanh™!(sin(c + dz))  Bsec(c + dz)tan(c + dx)
- + -
2d 2d
Btanh™'(sin(c + dr)) = Ctan(c+dzx) Bsec(c+
- 2d e 7

+ %B/sec(c+ dx)dz +

Mathematica [A]
time = 0.11, size = 60, normalized size = 0.95

Btanh '(sin(c+ dz))  Bsec(c+dz)tan(c+dz) C(tan(c+ dz) + 3 tan’(c + dx))
2d " 2d - d

Antiderivative was successfully verified.

[In] Integrate[Sec[c + d*x]~2*(B*Sec[c + d*x] + C*Sec[c + d*x]~2),x]

[Out] (BxArcTanh[Sin[c + d*x]])/(2*d) + (B*Sec[c + d*x]*Tan[c + d*xx])/(2xd) + (Cx
(Tan[c + d*x] + Tan[c + d*x]~3/3))/d

Maple [A]
time = 0.41, size = 60, normalized size = 0.95

method result

sec2 Tt+C
- % - (<3d+>)) tan(dz+c)

B ( sec(d:v+c)2tan(d<v+c) + ln(sec(d:v—i—c);—tan(d:v-i—c)) ) —C <

derivativedivides 3

B ( sec(dw+c)2tan(dz+c) + ln(sec(d:t+c)2+tan(dz+c)) ) _C <_§_ (sec2(:x+c>) > tan(dw—l—c)
default v

i(3B e%i(dz+e) _12C e2i(da+e) _3 B eildzte) _4C) 4 Bln(e'(de+e)44)  Bln(eH(do+e) )
- 3d(e2i(dm+c)+1)3 2d 2d

risch
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(p-20)(ten? (§+5))  40(wn® (F+5)) _(Er20)ien($+5)  pin(tan(%45)-1) | Bin(tan(%+)+1)

(mﬁ(%jg)_gs 5 + 2d

norman

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sec(d*x+c) 2x(Bxsec(d*x+c)+Cxsec(d*x+c)~2),x,method=_RETURNVERBOSE)

[Out] 1/dx(Bx(1/2*sec(d*x+c)*tan(d*x+c)+1/2x1n(sec(d*x+c)+tan(d*x+c)))-Cx(-2/3-1/
3xsec(d*xx+c) ~2)*xtan(d*x+c))

Maxima [A]

time = 0.28, size = 70, normalized size = 1.11

4 (tan (dz +¢)* + 3 tan (dz + ¢)) C — 33(% — log (sin (dz + ¢) + 1) + log (sin (dz + ¢) — 1))

124d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c) ~2*(B*sec(d*x+c)+Cxsec(d*x+c)~2),x, algorithm="maxima")

[Out] 1/12%x(4*(tan(d*x + c)~3 + 3*xtan(d*x + c))*C - 3*B*(2*sin(d*x + c)/(sin(d*x
+¢c)”2 - 1) - log(sin(d*x + ¢) + 1) + log(sin(d*x + c) - 1)))/d

Fricas [A]
time = 2.68, size = 88, normalized size = 1.40

3 B cos (dz + ¢)* log (sin (dz + ¢) + 1) — 3 B cos (dz + )’ log (— sin (dz + ¢) + 1) + 2 (4C cos (dz + ¢)* + 3 Bcos (dz + ¢) + 2 C) sin (dz + )
12d cos (dz + ¢)®

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c) ~2*(B*sec(d*x+c)+Cxsec(d*x+c)~2),x, algorithm="fricas")

[Out] 1/12%(3*B*cos(d*x + c)~3*log(sin(d*x + c) + 1) - 3*Bxcos(d*x + c) 3*log(-si
n(d*x + c) + 1) + 2%(4*Cxcos(d*x + c)~2 + 3*B*cos(d*x + c) + 2xC)*sin(d*x +
c))/(d*cos(d*x + c)~3)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (B + C'sec (c + dx)) sec® (c + dz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c)**2x(Bxsec(d*x+c)+C*sec(d*x+c)**2) ,x)

[Out] Integral((B + Cxsec(c + d*x))*sec(c + d*xx)**3, x)
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Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 122 vs. 2(57) =

114.
time = 0.48, size = 122, normalized size = 1.94

anlzlcs— anl lC5 anlzlca— anlzlc— anlzlc
3Blog (|tan (3 dz + ¢) + 1|) — 3 Blog (Jtan (3 dz + 1 ¢) —1|)+2(3Bt s 00w )<t:i(itdzii):jl>>s 2B ten(}det} )60 tm(} et o)
2 2
6d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c) ~2*(B*sec(d*x+c)+Cxsec(d*x+c)~2),x, algorithm="giac")
[Out] 1/6%(3*B*log(abs(tan(1/2*d*x + 1/2xc) + 1)) - 3*Bxlog(abs(tan(1/2*d*x + 1/2
*xc) - 1)) + 2%(3*Bxtan(1/2*d*x + 1/2%c)~5 - 6*Cxtan(1/2*d*x + 1/2%c)”5 + 4%
Cxtan(1/2xd*x + 1/2%c)~3 - 3*Bxtan(1/2xd*x + 1/2xc) - 6xCxtan(1/2%d*x + 1/2
*c))/(tan(1/2*d*x + 1/2%c)"2 - 1)~3)/d

Mupad [B]
time = 4.19, size = 109, normalized size = 1.73

5 4Ctan<9+d—x>3
Batanh (tan (5 + <)) L (B-20) tan (5 + 4%)° + 272 4 (=B —-20C) tan(g + %)
’  (san (5-+%)" ~3tan (5 + )" + 31am (5 + )" - 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B/cos(c + d*x) + C/cos(c + d*xx)~2)/cos(c + d*x)"2,x)

[Out] (Bxatanh(tan(c/2 + (d*x)/2)))/d + ((4xCxtan(c/2 + (d*x)/2)"3)/3 - tan(c/2 +
(d*x)/2)*(B + 2*C) + tan(c/2 + (d*x)/2)°5%x(B - 2%C))/(d*(3*tan(c/2 + (d*x)

/2)"2 - 3*tan(c/2 + (d*x)/2)"4 + tan(c/2 + (d*x)/2)76 - 1))
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3.39 [ sec(c+dzx) (Bsec(c + dzx) + C'sec’(c + dzx)) dx

Optimal. Leaf size=47

C tanh™(sin(c + dz)) + Btan(c + dz) N C'sec(c + dzx) tan(c + dx)
2d d 2d

[Out] 1/2*Cxarctanh(sin(d*x+c))/d+B*tan(d*x+c)/d+1/2*Ckxsec(d*x+c)*tan(d*x+c)/d

Rubi [A]
time = 0.03, antiderivative size = 47, normalized size of antiderivative = 1.00, number of

number of rules _ 937
> integrand size ’

steps used = 6, number of rules used = 6, integrand size = 26
Rules used = {4132, 3852, 8, 12, 3853, 3855}

Btan(c+dz) Ctanh™'(sin(c+dz)) C'tan(c+ dz)sec(c+ dx)
i 2d * 2d

Antiderivative was successfully verified.
[In] Int[Sec[c + d*x]*(B*Sec[c + d*x] + C*Sec[c + d*x]~2),x]

[Out] (CxArcTanh[Sin[c + d*x]])/(2%d) + (BxTan[c + d*x])/d + (C*Sec[c + d*x]*Tan[
c + d*x])/(2%d)

Rule 8
Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
QLu, (b_)*(v_) /; FreeQlb, x]]

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x~2)~(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQl{c,
d}, x] && IGtQ[n/2, 0]

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Csclc + d*x])"(n - 1)/(d*(n - 1))), x] + Dist[b™2*%((n - 2)/(n - 1)),
Int[(b*Cscl[c + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2+n]

Rule 3855
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Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, 4}, x]

Rule 4132

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.)) " (m_.)*((A_.) + cscl[(e_.) + (f_.)*(x_)]1*
(B_.) + cscl(e_.) + (f_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + £xx])"(m + 1), x], x] + Int[(b*Cscl[e + f*x]) m*(A + CxCsc[e + f*xx]"2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps

/sec(c + dz) (Bsec(c + dz) + C'sec’(c + dz)) dz = B / sec?(c + dz) dr + /C’ sec(c + dz) dz
BSubst([ 1 dac z, —tan(c + da

=C’/sec3(c+dx)dx—

Btan(c+dz) C'sec(c+ dz)tan(c+ dm /
= + _C
d 2d
Ctanh™'(sin(c + dz)) = Btan(c+dr) Csec(c+a
- 2d * d -

Mathematica [A]
time = 0.02, size = 47, normalized size = 1.00

C tanh™(sin(c + dz)) 4 Btan(c+ dz) 4 C'sec(c + dz) tan(c + dz)
2d d 2d

Antiderivative was successfully verified.

[In] Integrate[Sec[c + d*x]*(BxSec[c + d*x] + C*Sec[c + d*x]~2),x]

[Out] (CxArcTanh[Sin[c + d*x]])/(2%d) + (BxTan[c + d*x])/d + (C*Sec[c + d*x]*Tan[
c + dxx])/(2*xd)

Maple [A]
time = 0.37, size = 47, normalized size = 1.00

method result size
. . L B tan(dz—i—c)—i—C sec(dz+c) tan(dz+c) + In(sec(dz+c)+tan(dz+c))
derivativedivides ( - — 2 ) 47

B tan(dm+c)+c<sec(dz+c)2tan(dz+c) + 1n(sec(dz+c)2+tan(dz+c)) >

default | 47
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(2B+C)tan(i}+g)_(2B—c)(tan3(d7m+%)) Cln(tan<%ﬂ”+g)—1) Cln(tan(%ﬂ”-}-g)ﬂ) 96

norman d 54 +
(ta.n2 (‘%’”-l—%)—l) 2d 2d
i(CeSi(d:c+c) —92B e2i(da:+c) -C ei(dz+c) —QB) ln(ei(dx+c)+i)c ln(ei(dx+c) —Z)C 98
o 2d o 2d

risch d(2HE= T 41)°

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sec(d*x+c)x*(B*sec(d*x+c)+C*xsec(d*x+c)~2),x,method=_ RETURNVERBOSE)
[Out] 1/d*(Bxtan(d*x+c)+Cx(1/2*sec(d*x+c)*tan(d*x+c)+1/2*%1n(sec(d*x+c)+tan(d*x+c)
)))

Maxima [A]
time = 0.29, size = 58, normalized size = 1.23

2sin(dede) oo (sin (dz +c) + 1) + log (sin (dz +¢) — 1)) — 4 Btan (dz + ¢
sin(dz+c)“—1
4d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c)*(B*sec(d*x+c)+C*ksec(d*x+c)~2),x, algorithm="maxima")
[Out] -1/4%(Cx(2*sin(d*x + c)/(sin(d*x + c)”2 - 1) - log(sin(d*x + c) + 1) + log(
sin(d*x + ¢) - 1)) - 4xBxtan(d*x + c))/d

Fricas [A]
time = 4.00, size = 74, normalized size = 1.57

C cos (dz + ¢)*log (sin (dz + ¢) 4+ 1) — C cos (dz + ¢)* log (— sin (dz + ¢) + 1) + 2 (2 B cos (dz + ¢) + C) sin (dz + ¢)
4dcos (dz + c)*

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c)*(Bxsec(d*x+c)+C*ksec(d*x+c)~2),x, algorithm="fricas")

[Out] 1/4*(Cxcos(d*x + c)~2*log(sin(d*x + c) + 1) - Ckcos(d*x + c) 2xlog(-sin(d*x
+ c) + 1) + 2x(2#Bxcos(d*x + c) + C)*sin(d*x + c))/(d*cos(d*x + c)~2)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (B + C'sec (c + dx)) sec? (c + dz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c)*(B*sec(d*x+c)+Cksec(d*x+c)**2),x)

[Out] Integral((B + Cxsec(c + d*x))*sec(c + d*xx)**2, x)
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Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 107 vs. 2(43) =

86.
time = 0.46, size = 107, normalized size = 2.28

anl X lCS— anl L lC3— anl X lC— anl X lc
o (1 (s -+ §) +1) = C1og fran (} do-+ ) 1) - Loz Costh ot o)
2 2

2d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c)*(Bxsec(d*x+c)+C*xsec(d*x+c)~2),x, algorithm="giac")
[Out] 1/2*%(C*log(abs(tan(1/2xd*x + 1/2%c) + 1)) - Cklog(abs(tan(1/2xd*x + 1/2xc)
- 1)) - 2x(2xBxtan(1/2*d*x + 1/2%c)~3 - Cxtan(1/2*d*x + 1/2%c)~3 - 2xBxtan(
1/2%d*x + 1/2%c) - Cxtan(1/2*d*x + 1/2%c))/(tan(1/2*d*x + 1/2%c)"2 - 1)72)/

d

Mupad [B]
time = 3.04, size = 85, normalized size = 1.81

C atanh (tan (% + 42)) B tan (£ + %’”)3 (2B—-C)—tan(¢+%) (2B+C)
d d (tan(§+d7“”)4—2tan (£+

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B/cos(c + d*x) + C/cos(c + d*x)~2)/cos(c + d*x),x)

[Out] (Cxatanh(tan(c/2 + (d*x)/2)))/d - (tan(c/2 + (d*x)/2)"3*(2*B - C) - tan(c/2
+ (d*x)/2)*(2*%B + C))/(d*(tan(c/2 + (d*x)/2)"4 - 2*tan(c/2 + (d*x)/2)"2 +

1))
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3.40 [ (Bsec(c+ dz) + Csec?(c + dz)) dx

Optimal. Leaf size=24

Btanh™'(sin(c +dz)) C'tan(c+ dz)
d + d

[Out] B*arctanh(sin(d*x+c))/d+Cxtan(d*x+c)/d
Rubi [A]

time = 0.01, antiderivative size = 24, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.158,

steps used = 4, number of rules used = 3, integrand size = 19,
Rules used = {3855, 3852, 8}

Btanh™'(sin(c +dz)) Ctan(c+ dz)
d + d

Antiderivative was successfully verified.

[In] Int[B*Sec[c + d*x] + C*Sec[c + d*x]~2,x]

[Out] (B*ArcTanh[Sin[c + d*x]])/d + (CxTan[c + dxx])/d
Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 3855

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

Rubi steps

/ (Bsec(c + dz) + Csec*(c+ dz)) dz = B / sec(c+ dx)dzx + C / sec’(c + dz) dz

_ Btanh '(sin(c+dz)) CSubst([ 1dz,z, — tan(c + dz))
B d - d

Btanh™'(sin(c +dz)) C'tan(c+ dz)
- d T4
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Mathematica [A]
time = 0.01, size = 24, normalized size = 1.00

Btanh™'(sin(c +dz))  Ctan(c+ dz)
d d

Antiderivative was successfully verified.

[In] Integrate[B*Sec[c + d*x] + CxSec[c + d*x]~2,x]
[Out] (BxArcTanh[Sin[c + d*x]])/d + (CxTan[c + d*x])/d

Maple [A]
time = 0.33, size = 32, normalized size = 1.33

method result size
derivativedivides | £ ln(se"(d”‘:)“an(;m“))+C tan(da+c) 30
default Bln(sec(d“fi)ﬂan(dwﬂ)) e tanslderc) 39
. Bln(ei(dz+c) —i) Bln(ei(derc)_'_i) 920
risch o d d + (o2t 1) 59
2tan(+g) | Binfan($+5))  Bwn(an(f+s)-)
norman — . + : _ k 67
d(tan2<7”+%>—1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(B*sec(d*x+c)+C*sec(d*x+c)~2,x,method=_RETURNVERBOSE)
[Out] B/d*1n(sec(d*x+c)+tan(d*x+c))+C*tan(d*x+c)/d

Maxima [A]
time = 0.28, size = 31, normalized size = 1.29

Blog (sec (dz + ¢) + tan (dz + ¢)) n C'tan (dx + c)
d d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(B*sec(d*x+c)+C*sec(d*x+c)~2,x, algorithm="maxima")
[Out] B*log(sec(d*x + c) + tan(d*x + c))/d + Cxtan(d*x + c)/d

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 60 vs.
2(24) = 48.
time = 3.99, size = 60, normalized size = 2.50

B cos (dx + c) log (sin (dz + ¢) + 1) — B cos (dz + ¢) log (—sin (dz + ¢) + 1) + 2 C'sin (dz + ¢)
2dcos(dz + ¢)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(B*sec(d*x+c)+C*sec(d*x+c)~2,x, algorithm="fricas")

[Out] 1/2*%(B*cos(d*x + c)*log(sin(d*x + c) + 1) - B*cos(d*x + c)*log(-sin(d*x + c
) + 1) + 2%C*xsin(d*x + c))/(d*cos(d*x + c))

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (B + C'sec(c+ dz)) sec (c + dz) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(B*sec(d*x+c)+C*sec(d*x+c)**2,x)
[Out] Integral((B + C*sec(c + d*x))*sec(c + d*x), x)

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 57 vs. 2(24) = 48.

time = 0.49, size = 57, normalized size = 2.38
B (log (

Verification of antiderivative is not currently implemented for this CAS.

sm(dw-f-c) + sin (d.T + C - 2‘)) n Ctan (dx + C)
d

Sm(dﬁc) + sin (dz + ¢) +2‘> — log(
4d

[In] integrate(B*sec(d*x+c)+C*sec(d*x+c)~2,x, algorithm="giac")

[Out] 1/4*Bx(log(abs(1/sin(d*x + c) + sin(d*x + c) + 2)) - log(abs(1/sin(d*x + c)
+ sin(d*x + ¢) - 2)))/d + Cxtan(d*x + c)/d

Mupad [B]
time = 2.41, size = 47, normalized size = 1.96
2 Batanh(tan($ + 4%)) 2C'tan(§ + 42)
d d (tan (§+7x)2—1>

Verification of antiderivative is not currently implemented for this CAS.

[In] int(B/cos(c + d*x) + C/cos(c + d*x)~2,x)
[Out] (2*B*atanh(tan(c/2 + (d*x)/2)))/d - (2xC+tan(c/2 + (d*x)/2))/(d*(tan(c/2 +

(d*x)/2)72 - 1))
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3.41 [ cos(ct+dz) (Bsec(c + dz) + Csec(c + dz)) dx

Optimal. Leaf size=16
C tanh ™' (sin(c + dz))

B
T+ d

[Out] B*x+C*arctanh(sin(d*x+c))/d
Rubi [A]

time = 0.02, antiderivative size = 16, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.154,

steps used = 4, number of rules used = 4, integrand size = 26
Rules used = {4132, 8, 12, 3855}

C tanh™(sin(c + dz))

B
T+ P

Antiderivative was successfully verified.

[In] Int[Cosl[c + d*x]*(B*Sec[c + d*x] + C*Secl[c + d*x]~2),x]
[Out] B*x + (CxArcTanh[Sin[c + d*x]])/d

Rule 8

Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 3855

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

Rule 4132

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.))"(m_.)*((A_.) + cscl[(e_.) + (f_.)*(x_)]x*
(B_.) + cscl(e_.) + (£f_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + £xx])~"(m + 1), x], x] + Int[(bxCscl[e + f*x]) m*(A + CxCscl[e + f*xx]"2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps



/cos(c + dz) (Bsec(c+ dz) + Csec’(c+ dz)) dz = B / ldz + /Csec(c +dz) dx

Mathematica [A]

= Bz + C’/sec(c-l— dx) dz

=Bz +

C tanh™' (sin(c + dz))

time = 0.00, size = 16, normalized size = 1.00

C tanh™ (sin(c + dz))

T+

Antiderivative was successfully verified.

d

d

[In] Integrate[Cos[c + d*x]*(BxSec[c + d*x] + C*Sec[c + d*x]~2),x]
[Out] B*x + (CkArcTanh[Sin[c + d*x]])/d
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Maple [A]

time = 0.24, size = 29, normalized size = 1.81
method result size
derivativedivides C ln(sec(dm+c)+ta;1(d:1:+c))+B(da:+c) 29
default C ln(sec(dz—l—c)+ta;1(dac+c))+B(dm+c) 29
risch Bz + ln(ei(dic)"'i)c _ ln(ei(dzzc)—i)c 42
norman Bx(tan‘l(%’”—l—g))—Bx Cln(tan(%’”+§)+1) _ Cln(tan(%’”+§>—1) 87

(e 9) (e (o)) d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(d*x+c)*(B*sec(d*x+c)+Cxsec(d*x+c)~2),x,method= RETURNVERBOSE)
[Out] 1/d*(C*1ln(sec(d*x+c)+tan(d*x+c))+B*x(d*x+c))

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 37 vs.

2(16) = 32.

time = 0.28, size = 37, normalized size = 2.31

2 (dz + ¢)B + C(log (sin (dz + ¢) + 1) — log (sin (dz + ¢) — 1))

2d

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(cos(d*x+c)*(Bxsec(d*x+c)+C*xsec(d*x+c)~2),x, algorithm="maxima")
[Out] 1/2%(2*(d*x + c)*B + Cx(log(sin(d*x + c) + 1) - log(sin(d*x + c) - 1)))/d
Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 36 vs.

2(16) = 32.
time = 2.93, size = 36, normalized size = 2.25

2 Bdz + C'log (sin (dz + ¢) + 1) — Clog (—sin (dz + ¢) + 1)
2d

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(cos(d*x+c)*(B*sec(d*x+c)+Cksec(d*x+c)~2),x, algorithm="fricas")
[Out] 1/2*%(2*B*d*x + C*log(sin(d*x + c) + 1) - Cxlog(-sin(d*x + c) + 1))/d

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (B + C'sec (c+ dzx)) cos (c + dx) sec (¢ + dz) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c)*(B*sec(d*x+c)+Cksec(d*x+c)**2) ,x)
[Out] Integral((B + C*sec(c + d*x))*cos(c + d*x)*sec(c + d*x), x)
Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 43 vs. 2(16) = 32.
time = 0.45, size = 43, normalized size = 2.69
(dz +c)B+ Clog (|tan (3 dz + 1 c) + 1|) — Clog (|tan (3 dz + 3 ¢) — 1])
d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c)*(Bxsec(d*x+c)+C*xsec(d*x+c)~2),x, algorithm="giac")
[Out] ((d*x + c)*B + Cxlog(abs(tan(1/2*d*x + 1/2%c) + 1)) - Cxlog(abs(tan(1/2*d*x
+ 1/2%c) - 1)))/d

Mupad [B]
time = 2.43, size = 57, normalized size = 3.56

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(c + d*x)*(B/cos(c + d*x) + C/cos(c + d*x)~2),x)

[Out] (2xBxatan(sin(c/2 + (d*x)/2)/cos(c/2 + (d*x)/2)))/d + (2*Cxatanh(sin(c/2 +
(d*x)/2)/cos(c/2 + (d*x)/2)))/d
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3.42 [ cos?(c+dzx) (Bsec(c + dz) + C'sec’(c + dzx)) dx

Optimal. Leaf size=15
Bsin(c + dx)

Cx + 1

[Out] C*x+B*sin(d*x+c)/d

Rubi [A]
time = 0.02, antiderivative size = 15, normalized size of antiderivative = 1.00, number of

number of rules _
’ integrand size 0.107,

steps used = 3, number of rules used = 3, integrand size = 28
Rules used = {4132, 2717, 8}

Bsin(c + dx)

7 + Cx

Antiderivative was successfully verified.

[In] Int[Cosl[c + d*x] 2% (B*Sec[c + d*x] + CxSec[c + d*x]~2),x]
[Out] C*x + (B*Sin[c + d*x])/d

Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 2717

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + dx*x]/d, x] /;
FreeQ[{c, d}, x]

Rule 4132

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.))"(m_.)*((A_.) + cscl(e_.) + (f_.)*(x_)]1*
(B_.) + cscl(e_.) + (f_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + £xx])~"(m + 1), x], x] + Int[(bxCscl[e + f*x]) m*(A + CxCscl[e + f*xx]"2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps

/0082(0 + dz) (Bsec(c + dz) + C'sec*(c + dz)) dz = B / cos(c + dz) dx + / Cdz

Bsin(c + dx)

=Cz+ 1



Mathematica [A]
time = 0.01, size = 26, normalized size = 1.73

B cos(dz) sin(c) N B cos(c) sin(dx)

Cx + 1 ¥

Antiderivative was successfully verified.
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[In] Integrate[Cos[c + d*x]~2*(BxSec[c + d*x] + C*Sec[c + d*x]~2),x]

[Out] Cxx + (B*Cos[d*x]*Sin[c])/d + (B*Cos[c]*Sin[d*x])/d

Maple [A]
time = 0.28, size = 21, normalized size = 1.40

method result size

risch Cx + w 16

derivativedivides | £ Sin(d”cfc(dﬁc) 21

default B Sin(d:l:—i‘clg-f-C(d(lI-‘rC) 21

sorman Cofint (345) a5 15)) 0o 2 CED) 2D nfunn(reg) ||
(o)) o (+1) )

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(d*x+c) ~2x(B*sec(d*x+c)+Cxsec(d*x+c)~2),x,method=_RETURNVERBOSE)

[Out] 1/d*(B*sin(d*x+c)+C*(d*x+c))
Maxima [A]
time = 0.30, size = 20, normalized size = 1.33

(dx + ¢)C + Bsin (dz + ¢)
d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c) ~2*(B*sec(d*x+c)+Cksec(d*x+c)”2),x, algorithm="maxima")

[Out] ((d*x + c)*C + B*sin(d*x + c))/d
Fricas [A]
time = 2.92, size = 17, normalized size = 1.13

Cdz + Bsin (dz + ¢)
d

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(cos(d*x+c) ~2*(B*sec(d*x+c)+Cxsec(d*x+c)~2),x, algorithm="fricas")
[Out] (Cxd*x + Bxsin(d*x + c¢))/d

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (B + C'sec (c + dz)) cos® (¢ + dx) sec (¢ + dz) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c)**2x(B*sec(d*x+c)+C*sec(d*x+c)**2) ,x)
[Out] Integral((B + Cxsec(c + d*x))*cos(c + dxx)**2*sec(c + d*x), x)
Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 39 vs. 2(15) = 30.

time = 0.46, size = 39, normalized size = 2.60

2Btan(%dm+% c)
(dz +c)C + tan (2 de+1 o) +1

d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c) ~2*(B*sec(d*x+c)+Cxsec(d*x+c)~2),x, algorithm="giac")
[Out] ((d*x + c)*C + 2*Bxtan(1/2*d*x + 1/2*c)/(tan(1/2xd*x + 1/2xc)"2 + 1))/d
Mupad [B]

time = 2.41, size = 17, normalized size = 1.13

Bsin(c+dz)+Cdx
d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(c + d*x)~2%(B/cos(c + d*x) + C/cos(c + d*x)~2),x)

[Out] (B*sin(c + d*x) + Cxd#*x)/d
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3.43 [ cos?(c+dz) (Bsec(c + dz) + C'sec’(c + dzx)) dx

Optimal. Leaf size=38

Bz  Csin(c+dz) Bcos(c+ dz)sin(c+ dx)
E A R 2d

[Out] 1/2*B*xx+Cxsin(d*x+c)/d+1/2%Bxcos(d*x+c)*sin(d*x+c)/d

Rubi [A]
time = 0.03, antiderivative size = 38, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.179,

steps used = 5, number of rules used = 5, integrand size = 28
Rules used = {4132, 2715, 8, 12, 2717}

Bsin(c+dz)cos(c+dx) Bz = Csin(c+ dz)
2d Tt T4

Antiderivative was successfully verified.

[In] Int[Cosl[c + d*x]~3*(B*Sec[c + d*x] + CxSecl[c + d*x]~2),x]

[Out] (B*x)/2 + (CxSin[c + d*x])/d + (B*Cos[c + d*x]*Sin[c + d*x])/(2xd)
Rule 8

Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
QLu, (b_)*(v_) /; FreeQ[b, x]]

Rule 2715

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Sinf[c + d*x])"(n - 1)/(d*n)), x] + Dist[b™2*((n - 1)/n), Int[(b*Sin[
c + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2
*n]

Rule 2717

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + d*x]/d, x] /;
FreeQ[{c, d}, x]

Rule 4132

Int[(cscl(e_.) + (f_.)*(x_)]1*(b_.))"(m_.)*((A_.) + cscl(e_.) + (f_.)*(x_)]x*
(B_.) + cscl(e_.) + (f_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + fxx])"(m + 1), x], x] + Int[(b*Cscle + f*x]) "m*(A + CxCscl[e + f*x]~2),
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x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps

/cos?’(c + dz) (Bsec(c + dz) + C'sec’(c+ dz)) dz = B / cos®(c + dz) dz + /C cos(c + dz) dx

_ Beos(c+dr)sin(c +dz) B/ldm+0/cos

2d
%_FCsin(c-l—dx) +Bcos (¢ + dz) sin(c + dzx)
2 d 2d

Mathematica [A]
time = 0.05, size = 35, normalized size = 0.92
4C'sin(c + dzx) + B(2(c + dx) + sin(2(c + dz)))
4d

Antiderivative was successfully verified.

[In] Integrate[Cos[c + d*x]~3*%(B*Sec[c + d*x] + C*Sec[c + d*x]~2),x]
[Out] (4*C*Sin[c + d*x] + B*(2%(c + d*x) + Sin[2x(c + d*x)]))/(4xd)

Maple [A]
time = 0.34, size = 38, normalized size = 1.00

method result

risch Bw + ¢ S1n(dloc+c) 4B sm(izzwc)

derivativedivides E <w:%+i> +C'sin(dz+c)

default B (M;%ﬁ) +C'sin(da+-c)

norman R e s ettt Gt o)) S
(1+tan?(2+5))" (tan?(£+5)-1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(d*x+c) " 3*(B*sec(d*x+c)+Cxsec(d*x+c)”2),x,method=_RETURNVERBOSE)
[Out] 1/d*x(Bx(1/2*cos(d*x+c)*sin(d*x+c)+1/2xd*x+1/2*c)+C*sin(d*x+c))
Maxima [A]

time = 0.29, size = 34, normalized size = 0.89

(2dz+2c+sin(2dz+2c¢))B+4Csin(dz +¢)
4d
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(cos(d*x+c) ~3*(B*sec(d*x+c)+Cxsec(d*x+c)~2),x, algorithm="maxima")
[Out] 1/4*%((2*d*x + 2*c + sin(2*d*x + 2%c))*B + 4*C*xsin(d*x + c))/d

Fricas [A]
time = 1.90, size = 29, normalized size = 0.76

Bdz + (Bcos (dz + ¢) +2C)sin (dz + ¢)
2d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c) 3% (B*sec(d*x+c)+Cksec(d*x+c)~2),x, algorithm="fricas")

[Out] 1/2%(B*d*x + (Bxcos(d*x + c) + 2*C)*sin(d*x + c¢))/d

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (B + C'sec (c + dr)) cos® (c + dx) sec (c + dz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c)**3*(B*xsec(d*x+c)+Cxsec(d*x+c)**2),x)
[Out] Integral((B + Cksec(c + d*x))*cos(c + d*xx)**3*sec(c + d*x), x)
Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 82 vs. 2(34) = 68.
time = 0.46, size = 82, normalized size = 2.16
(dx i c)B _ 2 (Btan(% dx—}-% c)3—2 Ctan(% d:c—i—% c)s—B:an(%zd:c—i-% c)—2Ctan(% d:c—i—% c))
(tan(% dz—l—% c) +1>
2d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c) ~3*(B*sec(d*x+c)+Cxsec(d*x+c)~2),x, algorithm="giac")
[Out] 1/2%((d*x + c)*B - 2% (Bxtan(1/2*d*x + 1/2%c)~3 - 2#Cxtan(1/2*d*x + 1/2%c)~3
- B¥tan(1/2*d*x + 1/2%c) - 2xCxtan(1/2xd*x + 1/2xc))/(tan(1/2xd*x + 1/2xc)

"2 +1)72)/d

Mupad [B]
time = 2.45, size = 31, normalized size = 0.82
Bz Bsin(2c+2dx) 4 Csin(c+dx)

5 T 1d d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(c + d*x)~3*(B/cos(c + d*x) + C/cos(c + d*x)~2),x)
[Out] (B*x)/2 + (B*sin(2*c + 2*d*x))/(4*xd) + (Cxsin(c + d*x))/d
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3.44 [ cos*(c+dzx) (Bsec(c + dz) + C'sec’(c + dzx)) dx

Optimal. Leaf size=54

Cz N Bsin(c + dz) N Ccos(c +dz)sin(c+dz)  Bsin®(c+ dx)
2 d 2d 3d

[Out] 1/2*C*x+Bxsin(d*x+c)/d+1/2%Cxcos (d*x+c)*sin(d*x+c)/d-1/3*Bxsin(d*x+c)~3/d

Rubi [A]
time = 0.03, antiderivative size = 54, normalized size of antiderivative = 1.00, number of

number of rules __
' integrand size 0.179,

steps used = 6, number of rules used = 5, integrand size = 28
Rules used = {4132, 2713, 12, 2715, 8}

B sin®*(c + dz)  Bsin(c + dz) + C'sin(c + dx) cos(c + dx) n Cz

3d d 2d 2

Antiderivative was successfully verified.
[In] Int[Cos[c + d*x] 4*(B*Sec[c + d*x] + CxSec[c + d*x]~2),x]

[Out] (Cxx)/2 + (B*Sin[c + d*x])/d + (CxCos[c + d*x]*Sin[c + d*x])/(2*d) - (B*Sin
[c + d*x]~3)/(3%d)

Rule 8
Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 2713

Int[sin[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
nd[(1 - x™2)"((n - 1)/2), x], x], x, Coslc + d*x]], x] /; FreeQ[{c, d}, x]
&& IGtQL(n - 1)/2, 0]

Rule 2715

Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Sin[c + d*x])"(n - 1)/(d*n)), x] + Dist[b™2*((n - 1)/n), Int[(b*Sin[
c + dxx])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2
*n]

Rule 4132
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Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.))"(m_.)*((A_.) + cscl(e_.) + (£f_.)*(x_)]1*
(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + fxx])"(m + 1), x], x] + Int[(b*Cscl[e + f*x]) m*(A + CxCscl[e + f*xx]~2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps

/cos4(c + dz) (Bsec(c + dz) + C'sec’(c+ dz)) dz = B / cos®(c + dz) dz + /C cos’(c + dz) dz

BSubst( [ (1 — 22) dz, z, — si
=C/cos2(c+dm)dx— ubst (J ( a:)dxx -
__ Bsin(c+ dx) N Ccos(c + dz)sin(c+dz)  Bsin’(
- d 2d 3
_ Cz  Bsin(c+dz)  Cecos(c+dz)sin(c+dz) |
2 d 2d

Mathematica [A]
time = 0.05, size = 57, normalized size = 1.06

C(c+dx) 4 Bsin(c+dz) B sin®(c + dz) N C'sin(2(c + dz))
2d d 3d 4d

Antiderivative was successfully verified.

[In] Integrate[Cos[c + d*x]~4*(B*Sec[c + d*x] + C*Sec[c + d*x]~2),x]

[Out] (Cx(c + d*x))/(2xd) + (B*Sin[c + d*x])/d - (B*Sin[c + d*x]~3)/(3*d) + (Cx*Si
n[2x(c + d*x)]1)/(4xd)

Maple [A]
time = 0.46, size = 49, normalized size = 0.91

method result
. Cz 3Bsin(dz+c) B sin(3dz+3c) C'sin(2dz+2c)
risch 5 + v + od + 1d
B (2+c052 (dz+c)) sin(dz+c) +C ( cos(dz+-c) sin(dz+c) +dj+£)
derivativedivides 2 v 2 22
B (2+cos2(da:+c)) sin(dz+c) +C < cos(dz+c) sin(dz+c) +di+£)
default 2 d z £z
(2B-C) (tang(dz+c)) 4B (tan3 dz+c)) 4B (tan7 dz+c)) 2C(tan5(dz+c)) SCm(tanz
dr | c 2 T2 Cz 2 72 2 T2 2 T2
nOrman Cz <tan6 <7+§))+ d —2 3d + 3d + - :
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(d*x+c) ~4*(Bxsec(d*x+c)+Cxsec(d*x+c)~2),x,method=_RETURNVERBOSE)
[Out] 1/d*x(1/3*B*(2+cos(d*x+c) ~2)*sin(d*x+c)+Cx(1/2*cos (d*x+c)*sin(d*x+c)+1/2*d*x
+1/2%c))
Maxima [A]
time = 0.29, size = 46, normalized size = 0.85
4 (sin (dz + ¢)® — 3 sin (dz + ¢))B—3(2dz+2c+sin(2dz +2¢))C
B 12d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c) ~4*(B*sec(d*x+c)+Cxsec(d*x+c)~2),x, algorithm="maxima")
[Out] -1/12*%(4*(sin(d*x + ¢c)~3 - 3*sin(d*x + c))*B - 3*(2*d*x + 2*c + sin(2xd*x +
2%c))*C)/d
Fricas [A]
time = 1.90, size = 42, normalized size = 0.78
3Cdz + (2 Bcos (dz + ¢)* + 3 C cos (dz + ¢) + 4 B) sin (dz + c)
6d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c) ~4*(B*sec(d*x+c)+Cksec(d*x+c)”2),x, algorithm="fricas")

[Out] 1/6%(3*%Cxd*x + (2*Bxcos(d*x + c)~2 + 3*Cxcos(d*x + c) + 4xB)*sin(d*x + c))/
d

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (B + C'sec (c + dz)) cos* (¢ + dx) sec (¢ + dz) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c)**4x(Bxsec(d*x+c)+Cksec(d*x+c)**2) ,x)
[Out] Integral((B + Cxsec(c + d*x))*cos(c + dxx)**4*xsec(c + d*x), x)

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 98 vs. 2(48) = 96.
time = 0.47, size = 98, normalized size = 1.81

6Btan(idz+ic ®_3Ctan ldz+lc 5—i—4Bta,n Ldpt+lc 3+GBtan Ldz+1c)+3Ctan(Ldz+1ic
( (2 2 2 2 2 2 2 2 2 2

2
3(dr+c)C+ (n(banr c)2+1>3

6d
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c) ~4*(B*sec(d*x+c)+Cxsec(d*x+c)~2),x, algorithm="giac")
[Out] 1/6%(3x(d*x + c)*C + 2% (6*Bxtan(1/2*%d*x + 1/2%c)”5 - 3xCxtan(1/2xd*x + 1/2%
c)”5 + 4xBxtan(1/2*d*x + 1/2%c)~3 + 6*Bxtan(1/2*d*x + 1/2%c) + 3*Cxtan(1/2x
d*x + 1/2xc))/(tan(1/2xd*x + 1/2%c)"2 + 1)73)/d
Mupad [B]
time = 2.51, size = 55, normalized size = 1.02

Cz 2Bsin(c+dz) Ccos(c+dz)sin(c+dz) Beos(c+dz)?sin(c+dx)

5> " 34 2d * 3d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(c + d*x)~4*(B/cos(c + d*x) + C/cos(c + d*x)~2),x)

[Out] (Cxx)/2 + (2*Bxsin(c + d*x))/(3*d) + (Cxcos(c + d*x)*sin(c + d*x))/(2xd) +
(Bxcos(c + dxx)~2*sin(c + d*x))/(3*d)
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3.45 [ cos®(c+dzx) (Bsec(c + dz) + C'sec’(c + dzx)) dx

Optimal. Leaf size=76

3Bz+ C'sin(c + dx) +3B cos(c + dz) sin(c + dz) +B cos®(c + dz) sin(c + dx) C sin®(c + dzx)
8 d 8d 4d 3d

[Out] 3/8*B*x+Cxsin(d*x+c)/d+3/8*Bxcos (d*x+c)*sin(d*x+c)/d+1/4*Bxcos(d*x+c) ~3*sin
(d*x+c)/d-1/3*C*sin(d*x+c) ~3/d

Rubi [A]
time = 0.04, antiderivative size = 76, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.179,

steps used = 7, number of rules used = 5, integrand size = 28,
Rules used = {4132, 2715, 8, 12, 2713}

Bsin(c + dz) cos®(c + dz) N 3Bsin(c + dz) cos(c + dz) + 3Bz C'sin®(c + dz) + C'sin(c + dx)
4d 8d 8 3d d

Antiderivative was successfully verified.
[In] Int[Cos[c + d*x] 5x(BxSec[c + d*x] + CxSec[c + d*xx]~2),x]

[Out] (3*B*x)/8 + (CxSin[c + d*x])/d + (3*BxCos[c + d*x]*Sin[c + d*x])/(8%d) + (B
*Cos[c + d*x]~3*Sin[c + d*x])/(4*%d) - (C*Sin[c + d*x]~3)/(3*d)

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQla, x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 2713

Int[sin[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
nd[(1 - x72)7((n - 1)/2), x], x], x, Cosl[c + d*x]], x] /; FreeQ[{c, d}, x]
& IGtQ[(n - 1)/2, 0]

Rule 2715

Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Sin[c + d*x])"(n - 1)/(d*n)), x] + Dist[b™2*x((n - 1)/n), Int[(b*Sin[
c + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2
*n]

Rule 4132



192

Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.))"(m_.)*((A_.) + cscl(e_.) + (£f_.)*(x_)]1*
(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + fxx])"(m + 1), x], x] + Int[(b*Cscl[e + f*x]) m*(A + CxCscl[e + f*xx]~2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps

/cos5(c + dz) (Bsec(c + dz) + C'sec’(c+ dz)) dz = B / cos*(c + dz) dz + /C cos’(c + dz) dz

3 .
_ Bcos’(c + dz) sin(c + dz) N 1(33) /COSQ(C+ i) ¢
4d 4
_ 3Bcos(c + dz) sin(c + dx) N B cos®(c + dz) sin(c +
a 8d 4d
3Bz Csin(c+dz) 3Bcos(c+ dzx)sin(c+ dx)
~ s a7 8d ]

Mathematica [A]
time = 0.09, size = 73, normalized size = 0.96

3B(c+ dx) 4 Csin(c+dz) C'sin®(c + dz) + Bsin(2(c + dx)) + Bsin(4(c + dx))
8d d 3d 4d 32d

Antiderivative was successfully verified.

[In] Integrate[Cos[c + d*x]~5*%(BxSec[c + d*x] + C*Sec[c + d*x]~2),x]

[Out] (3*Bx(c + d*x))/(8*d) + (C*Sin[c + d*x])/d - (CxSin[c + d*x]~3)/(3*d) + (Bx
Sin[2*(c + d*x)])/(4xd) + (B*Sin[4*(c + d*x)])/(32*d)

Maple [A]
time = 0.57, size = 60, normalized size = 0.79

method result
cos3 (da-+e)+ 2D ) gin (dote) C(24cos?(dz+c)) sin(dz+c

B(< e

derivativedivides |
3 3 cos(dz+c) . )

B ( (‘305 (dm+c)+*427) sin(dz+c) +3‘;z+386> " C(2+cos2(dw-;-c)) sin(dz+c)

default y
. 3Bz 3C'sin(dz+c) B sin(4dz+4c) C'sin(3dz+3c) B sin(2dz+2c)

risch s + 4d + 32d + 12d + d
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3Bz SBa:(tanQ(dTm-ﬁ—%)) 15Bz(tan4(%+%))+1SBm(tan8(%§+%))+SBa:(tan10(d7m+%))+3Bz(tan12(d7’:+%>)+(
— — 5 3 h

norman —8_ 2 8 8
(14

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(d*x+c) 5*(B*sec(d*x+c)+Cxsec(d*x+c)~2),x,method=_RETURNVERBOSE)
[Out] 1/d*x(B*(1/4*(cos(d*x+c) ~3+3/2*cos(d*x+c))*sin(d*x+c)+3/8*d*x+3/8%c)+1/3*Cx*(

2+cos (d*x+c) ~2) *sin(d*x+c))

Maxima [A]
time = 0.29, size = 57, normalized size = 0.75

3(12dz+12c+sin(4dx +4c) + 8 sin(2dzx +2¢))B — 32 (sin(dac+c)3 —3sin(dr+¢))C
96d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c) ~5*(B*sec(d*x+c)+Cxsec(d*x+c)~2),x, algorithm="maxima")
[Out] 1/96%(3%(12%d*x + 12%c + sin(4*d*x + 4xc) + 8*xsin(2*d*x + 2%c))*B - 32*(sin
(d*x + ¢)~3 - 3*sin(d*x + c))*C)/d

Fricas [A]
time = 2.43, size = 53, normalized size = 0.70

9 Bdz + (6 B cos (dz + ¢)® + 8 C cos (dz + ¢)* + 9 Bcos (dz + ¢) + 16 C) sin (dz + c)
24d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c) ~5*(B*sec(d*x+c)+Cxsec(d*x+c)~2),x, algorithm="fricas")
[Out] 1/24*(9*Bxd*x + (6*B*cos(d*x + c)~3 + 8*xCxcos(d*x + c)~2 + 9*Bxcos(d*x + c)
+ 16*C)*sin(d*x + c¢))/d

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (B + C'sec (c + dz)) cos® (¢ + dx) sec (¢ + dz) dzx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c)**5x(Bxsec(d*x+c)+C*sec(d*x+c)**2) ,x)

[Out] Integral((B + C*sec(c + d*x))*cos(c + d*x)**b*sec(c + d*x), x)



194

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 140 vs. 2(68) =

136.
time = 0.45, size = 140, normalized size = 1.84

9(ds+0)B (15 Btan(} do+] ¢)"-24Ctan(} du+} o) '—9 Btan(} do+} ) °~40 Ctan(} o+ ¢)°+9 Btan(} du+1 o) °*~40C tan(} do+} ¢)*~15 Btan(} do+ ¢) 24 Ctan(} du+1 o) )
x+c)B — T
(tan(} do+1 o)*+1)
24d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c) 5% (B*sec(d*x+c)+C*xsec(d*x+c)~2),x, algorithm="giac")

[Out] 1/24*(9*(d*x + c)*B - 2% (15*Bxtan(1/2xd*x + 1/2%c)”7 - 24*Cxtan(1/2xd*x + 1
/2%c) "7 - 9*%Bxtan(1/2*d*x + 1/2%c)”5 - 40*Ckxtan(1/2*d*x + 1/2xc)”5 + 9*Bxta
n(1/2%d*x + 1/2%c)"3 - 40*Cxtan(1/2xd*x + 1/2xc)”~3 - 15%Bxtan(1/2*d*x + 1/2

*c) — 24*Cxtan(1/2*d*x + 1/2*c))/(tan(1/2*%d*x + 1/2*%c)"2 + 1)~4)/d

Mupad [B]
time = 2.50, size = 75, normalized size = 0.99

3Bz 2Csin(c+dz) 3Bcos(c+dzx)sin(c+dz) Beos(c+dz)®sin(c+dz) Ccos(c+dz)’ sin(c+dz)
s " sa 8d * 1d * 3d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(c + d*x)~5%(B/cos(c + d*x) + C/cos(c + d*x)~2),x)

[Out] (3*B*x)/8 + (2*Cxsin(c + d*x))/(3*d) + (3*Bxcos(c + d*x)*sin(c + d*x))/(8*d
) + (Bxcos(c + d*x) " 3*sin(c + d*xx))/(4*xd) + (Cxcos(c + d*x) 2*sin(c + dx*x))

/ (3%d)
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3.46 [ cosb(c+dzx) (Bsec(c + dz) + C'sec’(c + dzx)) dx

Optimal. Leaf size=92

3Cx+B sin(c + dz) +3C cos(c + dz) sin(c + dz) +C cos’(c + dz)sin(c + dz) 2Bsin’(c + dr) +B sin®(c
8 d 8d 4d 3d 5d

[Out] 3/8*C*x+Bxsin(d*x+c)/d+3/8*Cxcos (d*x+c)*sin(d*x+c)/d+1/4*Cxcos(d*x+c) ~3*sin
(d*x+c)/d-2/3*B*sin(d*x+c) ~3/d+1/5*B*sin(d*x+c) ~5/d

Rubi [A]
time = 0.05, antiderivative size = 92, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.179,

steps used = 7, number of rules used = 5, integrand size = 28,
Rules used = {4132, 2713, 12, 2715, 8}

Bsin®(c+dz)  2Bsin®(c + dx) + Bsin(c + dz) + C'sin(c + dz) cos®(c + dz) + 3C'sin(c + dz) cos(c + dz) + 3Cz

5d 3d d 4d 8d 8

Antiderivative was successfully verified.
[In] Int[Cos[c + d*x]~6*%(B*Sec[c + d*x] + CxSec[c + d*x]~2),x]

[Out] (3%C*x)/8 + (B*Sin[c + d*x])/d + (3*CxCos[c + d*x]*Sin[c + d*xx])/(8%d) + (C
*Cos[c + d*x]~3*Sin[c + d*x])/(4%d) - (2xB*Sin[c + d*x]~3)/(3*d) + (B*Sin[c
+ dxx]~5)/(5%d)

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 2713

Int[sin[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
nd[(1 - x72)7((n - 1)/2), x], x], x, Cos[c + d*x]], x] /; FreeQ[{c, d}, xI
& IGtQ[(n - 1)/2, 0]

Rule 2715

Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol]l :> Simp[(-b)*Cos[c + d*
x]*((b*Sin[c + d*x])~(n - 1)/(d*n)), x] + Dist[b™2*x((n - 1)/n), Int[(b*Sin[
c + d*x]1)"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2
*n]
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Rule 4132

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.))"(m_.)*((A_.) + cscl(e_.) + (£f_.)*(x_)]1*
(B_.) + cscl(e_.) + (£f_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + fxx])"(m + 1), x], x] + Int[(b*Cscle + f*x])"m*(A + C*Cscle + f*x]~2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps

/coss(c + dz) (Bsec(c+ dz) + C'sec’(c+ dz)) dz = B / cos’(c + dz) dz + /C cos*(c + dz) dz

BSubst ([ (1 — 222 + z%) da,
:C/cos4(c+dx)dx— ubst (J ( ’ +a;) *
Bsin(c+dz) Ccos®*(c+dz)sin(c+dzx) 2Bsin
— 4 —
d 4d
Bsin(c+dz) 3Ccos(c+ dz)sin(c+dz) C cos®
= + +
d 8d
3Cz Bsin(c+dz) 3Ccos(c+ dz)sin(c+ dz)
s "4 ° 8d )

Mathematica [A]
time = 0.06, size = 92, normalized size = 1.00

3C(c+ dx) 4 5Bsin(c + dz) + Csin(2(c+dz)) = 5Bsin(3(c+dz)) = Csin(4(c+ dz)) + Bsin(5(c + dz))
8d 8d 4d 48d 32d 80d

Antiderivative was successfully verified.

[In] Integrate[Cos[c + d*x] 6*(B*Sec[c + d*x] + C*Sec[c + d*x]~2),x]

[Out] (3*Cx(c + d*x))/(8+*d) + (5%B*Sin[c + d*x])/(8*%d) + (CxSin[2*(c + d*xx)])/ (4%
d) + (5xB*Sin[3*(c + d*x)])/(48%d) + (CxSin[4*(c + d*x)])/(32*d) + (B*Sin[5

x(c + d*x)])/(80%d)

Maple [A]

time = 0.60, size = 70, normalized size = 0.76

method result

3dz | 3c
5 +8+

4 2 dxz+c
B <%+C°S4 (dz+e)+ M) sin(dz+-c) <c053 (dz+c)+ 3cos(dztc) cos(éia:+c) ) sin(dz+c)
+C 4 8

derivativedivides 7
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2
B <%+cos4(dz+c)+ 4 (cos (dm+c)) )

4

sin(dz+c) coss(d:t+C)+ 3 cos(dz+c) sin(dz+c)
] +C ( ( ) Y

default 3
risch 3Czx + 5B sin(dz+c) + B sin(5dz+5¢) + sin(4dz+4c)C + 5B sin(3dz+3c) + C'sin(2dz+2c)
8 8d 80d 32d 48d 4d
C(tan’?(djm-i—%)) _ 3Cz_ 150w(tan2 (dz—m+%)) _ 27C:c(tan4(d72+%)) _ 15Czx (tan6 (%z+%)) " 15Cz(tan8(d7z+%)) " 27Czx
d 8 8 8 8

norman

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(d*x+c) ~6*(B*sec(d*x+c)+C*sec(d*x+c) 2),x,method=_RETURNVERBOSE)
[Out] 1/d*(1/5%B*(8/3+cos(d*x+c) ~4+4/3*cos (d*x+c) ~2)*sin(d*x+c)+C*x(1/4*(cos (d*x+c
) ~3+3/2%cos (d*x+c) ) *sin (d*x+c)+3/8*d*x+3/8%c))

Maxima [A]
time = 0.27, size = 69, normalized size = 0.75

32 (3 sin (dz + ¢)® — 10 sin (dz + ¢)* + 15 sin (dz + ¢)) B + 15 (12dz + 12 ¢ +sin (4 dz + 4 ¢) + 8 sin (2dz + 2¢))C
480d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c) ~6*(B*sec(d*x+c)+Cxsec(d*x+c)~2),x, algorithm="maxima")
[Out] 1/480%(32%(3*sin(d*x + c)~5 - 10*sin(d*x + c)~3 + 15*sin(d*x + c))*B + 15%(
12%d*x + 12*%c + sin(4*xd*x + 4*c) + 8*sin(2xd*x + 2*c))*C)/d

Fricas [A]
time = 2.47, size = 64, normalized size = 0.70

45Cdz + (24 Bcos (dz + ¢)* + 30 C cos (dz + ¢)* + 32 B cos (dz + ¢) + 45 C cos (dz + ¢) + 64 B) sin (dz + c)
120d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c) 6% (B*sec(d*x+c)+Cksec(d*x+c)”2),x, algorithm="fricas")

[Out] 1/120%(45%Cxd*x + (24*Bxcos(d*x + c)~4 + 30*%Cxcos(d*x + c)~3 + 32%Bxcos(d*x
+ ¢c)”2 + 45%C*cos(d*x + c) + 64*B)*sin(d*x + c))/d

Sympy [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c)**6x(Bxsec(d*x+c)+Cksec(d*x+c)**2) ,x)
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[Out] Timed out

Giac [A]
time = 0.45, size = 154, normalized size = 1.67

(120 Btan(} do+1 0)°~75 Ctan(} dut ) *+160 Btan(} do+1 ©)"=30 Ctan(} du+ 1 ) "+464 Btan(} du+1 ) *+160 Btan(} du+1 ©)*+30 Ctan(} du+ 1 o) *+120 Btan(} dut+ o) +75 Ctan (L da+1 o) )

5

2
45 (d:
5(do+)C+ (can(%dm+%c)2+l)

120d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c) ~6*(B*sec(d*x+c)+Cxsec(d*x+c)~2),x, algorithm="giac")

[Out] 1/120%(45*(d*x + c)*C + 2*%(120*Bxtan(1/2*d*x + 1/2%c)”9 - 75%Cxtan(1/2*d*x
+ 1/2%c)”9 + 160*%Bxtan(1/2*d*x + 1/2%c)”7 - 30*Cxtan(1/2*d*x + 1/2%c)”7 + 4
64*Bxtan(1/2*d*x + 1/2%c)”5 + 160*B*tan(1/2*d*x + 1/2*c)~3 + 30*Cxtan(1/2*d

*x + 1/2%c)”3 + 120*%B*tan(1/2*d*x + 1/2*xc) + 75+%Cxtan(1/2*d*x + 1/2%c))/(ta
n(1/2+d*x + 1/2*%c)"2 + 1)°5)/d

Mupad [B]

time = 6.31, size = 113, normalized size = 1.23

cydx 5
302, (2B=3F) tan(s + %)+ (= §) tans+%5) + 2L 4 (52.4.6) tan(5 + )+ 28+ 5F) tan(s + %)

8 d(tan(%-i—%’)z—i-l)s

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(c + d*x)~6%(B/cos(c + d*x) + C/cos(c + d*x)~2),x)

[Out] (3*C*x)/8 + (tan(c/2 + (d*x)/2)"3%((8%B)/3 + C/2) + tan(c/2 + (d*x)/2)"9%(2
*B - (5%C)/4) + tan(c/2 + (d*x)/2)"7*((8%B)/3 - C/2) + (116*Bxtan(c/2 + (dx*
x)/2)°5)/15 + tan(c/2 + (d*x)/2)*(2*xB + (5xC)/4))/(d*(tan(c/2 + (d*x)/2)"2

+ 1)75)
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3.47 [(bsec(c+dz))3/? (Bsec(c + dz) + Csec®(c + dzx)) d:

Optimal. Leaf size=169

6b°CE(L(c+dz)|2) +26B\/cos(c+da:) F(i(c+dz)|2) \/bsec(c+ dx) +6bC\/bsec(c+
L

_5d\/cos(c+ dz) \/bsec(c+ dz) 3d

[Out] 2/3*Bx(b*sec(d*x+c))~(3/2)*sin(d*x+c)/d+2/5*C*x (bxsec(d*x+c)) ~(5/2)*sin (d*x+
c)/b/d-6/5%b~2xC* (cos (1/2*d*x+1/2%c) ~2)~(1/2) /cos(1/2*d*x+1/2*c)*E11lipticE(
sin(1/2*d*x+1/2%c),2°(1/2))/d/cos(d*x+c) ~(1/2) / (bxsec(d*x+c) )~ (1/2)+6/5*b*C

*sin (dxx+c)*(b*sec(d*x+c))~(1/2)/d+2/3*b*B*x(cos (1/2*d*x+1/2*c)~2)~(1/2) /cos
(1/2*d*x+1/2xc)*E1lipticF(sin(1/2*d*x+1/2%c),27(1/2))*cos(d*x+c)~(1/2) * (b*s
ec(d*x+c))~(1/2)/d

Rubi [A]

time = 0.10, antiderivative size = 169, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.219,

steps used = 10, number of rules used = 7, integrand size = 32
Rules used = {4132, 3853, 3856, 2720, 12, 16, 2719}

60°CE(L(c+dx)|2) . 2Bsin(c + dz)(bsec(c + dz))*/? . 2bB\/cos(c + dz) F(}(c+ dx)|2) \/bsec(c + dz) N 2C sin(c + dx)(bsec(c + dz))*? i 6bC'sin(c + dz)\/bsec(c + dz)
5dy/cos(c + dz) +/bsec(c + dzx) 3d 3d 5bd 5d

Antiderivative was successfully verified.
[In] Int[(b*Sec[c + d*x])~(3/2)*(B*Sec[c + d*x] + CxSec[c + d*x]~2),x]

[Out] (-6%b~2xC*EllipticE[(c + d*x)/2, 2])/(5*d*Sqrt[Cos[c + d*x]]*Sqrt[b*Sec[c +
d*x]]) + (2xbxBxSqrt[Cos[c + d*x]]*EllipticF[(c + d*x)/2, 2]*Sqrt[b*Sec(c

+ d*x]])/(3*d) + (6xb*C*Sqrt[bxSec[c + d*x]]1*Sin[c + d*x])/(5%d) + (2*B*(b*

Secl[c + d*x])~(3/2)*Sinl[c + d*x])/(3*d) + (2*%Cx(b*Secl[c + d*x])~(5/2)*Sin[c
+ d*x])/(5%b*d)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQl[a, x] && !'Match
QLu, (b_)*(v_) /; FreeQ[b, x]]

Rule 16

Int[(u_.)*(v_)~(m_.)*((b_)*(v_))~(n_), x_Symbol] :> Dist[1/b"m, Int[u*(b*v)
“(m + n), x], x] /; FreeQ[{b, n}, x] && IntegerQ[m]

Rule 2719
Int[Sqrt[sinl(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*xx), 2], x] /; FreeQl[{c, d}, x]

Rule 2720



200

Int[1/Sqrtlsin[(c_.) + (d_.)*(x_)]], x_Symbol]l :> Simp[(2/d)*EllipticF[(1/2
)x(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + dx
x]*((b*Csclc + d*x])~(n - 1)/(d*(n - 1))), x] + Dist[b™2*%((n - 2)/(n - 1)),
Int[(bxCsclc + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2x*n]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d*x]
)"n*Sin[c + d*x]~n, Int[1/Sin[c + d*x]°n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

Rule 4132

Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.))"(m_.)*((A_.) + cscl(e_.) + (£f_.)*(x_)]1*
(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + £*x])"(m + 1), x], x] + Int[(b*Csc[e + f*x]) m*x(A + CxCsc[e + f*x]~2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps
B [(b dz))®?d
/(b sec(c + dz))*/? (Bsec(c + dz) + C'sec*(c + dz)) dz = J Sec(c: z))""dz + /Csec2(c + dz) (b se
_ 2B(bsec(c + dx))*?sin(c + dz) N l(bB) / /b
3d 3
2B(bsec(c + dx))*?sin(c +dz) = C [(bsec(c+
- 3d - b2

2bB\/cos c+dz) F(3(c+dz) ‘2 ) v bsec(c + d

3d

2bB\/cos c+dz) F(3(c+dz)|2)

l\.’)

bsec(c+d

3d

2bB\/cos c+ dx) F(%c—kdw ‘2 \/bsec c+d

3d
6b°CE(3(c+ dz)|2)

4 2bB+/cos

_5d\/cos c+ dz) /bsec(c + dz)
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Mathematica [A]
time = 0.32, size = 102, normalized size = 0.60

bsec(c + dx))¥/? (—36C cos? (c + dz)E(L(c + dz)| 2) + 20B cos? (c + dz) F( X(c + dx)| 2) + 21C sin(c + dz) + 10Bsin(2(c + dx)) + 9C sin(3(c + dz))
2 2
30bd

Antiderivative was successfully verified.

[In] Integrate[(b*Sec[c + d*x])~(3/2)*(BxSec[c + d*x] + C*Sec[c + d*x]~2),x]

[Out] ((b*Seclc + d*x])~(5/2)*(-36%xC*Cos[c + d*x]~(5/2)*EllipticE[(c + d*x)/2, 2]

+ 20%BxCos[c + d*x]~(5/2)*EllipticF[(c + d*x)/2, 2] + 21*CxSin[c + d*x] +
10*%B*Sin[2*%(c + d*x)] + 9*CxSin[3*(c + d*x)]))/(30%bxd)

Maple [C] Result contains complex when optimal does not.
time = 33.61, size = 526, normalized size = 3.11

method | result

default

. 1 cos(dz+-c .
2(1+cos(dz+-c))? (—14-cos(dz+c))? <5zB sin(dz+c) (cos3(dz+c)) 4 / 1T cos(da+o) 1+co(s(dx+)c) ElllpthF(

i(—14cos(dz+c)) |

sin(dz+c)

51

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*sec(d*x+c))~(3/2)*(B*sec(d*x+c)+Cxsec(d*x+c) 2),x,method=_RETURNVERB

0SE)

[Out] 2/15/d*(1+cos(d*x+c)) ~2x(-1+cos (d*x+c)) " 2% (5*xI*Bxsin (d*x+c)*cos (d*x+c) ~3*(1

/ (1+cos(d*x+c))) ~(1/2) *(cos(d*x+c)/(1+cos(d*x+c)))~(1/2)*E1llipticF (I*(-1+co
s(d*x+c))/sin(d*x+c) ,I)-9*I*Cxsin(d*x+c)*cos (d*x+c) ~3x(1/(1+cos(d*x+c))) "~ (1
/2)*(cos(d*x+c) /(1+cos (d*x+c)) )~ (1/2)*E1lipticF (I*(-1+cos(d*x+c))/sin(d*x+c
), I)+9%I*Cxsin(d*x+c)*cos (d*x+c) ~3*%(1/(1+cos(d*x+c)) )~ (1/2) *(cos(d*x+c) /(1+
cos(d*x+c)))~(1/2)*EllipticE(I*(-1+cos(d*x+c))/sin(d*x+c),I)+5*I*B*sin(d*x+
c)*cos (d*x+c) ~2x(1/ (1+cos(d*x+c)) )~ (1/2)*(cos (d*x+c) / (1+cos(d*x+c))) ~(1/2) *
EllipticF(I*(-1+cos(d*x+c))/sin(d*x+c),I)-9*I*C*sin(d*x+c)*cos(d*x+c) ~2*(1/
(1+cos(d*x+c)))~(1/2) *(cos (d*x+c) / (1+cos(d*x+c)) ) ~(1/2)*E1llipticF (I*(-1+cos
(d*x+c))/sin(d*x+c) ,I)+9*I*C*sin(d*x+c)*cos (d*xx+c) ~2x(1/(1+cos (d*x+c))) ~(1/
2) *(cos(d*x+c)/(1+cos(d*x+c))) ~(1/2)*EllipticE(I*(-1+cos(d*x+c))/sin(d*x+c)
,I)-5%B*cos (d*x+c) ~3-9*Cxcos (d*x+c) ~3+6*C*cos (d*x+c) ~“2+5*Bxcos (d*x+c) +3*C) *
(b/cos(d*x+c))~(3/2) /sin(d*x+c) ~5/cos (d*x+c)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((b*sec(d*x+c))~(3/2)*(Bxsec(d*x+c)+C*sec(d*x+c)~2),x, algorithm="
maxima")

[Out] integrate((Cxsec(d*x + c)~2 + B*sec(d*x + c))*(b*sec(d*x + ¢))~(3/2), x)

Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.66, size = 207, normalized size = 1.22

it +0) 56 VI BH co o weierstassPlaversel 4,0, cos (ks + ) in (s -+ ) 0 VT OB s s+ <) welerstrassZetn(—4, 0, weerstrssPlaverse{—4,0,con dr-+.) +§ s (4 + ) + 9 VT OB eon (s + o 0 40 o+ 0) hcon (s + )"+ Bbeon (s +0) +3C8), | sin(ar )
Vo@e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*sec(d*x+c))~(3/2)*(Bxsec(d*x+c)+C*sec(d*x+c)~2),x, algorithm="
fricas")

[Out] 1/15%(-5%I*sqrt(2)*B*b~(3/2)*cos(d*x + c) 2*weierstrassPInverse(-4, 0, cos(
d*x + c) + I*sin(d*x + c)) + 5xI*sqrt(2)*Bxb~(3/2)*cos(d*x + c) 2*weierstra
ssPInverse(-4, 0, cos(d*x + c) - Ixsin(d*x + c)) - 9*xIxsqrt(2)*Cxb~(3/2)*co
s(d*x + c) "2*weierstrassZeta(-4, 0, weierstrassPInverse(-4, 0, cos(d*x + c)

+ Ixsin(d*x + c))) + 9*I*sqrt(2)*C*b~(3/2)*cos(d*x + c) 2xweierstrassZeta(

-4, 0, weierstrassPInverse(-4, 0, cos(d*x + c) - Ix*sin(d*x + c))) + 2x(9*Cx
bxcos(d*x + c)~2 + B*B*b*cos(d*x + c) + 3*Cxb)*sqrt(b/cos(d*x + c))*sin(d*x

+ ¢))/(d*xcos(d*x + c)~2)

Sympy [F]

time = 0.00, size = 0, normalized size = 0.00

/ (bsec (c+ d:c))% (B + Csec(c+dx))sec(c+dz)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*sec(d*x+c))**(3/2)*(B*sec(d*x+c)+Cksec(d*x+c)**2),x)
[Out] Integral((b*sec(c + d*x))**(3/2)*(B + Cxsec(c + dx*x))*sec(c + d*x), x)
Giac [F|

time = 0.00, size = 0, normalized size = 0.00
could not integrate
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((b*sec(d*x+c))~(3/2)*(Bxsec(d*x+c)+C*sec(d*x+c)~2),x, algorithm="
giac")
[Out] integrate((Cxsec(d*x + c)~2 + B*sec(d*x + c))*(b*sec(d*x + ¢))~(3/2), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ (cos (ci d2) " cos (c?r dx)2> <cos (cb+ dm))3/2 dz
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((B/cos(c + d*x) + C/cos(c + d*xx)~2)*(b/cos(c + d*x))~(3/2),x%)
[Out] int((B/cos(c + d*x) + C/cos(c + d*xx)~2)*(b/cos(c + d*x))~(3/2), x)
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3.48 [ /bsec(c+ dzx) (Bsec(c+ dz) + C'sec?(c + dz)) da

Optimal. Leaf size=135

20BE(3(c+ dx)|2) +2C’\/cos(c—|—dx) F(i(c+dz)|2) \/bsec(c+ dx) +2B\/bsec(c+dx)
d

_d\/cos(c+ dz) +/bsec(c+ dz) 3d

[Out] 2/3*%C*(b*sec(d*x+c))~(3/2)*sin(d*x+c)/b/d-2xb*B*(cos (1/2*d*x+1/2%c)~2)~(1/2

)/cos(1/2xd*x+1/2*c)*E1lipticE(sin(1/2*d*x+1/2*c),27(1/2))/d/cos(d*x+c)~(1/
2)/ (bxsec(d*x+c) )~ (1/2)+2*Bxsin(d*x+c) * (bxsec (d*x+c) )~ (1/2) /d+2/3*C* (cos(1/
2xdxx+1/2%c) ~2)~(1/2) /cos(1/2*d*x+1/2*c)*E11lipticF (sin(1/2*d*x+1/2%c) ,2~(1/
2))*cos (d*x+c) ~(1/2) *(b*sec(d*x+c))~(1/2)/d

Rubi [A]
time = 0.08, antiderivative size = 135, normalized size of antiderivative = 1.00, number of

number of rules _ 0.219

steps used = 9, number of rules used = 7, integrand size = 32, integrand size ,

Rules used = {4132, 3853, 3856, 2719, 12, 16, 2720}

2Bsin(c + dz)/bsec(c + dx) 2bBE(L(c+ dz)|2) . 2C'sin(c + dz)(bsec(c + dz))*/? + 2C\/cos(c + dz) F((c+ dz)|2) /bsec(c + dx)
d d\/cos(c +dz) \/b sec(c + dz) 3bd 3d

Antiderivative was successfully verified.
[In] Int[Sqrt[b*Sec[c + d*x]]*(BxSec[c + d*x] + C*Sec[c + d*x]~2),x]

[Out] (-2*%b*BxEllipticE[(c + d*x)/2, 2])/(d*Sqrt[Cos[c + d*x]]*Sqrt[b*Secl[c
11) + (2xCxSqrt[Cos[c + d*x]]*EllipticF[(c + d*x)/2, 2]*Sqrt[b*Sec[c + d*x]
1)/(3xd) + (2xBxSqrt[b*Sec[c + d*x]]*Sin[c + d*x])/d + (2*Cx(b*Sec[c + d*x]
)~(3/2)*Sin[c + d*x])/(3%bxd)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 16

Int[(u_.)*(v_)~(m_.)*((b_)*(v_))~"(n_), x_Symbol] :> Dist[1/b"m, Int[u*(b*v)
“(m + n), x], x] /; FreeQ[{b, n}, x] && IntegerQ[m]

Rule 2719
Int[Sqrtlsinl(c_.) + (d_.)*(x_)]1], x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*

(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, xl]

Rule 2720

+ d*x
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Int[1/Sqrtlsin[(c_.) + (d_.)*(x_)]], x_Symbol]l :> Simp[(2/d)*EllipticF[(1/2
)x(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + dx
x]*((b*Csclc + d*x])~(n - 1)/(d*(n - 1))), x] + Dist[b™2*%((n - 2)/(n - 1)),
Int[(bxCsclc + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2x*n]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d*x]
)"n*Sin[c + d*x]~n, Int[1/Sin[c + d*x]~n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

Rule 4132

Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.))"(m_.)*((A_.) + cscl(e_.) + (£f_.)*(x_)]1*
(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + £*x])"(m + 1), x], x] + Int[(b*Csc[e + f*x]) m*x(A + CxCscl[e + f*x]~2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps

/ Vbsec(c+ dz) (Bsec(c+ dz) + Csec’(c+ dr)) dz = B [(bsec(c + dz))** do + /CsecQ(c + dz)+/b

b

_ 2B\/bsec(c+(cjm) sin(c +dz) (bB)/

\/bse

_ 2B+/bsec(c + dx) sin(c+ dx) N C [(bsec(c+
B d

b2
20BE(i(c+ dx)|2) 2B/bsec(
- ‘ -+
d+/cos(c+ dz) \/bsec(c + dz)
20BE(3(c+ dx)|2) 2B \/bsec
= — ‘ -+
d+/cos(c + dz) +/bsec(c + dx)
20BE(1(c+ dx)|2) N 2C'\/cos(c
)

- _d\/cos(c—l- dx) /bsec(c + dz)

Mathematica [A]
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time = 0.19, size = 90, normalized size = 0.67

bsec(c + dz))*? (—6B cos? (¢ + dz) E( L (c + dz)| 2) + 2C cos? (c + dz) F (1(c + dz)| 2) + 2(C + 3B cos(c + dz)) sin(c + dz)
3 3
3bd

Antiderivative was successfully verified.

[In] Integrate[Sqrt[b*Sec[c + d*x]]*(B*Sec[c + d*x] + CxSecl[c + d*x]~2),x]

[Out] ((b*Seclc + d*x])~(3/2)*(-6%xBxCos[c + d*x]~(3/2)*EllipticE[(c + d*x)/2, 2]

+ 2xCxCos[c + d*x]~(3/2)*EllipticF[(c + d*x)/2, 2] + 2x(C + 3*B*Cos[c + d*x
1)*Sin[c + d*x]))/(3%b*d)

Maple [C] Result contains complex when optimal does not.
time = 34.70, size = 508, normalized size = 3.76

method | result

/ b 2 i 9 / 1 cos(dz+c) .
2 cos(dz+c) (=1tcos(deto)) <3ZBSIH(dx+C)(COS (dx—i—c)) 14-cos(dz+c) 1+4-cos(dz+c) Elhpth(

i(—1+cos(dz+-c)) |
sin(dz+c) ”

default | —

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*sec(d*x+c))~(1/2)*(B*sec(d*x+c)+Cxsec(d*x+c)~2),x,method= RETURNVERB

0SE)

[Out] -2/3/d*(b/cos(d*x+c)) " (1/2)*(-1+cos(d*x+c)) "2 (3*xI*B*x(1/(1+cos(d*x+c)))~(1/

2)*(cos (d*x+c)/(1+cos(d*x+c))) ~(1/2)*E1lipticF (I*(-1+cos(d*x+c))/sin(d*x+c)
,I)*cos (d*x+c) "2*sin(d*x+c)-3*xI*Bx(1/(1+cos(d*x+c))) ~(1/2) *(cos (d*x+c)/(1+c
os (d*x+c)) )~ (1/2) *cos (d*x+c) "2*xE11lipticE(I*(-1+cos(d*x+c))/sin(d*x+c) ,I)*si
n(d*x+c)-I*Cx(1/(1+cos(d*x+c)) )~ (1/2)*(cos(d*x+c)/(1+cos(d*x+c))) " (1/2)*E11l
ipticF (I*(-1+cos(d*x+c))/sin(d*x+c),I)*cos(d*x+c) " 2*sin(d*x+c)+3*I*Bx(1/(1+
cos(d*x+c)))~(1/2) *(cos(d*x+c) / (1+cos (d*x+c))) ~(1/2) *E1llipticF (I*(-1+cos(d*
x+c))/sin(d*x+c) ,I) *cos (d*x+c)*sin(d*x+c)-3*%I*Bx(1/(1+cos(d*x+c))) ~(1/2)*(c
os (d*x+c)/(1+cos(d*x+c)))~(1/2)*E1llipticE(I*(-1+cos(d*x+c))/sin(d*x+c),I)*c
os (d*x+c) *sin(d*x+c)-I*C*(1/(1+cos(d*x+c))) ~(1/2)*(cos (d*x+c)/(1+cos(d*x+c)
))~(1/2)*E1lipticF (I*(-1+cos(d*x+c))/sin(d*x+c),I)*cos(d*x+c)*sin(d*x+c)+3%
Bxcos (d*x+c) “2+C*cos (d*x+c) ~2-3*B*cos (d*x+c) -C) * (1+cos (d*x+c) ) "2/cos (d*x+c)
/sin(d*x+c)~5

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*sec(d*x+c))~(1/2)*(B*sec(d*x+c)+C*sec(d*x+c)~2),x, algorithm="

maxima")
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[Out] integrate((Cxsec(d*x + c)~2 + B*sec(d*x + c))*sqrt(b*sec(d*x + c¢)), x)

Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.74, size = 183, normalized size = 1.36

i VECVE oos(ds + ) weierstrassPuverse(—4,0,cos -+ )+ s (dz + )+ VE CVF o (dz + ) weierstrassPTnverso(—4,,cos dz-+ ¢ = s (d + ) ~ 3 VE BVE cos (d + <) weerstrassZeta{ 4,0, weerstrassPlaverse(—4,0,co (dz -+ ¢)+ s (ds -+ ) + 3 VI BVE co d +©) [R— (~4,0,c0nd +.) = in (s + ) +9+0) g e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxsec(d*x+c))~(1/2)*(B*sec(d*x+c)+C*sec(d*x+c)~2),x, algorithm="
fricas")

[Out] 1/3*%(-I*sqrt(2)*Cxsqrt(b)*cos(d*x + c)*weierstrassPInverse(-4, 0, cos(d*x +
c) + I*sin(d*x + c)) + Ixsqrt(2)*Cxsqrt(b)*cos(d*x + c)*weierstrassPInvers

e(-4, 0, cos(d*x + c) - Ixsin(d*x + c)) - 3*Ixsqrt(2)*B*sqrt(b)*cos(d*x + ¢
)*weierstrassZeta(-4, 0, weierstrassPInverse(-4, 0, cos(d*x + c) + Ixsin(d*

X + c))) + 3xIxsqrt(2)*B*sqrt(b)*cos(d*x + c)*weierstrassZeta(-4, 0, weiers
trassPInverse(-4, 0, cos(d*x + c) - Ixsin(d*x + c))) + 2%(3*Bxcos(d*x + c)

+ C)*sqrt(b/cos(d*x + c))*sin(d*x + c))/(d*cos(d*x + c))

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ Vbsec(c+dzx) (B + Csec(c+ dx))sec(c+ dr)dr

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*sec(d*x+c))**(1/2)*(B*sec(d*x+c)+Cxsec(d*x+c)**2),x)
[Out] Integral(sqrt(b*sec(c + d*x))*(B + Cxsec(c + d*x))*sec(c + d*x), x)
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*sec(d*x+c))~(1/2)*(B*sec(d*x+c)+C*sec(d*x+c)~2),x, algorithm="
giac")
[Out] integrate((Cxsec(d*x + c)~2 + B*sec(d*x + c))*sqrt(b*sec(d*x + c)), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

[ (e ) e
cos(c+dz)  cos (c—l—da:)2 cos(c+dx)
Verification of antiderivative is not currently implemented for this CAS.

[In] int((B/cos(c + d*x) + C/cos(c + d*x)~2)*(b/cos(c + d*x))~(1/2),x)
[Out] int((B/cos(c + d*x) + C/cos(c + d*x)~2)*x(b/cos(c + d*x))~(1/2), x)
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X

3.49 B sec(c+dx) +C sec (c+da:) d
/ \/ bsec(c + dx)

Optimal. Leaf size=109

2CE(3(c+dz)|2) 2B\/cos c+dz) F(3(c+ dz)|2) \/bsec(c+ dz) +20\/bsec(c+dx)
bd

- d+/cos(c + dz) /bsec(c+ dm) bd

[Out] -2xC*(cos(1/2*d*x+1/2%c)~2)~(1/2)/cos(1/2*d*x+1/2*c)*E1lipticE(sin(1/2*d*x+
1/2*xc),2°(1/2))/d/cos(d*x+c) ~(1/2) / (bxsec(d*x+c) )~ (1/2)+2*%Cxsin (d*x+c) * (b*s
ec(d*x+c))~(1/2) /b/d+2*Bx (cos (1/2*d*x+1/2*c)~2)~(1/2) /cos (1/2*d*x+1/2*c) *E1
lipticF(sin(1/2*d*x+1/2%c),27(1/2))*cos(d*x+c) ~(1/2)*(b*sec(d*x+c))~(1/2) /b

/d

Rubi [A]
time = 0.07, antiderivative size = 109, normalized size of antiderivative = 1.00, number of

number of rules — 0.219,
’ integrand size

steps used = 8, number of rules used = 7, integrand size = 32
Rules used = {4132, 3856, 2720, 12, 16, 3853, 2719}

2B+/cos(c+ dz) F(1(c+ dz)|2) \/bsec(c+ dz) +ZCsin(c—|—dz) bsec(c+dx) 2CE(3(c+dx)|2)
bd bd d+/cos(c + dz) \/bsec(c + dz)

Antiderivative was successfully verified.
[In] Int[(B*Sec[c + d*x] + C*xSec[c + d*x]~2)/Sqrt[b*Sec[c + d*x]],x]

[Out] (-2*CxEllipticE[(c + d*x)/2, 2])/(d*Sqrt[Cos[c + d*x]]*Sqrt[b*Sec[c + d*x]]
) + (2*B*Sqrt[Cos[c + d*x]]*EllipticF[(c + d*x)/2, 2]1*Sqrt[b*Sec[c + d*x]])
/(bxd) + (2xCxSqrt[bxSec[c + d*x]]*Sin[c + d*x])/(b*d)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
QLu, (b_)*(v_) /; FreeQ[b, x]]

Rule 16

Int[(u_.)*(v_)~(m_.)*((b_)*(v_))~(n_), x_Symbol] :> Dist[1/b"m, Int[u*(b*v)
“(m + n), x], x] /; FreeQ[{b, n}, x] && IntegerQ[m]

Rule 2719
Int[Sqrtlsinl(c_.) + (d_.)*(x_)1]1, x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*

(c - Pi/2 + d*x), 2], x] /; FreeQl[{c, d}, x]

Rule 2720
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Int[1/Sqrtlsin[(c_.) + (d_.)*(x_)]], x_Symbol]l :> Simp[(2/d)*EllipticF[(1/2
)x(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)I*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + dx
x]*((b*Csclc + d*x])~(n - 1)/(d*(n - 1))), x] + Dist[b"2*%((n - 2)/(n - 1)),
Int[(b*Csc[c + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2x*n]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)I*(b_.))"(n_), x_Symbol] :> Dist[(b*Cscl[c + d*x]
)"n*Sin[c + d*x]"n, Int[1/Sin[c + d*x]"n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

Rule 4132

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.)) " (m_.)*((A_.) + cscl[(e_.) + (f_.)*(x_)]1*
(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + £xx])~"(m + 1), x], x] + Int[(b*Cscl[e + f*x]) m*(A + CxCsc[e + f*x]"2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps

/Bsec(c—i—dw) + C'sec?(c + dzx) e — B [ \/bsec(c+dz) dz N C sec? (c—l—dx)

bsec(c + dz) B b \/bsec(c + dx)
/ sec(c + dr) (B\/cos (c+ dx) \/bsec(c—i-dx)‘)f-
=C x +
Vv bsec(c + dx) b
2B\/cos c+dz) F(3(c+ dz) ]2) \/bsec(c+ dx) C’f(bsec
bd b
2B\/cos ¢+ dz) F(3(c+ dz)|2) /bsec(c+ dz) N 2C\/bsec(c
bd
ZB\/cos ¢+ dz) F(3(c+ dz)|2) /bsec(c+ dz) +2C’ bsec(c
bd
B 2CE(3(c+dz)|2) N 2B+/cos(c + dz) F(3(c+d.
d+/cos(c + dz) +/bsec(c + dx) bd

Mathematica [A]
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time = 0.13, size = 73, normalized size = 0.67

_ Lo T lie o C'sin(c+dz) ‘
2(CB(Ye-+ do)|2) + BF (3o dr)] ) + EL )

d+/cos(c + dx) /bsec(c + dz)

Antiderivative was successfully verified.

[In] Integrate[(B*Sec[c + d*x] + C*Sec[c + d*x]~2)/Sqrt[b*Secl[c + d*x]],x]

[Out] (2*(-(C*EllipticE[(c + dx*x)/2, 2]) + BxEllipticF[(c + d*x)/2, 2] + (C*Sin[c
+ dxx])/Sqrt[Cos[c + d*x]]))/(d*Sqrt[Cos[c + d*x]]*Sqrt[bxSec[c + d*x]])

Maple [C] Result contains complex when optimal does not.
time = 34.09, size = 456, normalized size = 4.18

method | result

) 1 ‘ cos(dztc) .. i(—14-cos(dz4c)) . ; ;
2(1+cos(da+c))? (—1+cos(dz+c))? <zB \/1+cos(dz+c) \/1+cos(d:1:+c) Elhpmd:‘(%”) cos(dz+c) sin(dz-+c)+iC

default

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*sec(d*x+c)+Cksec(d*x+c)~2)/(b*sec(d*x+c))~(1/2),x,method=_RETURNVERB
0SE)

[Out] 2/d*(1+cos(d*x+c)) ~2*(-1+cos(d*x+c)) ~2* (I*B*cos(d*x+c)*E1l1lipticF (I*(-1+cos(
dxx+c)) /sin(d*x+c) ,I)*(1/(1+cos(d*x+c))) ~(1/2) *(cos (d*x+c)/(1+cos(d*x+c))) ™
(1/2)*sin(d*x+c)+I*C*cos (d*x+c) *E1lipticE(I*(-1+cos(d*x+c))/sin(d*x+c),I)*(
1/ (1+cos(d*x+c)) )~ (1/2)*(cos(d*x+c)/ (1+cos(d*x+c))) ~(1/2) *sin(d*x+c)-I*Cx (1
/ (1+cos(d*x+c))) ~(1/2) *(cos(d*x+c)/(1+cos(d*x+c))) ~(1/2)*E1llipticF (I*(-1+co
s(d*xx+c))/sin(d*x+c),I)*cos(d*x+c)*sin(d*x+c)+I*BxE1lipticF (I*(-1+cos(d*x+c
))/sin(d*x+c) ,I)*sin(d*x+c)*(1/(1+cos(d*x+c)) )~ (1/2)*(cos(d*x+c)/(1+cos(d*x
+c)) )~ (1/2)+I*C*E1llipticE(I*(-1+cos(d*x+c))/sin(d*x+c) ,I)*sin(d*x+c)*(1/(1+
cos (d*x+c)))~(1/2)*(cos (d*x+c)/(1+cos(d*x+c)) )~ (1/2)-I*C*E1llipticF(I*(-1+co
s(d*xx+c))/sin(d*x+c) ,I)*(1/(1+cos (d*x+c))) ~(1/2) *(cos (d*x+c)/ (1+cos (d*x+c))
)~ (1/2) *sin(d*x+c)-C*cos (d*x+c)+C) * (b/cos (d*x+c)) ~(1/2) /b/sin(d*x+c) 5

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*sec(d*x+c)+Cxsec(d*x+c)~2)/(b*sec(d*x+c))~(1/2),x, algorithm="
maxima")
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[Out] integrate((Cxsec(d*x + c)~2 + B*sec(d*x + c))/sqrt(b*sec(d*x + c¢)), x)

Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.63, size = 143, normalized size = 1.31

~iVZ BVE weierstrassPInverse(—4, 0, cos (dz + ¢) + i sin (dz + ¢)) + i V2 BV weierstrassPInverse(—4, 0, cos (dz + c) — i sin (dz + c)) — i V2 C V5 weierstrassZeta(—4, 0, weierstrassPInverse(—4, 0, cos (dz + ¢) + i sin (dz + ¢))) + i VZ OV weierstrassZeta(—4, 0, weierstrassPInverse(—4, 0, cos (dz + ¢) — i sin (dz + ¢))) + 20\3 =@y (dz+¢)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*sec(d*x+c)+Cxsec(d*x+c)~2)/(b*sec(d*x+c))~(1/2),x, algorithm="
fricas")
[Out] (-I*sqrt(2)*B*sqrt(b)*weierstrassPInverse(-4, 0, cos(d*x + c) + I*sin(d*x +
c)) + Ixsqrt(2)*B*sqrt(b)*weierstrassPInverse(-4, 0, cos(d*x + c) - I*sin(
d*x + c)) - I*sqrt(2)*C*sqrt(b)*weierstrassZeta(-4, 0, weierstrassPInverse(
-4, 0, cos(d*x + c) + I*sin(d*x + c))) + Ixsqrt(2)*Cxsqrt(b)*weierstrassZet
a(-4, 0, weierstrassPInverse(-4, 0, cos(d*x + c) - I*sin(d*x + c))) + 2*xCxs
qrt(b/cos(d*x + c))*sin(d*x + c))/(b*d)
Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
(B + C'sec (c+ dz)) sec (¢ + dx)

bsec (c + dz)

dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*sec(d*x+c)+Cksec(dxx+c)**2)/(b*sec(d*x+c))**(1/2),x)
[Out] Integral((B + C*sec(c + d*x))*sec(c + dx*x)/sqrt(bxsec(c + d*x)), x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxsec(d*x+c)+Cxsec(d*x+c) 2)/(bxsec(d*x+c))~(1/2),x, algorithm="
giac")
[Out] integrate((Cxsec(d*x + c)~2 + B*sec(d*x + c))/sqrt(b*sec(d*x + ¢)), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

B + C
/ cos(c+dx) cos(c+dx)? dr
b

cos(c+dx)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B/cos(c + d*x) + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(1/2),x%)
[Out] int((B/cos(c + d*x) + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(1/2), x)
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Bsec(c+dz)+C sec?(c+dz)
3.50 f (bsec(c+dz))3/2 dz
Optimal. Leaf size=85
2BE(3(c+dz)|2) N 2C\/cos(c+ dz) F(i(c+dz)|2) /bsec(c+ dz)
bd+/cos(c + dz) +/bsec(c + dz) b*d

[Out] 2*B*(cos(1/2*d*x+1/2%*c)~2)~(1/2)/cos(1/2*d*x+1/2%c)*E1llipticE(sin(1/2*d*x+1
/2%c) ,27(1/2))/b/d/cos (d*x+c) ~(1/2) / (b*sec(d*x+c) )~ (1/2) +2*Cx (cos (1/2*d*x+1
/2%c)~2)~(1/2) /cos(1/2*d*x+1/2*c)*E1lipticF (sin(1/2*d*x+1/2%c) ,27(1/2))*cos
(d*x+c)~(1/2)*(bxsec(d*x+c))~(1/2) /p~2/d

Rubi [A]

time = 0.06, antiderivative size = 85, normalized size of antiderivative = 1.00, number of

number of rules __
' integrand size 0.188,

steps used = 7, number of rules used = 6, integrand size = 32
Rules used = {4132, 3856, 2719, 12, 16, 2720}

2C+/cos(c + dz) F(1(c+ dx)|2) v/bsec(c + dz) N 2BE(1(c+dz)|2)
b*d bd\/cos(c + dx) +/bsec(c + dx)

Antiderivative was successfully verified.
[In] Int[(B*Sec[c + d*x] + CxSecl[c + d*xx]~2)/(b*Sec[c + d*x])~(3/2),x]

[Out] (2«B#EllipticE[(c + d*x)/2, 2])/(b*d*Sqrt[Cos[c + d*x]]*Sqrt[b*Sec[c + d*x]
1) + (2%C*Sqrt[Cos[c + d*x]]*EllipticF[(c + d*x)/2, 2]*Sqrt[b*Sec[c + d*x]]
)/ (b~2%d)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 16

Int[(u_.)*(v_ )~ (m_.)*((b_)*(v_))~"(n_), x_Symbol] :> Dist[1/b"m, Int [u*(b*v)
“(m + n), x], x] /; FreeQ[{b, n}, x] && IntegerQ[m]

Rule 2719

Int[Sqrtlsinl(c_.) + (d_.)*(x_)]1], x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

Rule 2720

Int[1/Sqrt[sin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/d)*EllipticF[(1/2
)*(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]
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Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d*x]
)~n*Sin[c + d*x]"n, Int[1/Sin[c + d*x]~n, x], x] /; FreeQ[{b, c, d}, x] &
EqQ[n~2, 1/4]

Rule 4132

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.))"(m_.)*((A_.) + cscl(e_.) + (f_.)*(x_)]1*
(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + fxx])"(m + 1), x], x] + Int[(b*Cscl[e + f*x]) m*(A + CxCscl[e + f*x]~2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps
B ! -dz
/ Bsec(c + dx) + Csec?(c + dz) dp — V/bsec(c + dr) / C sec?(c + dz) i
(bsec(c + dz))3/2 N b (bsec(c + dzx))3/2

_ C’/ sec?(c + dr) . B [ \/cos(c+dz) dz
(bsec(c + dz))3/2 by/cos(c+ dx) \/bsec(c + dz)
2BE(L(c+dz)|2) N C [ \/bsec(c+ dx) dx
b2

N bd+/cos(c + dzx) /bsec(c + dz)

2BE(L(c+dz)|2) <C \V/cos(c + dzx) \/bsec(c+

N bd+/cos(c + dzx) /bsec(c + dx) b2
B 2BE(L(c+dz)|2) +2C’\/cos(c+dx) F(i(c+dx
bd+/cos(c + dz) /bsec(c+ dzx) b%d

Mathematica [A]
time = 0.06, size = 57, normalized size = 0.67

2(BE(3(c+dz)|2) + CF(3(c+dz)|2))
bd\/cos(c + dz) +/bsec(c + dz)

Antiderivative was successfully verified.

[In] Integrate[(B*Sec[c + d*x] + C*Sec[c + d*x]~2)/(b*Sec[c + d*x])~(3/2),x]

[Out] (2*(B*EllipticE[(c + d*x)/2, 2] + C*EllipticF[(c + d*x)/2, 2]))/(bxd*Sqrt([C
os[c + d*x]]*Sqrt([b*Sec[c + dx*x]])

Maple [C] Result contains complex when optimal does not.
time = 22.10, size = 450, normalized size = 5.29
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method | result

o \/_2' (ei(dx~|—c) + ’L) ‘ \/f \/l (ei(dx~|—c) _ ’L) ‘ \/z'ei(dx+c) ‘ EmpﬁcF( /—i (ei(dac+c) i

\/b e3i(dz+c) +b ei(dz+c) ‘

7

iB\2

risch — —
betlaz+tc
db\/ezi(da:+c)+1
cos(dm+c) z( 1+cos(dz+c)) COS(d
defaul < \/ 1+cos(dz+c) \/ 1+cos(dz+c) ElllpthF © sin(detc) )Cos(dw—i—c)sm(dw—}-c)—i—zB 1+cos(dm+c) 14-cos(
etault

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*sec(d*x+c)+Cksec(d*x+c)~2)/(b*sec(d*x+c))~(3/2),x,method=_RETURNVERB
0SE)

[Out] -2/d*(-I*B*cos(d*x+c)*sin(d*x+c)*E11lipticF(I*(-1+cos(d*x+c))/sin(d*x+c),I)*
(1/(1+cos(d*x+c))) ~(1/2)*(cos(d*x+c) / (1+cos(d*x+c))) ~(1/2) +I*B*cos (d*x+c) *s
in(d*x+c)*E11lipticE(I*(-1+cos(d*x+c))/sin(d*x+c),I)*(1/(1+cos(d*x+c)))~(1/2
)*(cos(d*x+c)/(1+cos(d*x+c)) )~ (1/2)-I*Cx(1/(1+cos(d*x+c))) " (1/2)*(cos (d*x+c
)/ (1+cos(d*x+c))) ~(1/2)*E1lipticF (I*(-1+cos(d*x+c))/sin(d*x+c) ,I)*cos(d*x+c
) *sin(d*x+c)-I*B*sin(d*x+c)*E1lipticF (I*(-1+cos(d*x+c))/sin(d*x+c),I)*(1/(1
+cos(d*x+c))) ~(1/2)*(cos(d*x+c)/(1+cos(d*x+c))) ~(1/2)+I*B*sin(d*x+c)*Ellipt
icE(I*(-1+cos(d*x+c))/sin(d*x+c) ,I)*(1/(1+cos(d*x+c))) ~(1/2)*(cos(d*x+c) /(1
+cos (d*x+c)) )~ (1/2)-I*C*EllipticF (I*(-1+cos(d*x+c))/sin(d*x+c),I)*(1/(1+cos
(d*x+c)))~(1/2)*(cos(d*x+c)/(1+cos(d*x+c))) ~(1/2) *sin(d*x+c) +B*cos (d*x+c) "2
-B*cos (d*x+c))/cos(d*x+c) "2/ (b/cos(d*x+c) )~ (3/2) /sin(d*x+c)

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*sec(d*x+c)+Cxsec(d*x+c)~2)/(b*sec(d*x+c))~(3/2),x, algorithm="
maxima")

[Out] integrate((C*sec(d*x + c)~2 + B*sec(d*x + c))/(b*sec(d*x + ¢))~(3/2), x)

Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.39, size = 122, normalized size = 1.44

—i V2 OV weierstrassPInverse(—4, 0, cos (dz + ) + i sin (dz + ¢)) + i V2 CVb weierstrassPlnverse(—4, 0, cos (dz + c) — i sin (dz + ¢)) +i vZ BVE" Zota(—4, 0, weierstrassPInverse(—4, 0, cos (dz + ) + i sin (dz + ¢))) =i V2 BVE" ~4,0, 4,0, cos (dz + c) — i sin (dx + c)))

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((B*sec(d*x+c)+Cxsec(d*x+c)~2)/(b*sec(d*x+c))~(3/2),x, algorithm="

fricas")

[Out] (-I*sqrt(2)*C*xsqrt(b)*weierstrassPInverse(-4, 0, cos(d*x + c) + I*sin(d*x +
c)) + Ixsqrt(2)*Cxsqrt(b)*weierstrassPInverse(-4, 0, cos(d*x + c) - I*sin(

dxx + c)) + I*xsqrt(2)*B*sqrt(b)*weierstrassZeta(-4, 0, weierstrassPInverse(

-4, 0, cos(d*x + c) + I*sin(d*x + c))) - Ixsqrt(2)*B*sqrt(b)*weierstrassZet

a(-4, 0, weierstrassPInverse(-4, 0, cos(d*x + c) - I*sin(d*x + ¢))))/(b"2*d

)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

(B + C'sec (c+ dz)) sec (c + dz)
(bsec (c+ da:))%

dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*sec(d*x+c)+Cxsec(d*x+c)**2)/(bxsec(d*x+c))**(3/2),x)
[Out] Integral((B + C*sec(c + d*x))*sec(c + dx*x)/(b*sec(c + d*x))**(3/2), x)
Giac [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*sec(d*x+c)+Cxsec(d*x+c)~2)/(b*sec(d*x+c))~(3/2),x, algorithm="
giac")
[Out] integrate((Cxsec(d*x + c)~2 + B*sec(d*x + c))/(b*sec(d*x + ¢))~(3/2), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

B c
cos(ct+dx) + cos(ctdx)?
( b ) 3/2
cos(c+d )
Verification of antiderivative is not currently implemented for this CAS.

[In] int((B/cos(c + d*x) + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(3/2),x)
[Out] int((B/cos(c + d*x) + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(3/2), x)
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Bsec(c+dz)+C sec?(c+dz)
3.51 f (bsec(c+dzx))5/2 dz

Optimal. Leaf size=116

2CE(%(c+dz)|2) +2B\/cos(c +dz) F(i(c+ dx)|2) /bsec(c+ dx) N 2Bsin(c + dx)
b2d+/cos(c + dx) \/bsec(c+ dz) 3b°d 3b2d+/bsec(c + dzx

[Out] 2/3*B*sin(d*x+c)/b~2/d/(b*sec(d*x+c))~(1/2)+2*Cx(cos(1/2*d*xx+1/2%c)~2)~(1/2
)/cos(1/2xd*x+1/2*c)*E1lipticE(sin(1/2*d*x+1/2*c),27(1/2))/b~2/d/cos(d*x+c)
~(1/2)/ (b*sec(d*x+c) )~ (1/2)+2/3%B* (cos (1/2*d*xx+1/2*c) ~2) ~(1/2) /cos (1/2*d*xx+
1/2%c)*E1llipticF(sin(1/2*d*x+1/2%c) ,27(1/2))*cos(d*x+c) ~(1/2)* (b*sec (d*x+c)
)~(1/2)/b~3/d

Rubi [A]
time = 0.08, antiderivative size = 116, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.219,

steps used = 8, number of rules used = 7, integrand size = 32,
Rules used = {4132, 3854, 3856, 2720, 12, 16, 2719}

2B+/cos(c + dz) F(3(c+dz)|2) \/bsec(c+ dzx) N 2Bsin(c + dx) N 2CE(%(c+dx)|2)
3b%d 3b2d\/bsec(c +dz)  b2d+\/cos(c+ dx) \/bsec(c+ dzx)

Antiderivative was successfully verified.
[In] Int[(B*Sec[c + d*x] + CxSec[c + d*x]~2)/(b*Sec[c + d*x])~(5/2),x]

[Out] (2xC#EllipticE[(c + d*x)/2, 2])/(b~2*d*Sqrt[Cos[c + d*x]]*Sqrt[bxSec[c + dx
x]]) + (2xBxSqrt[Cos[c + d*x]]*EllipticF[(c + d*x)/2, 2]*Sqrt[b*Sec[c + d*x
11)/(3%b~3xd) + (2«BxSin[c + d*x])/(3*b~2*d*Sqrt[b*Sec[c + d*x]])

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !Match
QLu, (b_)*(v_) /; FreeQ[b, x]]

Rule 16

Int[(u_)*(v_ )~ (m_.)*((b_)*(v_))~"(n_), x_Symbol] :> Dist[1/b"m, Int [u*(b*v)
“(m + n), x], x] /; FreeQ[{b, n}, x] && IntegerQ[m]

Rule 2719
Int[Sqrt[sin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

Rule 2720
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Int[1/Sqrtlsin[(c_.) + (d_.)*(x_)]], x_Symbol]l :> Simp[(2/d)*EllipticF[(1/2
)x(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

Rule 3854

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
b*xCsc[c + d*x])"(n + 1)/(bxd*n)), x] + Dist[(n + 1)/(b~2*n), Int[(b*Csclc +
d*x])~(n + 2), x], x] /; FreeQ[{b, c, d}, x] & LtQ[n, -1] && IntegerQ[2*n
]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d*x]
)"n*Sin[c + d*x]~n, Int[1/Sin[c + d*x]~n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

Rule 4132

Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.))"(m_.)*((A_.) + cscl(e_.) + (£f_.)*(x_)]1*
(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + £*x])"(m + 1), x], x] + Int[(b*Csc[e + f*x]) m*x(A + CxCscl[e + f*x]~2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps

/ Bsec(c + dz) + C'sec?(c + dz) dp — B[ m dx / C sec?(c + dx) i
(bsec(c + dz))5/2 b (bsec(c + dz))5/2

2B sin(c + dz) B [ \/bsec(c+dz) dzx sec?(c +
- + e
3b2d+/bsec(c + dz) 363 (bsec(c+ «
_ _ 2Bsin(c+dz) N cf Vb sec(lc + dz) e <B cos(e+d.

3b2d+/bsec(c + dz) b?
B 2B+/cos(c + dz) F(i(c+dz)|2) \/bsec(c + da) N 2B sin(c -
3b3d 3b2d+/bsec(
B 2CE(L(c+dz)|2) +2B\/MF(%(c+d:
b2d+/cos(c + dx) \/bsec(c + dz) 3b%d

Mathematica [A]
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time = 0.12, size = 81, normalized size = 0.70

6CE(3(c+dz)|2) +2BF(%(c+dz)|2) + \/Bczg((z@f;)))
Cc X

3b2d\/cos(c + dz) +/bsec(c + dz)

Antiderivative was successfully verified.

[In] Integrate[(BxSec[c + dxx] + C*Sec[c + d*x]~2)/(b*Sec[c + d*x])~(5/2),x]
[Out] (6%xC#EllipticE[(c + d*x)/2, 2] + 2*B*EllipticF[(c + d*x)/2, 2] + (B*Sin[2x*(
c + d*x)])/Sqrt[Cos[c + d*x]])/(3*b"2*d*Sqrt[Cos[c + d*x]]*Sqrt[b*Sec[c + d

*x]1)

Maple [C] Result contains complex when optimal does not.
time = 23.18, size = 470, normalized size = 4.05

method | result

/ / cos(dz+c) d
< 1+cos(dw+c) 1+cos(dz+0) ElllptlcF z( i$?31(+ﬁ;°)) ) cos(dz+c) sin(dz+c)+3iC cos(dz+c) sin(dz+c)

default

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*sec(d*x+c)+Cxsec(d*x+c)~2)/(bxsec(d*x+c))~(5/2),x,method=_RETURNVERB
0SE)

[Out] -2/3/d*(-I*Bxcos(d*x+c)*sin(d*x+c)*E1lipticF(I*(-1+cos(d*x+c))/sin(d*x+c),I
)*x(1/ (1+cos(d*x+c)) )~ (1/2)*(cos(d*x+c)/ (1+cos(d*x+c))) ~(1/2)+3*I*C*cos (d*x+
c)*sin(d*x+c)*E1lipticE(I*(-1+cos(d*x+c))/sin(d*x+c),I)*(1/(1+cos(d*x+c)))”
(1/2) *(cos(d*x+c) / (1+cos(d*x+c))) ~(1/2) -3*xI*Cxcos (d*x+c) *sin(d*x+c)*E1llipti
cF(Ix(-1+cos(d*x+c))/sin(d*x+c) ,I)*(1/(1+cos(d*x+c)) )~ (1/2)*(cos(d*x+c)/(1+
cos(d*x+c)))~(1/2)-I*B*sin(d*x+c)*EllipticF (I*(-1+cos(d*x+c))/sin(d*x+c),I)
*(1/(1+cos(d*x+c))) " (1/2)*(cos(d*x+c)/(1+cos(d*x+c))) " (1/2) +3*I*C*xsin (d*x+c
)*E1lipticE(I*(-1+cos(d*x+c))/sin(d*x+c),I)*(1/(1+cos(d*x+c)))~(1/2)*(cos(d
*xx+c) /(1+cos(d*x+c))) ~(1/2)-3*I*Cxsin(d*x+c)*E1llipticF (I*(-1+cos(d*x+c))/si
n(d*x+c) ,I)*(1/(1+cos(d*x+c))) " (1/2) *(cos(d*x+c)/(1+cos (d*x+c))) ~(1/2)+B*co
s (d*x+c) ~3+3*Cxcos (d*x+c) ~2-B*cos (d*x+c) -3*C*cos (d*x+c) ) /cos (d*x+c) ~3/sin(d
xx+c) / (b/cos(d*x+c))~(5/2)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((B*sec(d*x+c)+Cxsec(d*x+c)~2)/(b*sec(d*x+c))~(5/2),x, algorithm="
maxima")

[Out] integrate((C*sec(d*x + c)~2 + B*sec(d*x + c))/(b*sec(d*x + ¢))~(5/2), x)

Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.38, size = 150, normalized size = 1.29

-

IVZBVE 4,0,c05 (dz +¢) + i sin (dz +¢)) + i VT BB weierstrassPlnverse(—4, 0,08 (d + ) — i sin (dz +¢)) + 3 VZ C V5 weierstrassZeta(—4, 0, weierstrassPlaverse(—4, 0, cos (dz +¢) + i sin (dz + ¢))) = 3 VZ CVE" 0, weiers ~4,0, ) i sin (dz +0)))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*sec(d*x+c)+Cxsec(d*x+c)~2)/(b*sec(d*x+c))~(5/2),x, algorithm="
fricas")

[Out] 1/3%(2*B*sqrt(b/cos(d*x + c))*cos(d*x + c)*sin(d*x + c) - I*sqrt(2)*B*sqrt(
b)*weierstrassPInverse(-4, 0, cos(d*x + c) + I*sin(d*x + c)) + I*sqrt(2)=*B*

sqrt (b) *weierstrassPInverse(-4, 0, cos(d*x + c) - I*sin(d*x + c)) + 3*Ixsqr

t(2) *Cxsqrt (b) *weierstrassZeta(-4, 0, weierstrassPInverse(-4, 0, cos(d*x +

c) + Iksin(d*x + c))) - 3*%I*sqrt(2)*C*xsqrt(b)*weierstrassZeta(-4, 0, weiers
trassPInverse(-4, 0, cos(d*x + c) - I*sin(d*x + c))))/(b~3%d)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

(B + Csec(c+dx))sec(c+ dx)
(bsec (c+ dw))%

dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*sec(d*x+c)+Cxsec(d*x+c)**2)/(bxsec(d*x+c))**(5/2),x)
[Out] Integral((B + Cxsec(c + dxx))*sec(c + dxx)/(b*sec(c + d*x))#**(5/2), x)
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*sec(d*x+c)+Cxsec(d*x+c)~2)/(b*sec(d*x+c))~(5/2),x, algorithm="
giac")
[Out] integrate((Cxsec(d*x + c)~2 + B*sec(d*x + c))/(b*sec(d*x + ¢))~(5/2), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

B C
/ cos(c+dx) + cos(c+d z)? dr

b 5/2
cos(c+d )



220

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B/cos(c + d*x) + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(5/2),x%)
[Out] int((B/cos(c + d*x) + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(5/2), x)
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Bsec(c+dz)+C sec?(c+dz)
3.52 f (bsec(c+dzx))7/? dz

Optimal. Leaf size=147

6BE(%(c+ dz)|2) +2C\/cos(c+dz) F(i(c+dz)|2) \/bsec(c+ dx) N 2Bsin(c + d

5b3d+\/cos(c + dz) \/bsec(c + dzx) 3bid 5b2d(bsec(c + d:

[Out] 2/5*B*sin(d*x+c)/b~2/d/(b*sec(d*x+c))~(3/2)+2/3*C*xsin(d*x+c)/b~3/d/ (b*sec(d
*xx+c) )~ (1/2)+6/5%B* (cos (1/2xd*x+1/2*c) ~2) ~(1/2) /cos (1/2*d*x+1/2*c)*Elliptic
E(sin(1/2*d*x+1/2%c) ,2~(1/2))/b"3/d/cos (d*xx+c) ~(1/2) / (bxsec(d*x+c))~(1/2)+2

/3%C* (cos (1/2xd*x+1/2%c) ~2)~(1/2) /cos(1/2*d*x+1/2*c)*E1lipticF (sin(1/2*d*x+
1/2*xc) ,27(1/2) ) *cos (d*x+c) ~(1/2) *(b*sec(d*x+c))~(1/2)/b"4/4d

Rubi [A]
time = 0.09, antiderivative size = 147, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.219,

steps used = 9, number of rules used = 7, integrand size = 32,
Rules used = {4132, 3854, 3856, 2719, 12, 16, 2720}

2C /cos(c + dz) F(3(c+ dz)|2) \/bsec(c + dx) 6BE(3(c+dz)|2) 2C sin(c + dx) + 2Bsin(c + dx)
3btd 5b3d+/cos(c + dz) \/bsec(c+dz)  3b3d+\/bsec(c +dx)  Sbd(bsec(c + dx))3/?

Antiderivative was successfully verified.
[In] Int[(B*Sec[c + d*x] + CxSec[c + d*x]~2)/(b*Sec[c + d*x])~(7/2),x]

[Out] (6xB#EllipticE[(c + d*x)/2, 2])/(56%b~3*d*Sqrt[Cos[c + d*x]]*Sqrt[bxSec[c +
dxx]]) + (2xCxSqrt[Cos[c + d*x]]*EllipticF[(c + d*x)/2, 2]*Sqrt[bxSec[c + d
*x]])/(3%¥b~4xd) + (2*%B*Sin[c + d*x])/(5*b~2*d*(b*Sec[c + d*x])~(3/2)) + (2%
C+Sin[c + d#*x])/(3*b~3*d*Sqrt [b*Sec[c + d*x]])

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 16

Int[(u_)*(v_ )~ (m_.)*((b_)*(v_))"(n_), x_Symbol] :> Dist[1/b"m, Int [u*(b*v)
“(m + n), x], x] /; FreeQ[{b, n}, x] && IntegerQ[m]

Rule 2719
Int[Sqrt[sinl(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*x), 2], x] /; FreeQl[{c, d}, x]

Rule 2720



222

Int[1/Sqrtlsin[(c_.) + (d_.)*(x_)]], x_Symbol]l :> Simp[(2/d)*EllipticF[(1/2
)x(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

Rule 3854

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
b*Csc[c + d*x])"(n + 1)/(bxd*n)), x] + Dist[(n + 1)/(b~2*n), Int[(b*Csclc +
d*x])~(n + 2), x], x] /; FreeQ[{b, c, d}, x] & LtQ[n, -1] && IntegerQ[2*n
]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d*x]
)"n*Sin[c + d*x]~n, Int[1/Sin[c + d*x]°n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

Rule 4132

Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.))"(m_.)*((A_.) + cscl(e_.) + (£f_.)*(x_)]1*
(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + £*x])"(m + 1), x], x] + Int[(b*Csc[e + f*x]) m*x(A + CxCsc[e + f*x]~2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps

/ Bsec(c + dz) + C'sec*(c + dz) de — B[ m dx / C'sec?(c + dz) s
(bsec(c + dz))7/? N b (bsec(c + dz))7/?
3B 1 -d
_ 2Bsin(c+dx) N BB ] V/bsec(c + dz) v
~ 5b2d(bsec(c + dx))3/2 5b3
_ 2Bsin(c+dx) N cf W dzx (3B) [ /cos(c
~ 5b%d(bsec(c + dx))3/? b? 503/ cos(c + dz)
6BE(1(c+ dz)|2) 2Bsin(c + dx)

= ‘ -+ +
5b3d\/cos(c + dz) \/bsec(c + dz)  5b%d(bsec(c+dx))¥2 * 3p3g

6BE(1(c+dz)|2

2Bsin(c + dx)

N 5b63d+/cos(c + dx) \/bsec

c+dzx)  Sbd(bsec(c+ dz))3/2

N 2C\/cos(c + dz) F(1(c+ da

)
(
B 6BE(3(c+ dz)|2)
~ 5b3d V/cos(c + dzx) \/bsec(c+ dx)
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Mathematica [A]
time = 0.38, size = 91, normalized size = 0.62

2y/cos(c + dz) \/bsec(c+ dz) <9BE’(% ¢ +dz)|2) + 5CF (3(c+ dx)|2) + \/cos(c+ dz) (5C + 3B cos(c + dz))sin(c + da:))
15b%d

Antiderivative was successfully verified.

[In] Integrate[(BxSec[c + dxx] + C*Sec[c + d*x]~2)/(b*Sec[c + d*x])~(7/2),x]

[Out] (2xSqrt([Cos[c + dxx]]#*Sqrt[b*Sec[c + d*x]]*(9*B*EllipticE[(c + d*x)/2, 2] +
5%C*EllipticF[(c + d*x)/2, 2] + Sqrt[Cos[c + d*x]]*(56xC + 3*xBxCos[c + d*x]
)*Sin[c + dx*x]))/(15%b~4*d)

Maple [C] Result contains complex when optimal does not.
time = 23.31, size = 482, normalized size = 3.28

method | result

COS(d:I:+C 1,( 14-cos(dz+c)) 1 _c
< 9B \/ 1-+cos( dac—i—c) \/ 1+cos(dz+c) Elhpth sin(dz+c) )cos(dx+c) sin(dz+c)+9iB 14-cos(dx+c) 1+

default

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*sec(d*x+c)+C*sec(d*x+c)~2)/(bxsec(d*x+c))~(7/2),x,method=_RETURNVERB
0SE)

[Out] -2/15/d*(-9*I*B*cos (d*x+c)*sin(d*x+c)*E11lipticF(I*(-1+cos(d*x+c))/sin(d*x+c
), D *(1/(1+cos(d*x+c))) ~(1/2)*(cos(d*x+c) /(1+cos (d*x+c)) )~ (1/2)+9*I*B*cos(d
*xx+c)*sin(d*x+c) *E1lipticE(I*(-1+cos(d*x+c))/sin(d*x+c),I)*(1/(1+cos(d*x+c)
))~(1/2)*(cos(d*x+c)/(1+cos(d*x+c)) )~ (1/2) -5*xI*C*xcos (d*x+c) *sin(d*x+c)*E11i
pticF(I*(-1+cos(d*x+c))/sin(d*x+c),I)*(1/(1+cos(d*x+c)))~(1/2)*(cos(d*x+c)/
(1+cos(d*x+c)))~(1/2)-9*I*B*xsin(d*x+c) *E1llipticF (I*(-1+cos(d*x+c))/sin(d*x+
c),DD*(1/(1+cos(d*x+c))) ~(1/2)*(cos(d*x+c)/ (1+cos(d*x+c))) ~(1/2) +9*I*B*sin(
d*x+c)*E11lipticE(I*(-1+cos(d*x+c))/sin(d*x+c) ,I)*(1/(1+cos(d*x+c)))~(1/2)*(
cos(d*x+c)/(1+cos(d*x+c))) ~(1/2)-5*xI*C*sin(d*x+c)*E11lipticF (I*(-1+cos(d*x+c
))/sin(d*x+c) ,I)*(1/ (1+cos(d*x+c)) )~ (1/2)*(cos(d*x+c) / (1+cos(d*x+c)))~(1/2)
+3*B*cos (d*x+c) “4+5*Cxcos (d*x+c) ~“3+6*B*xcos (d*x+c) "2-9*B*cos (d*x+c) -5*C*cos (
d*x+c))/cos(d*x+c) ~4/sin(d*x+c)/(b/cos(d*x+c) )~ (7/2)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*sec(d*x+c)+Cxsec(d*x+c)~2)/(b*sec(d*x+c))~(7/2),x, algorithm="
maxima")
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[Out] integrate((Cxsec(d*x + c)~2 + B*sec(d*x + c))/(b*sec(d*x + ¢))~(7/2), x)

Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 1.21, size = 164, normalized size = 1.12

=54V OV ksl 4,0, cos 0 +) s +0) 45 V7 O el 4o -+) = -+ )+ 6V B ot 4,0 w0t (d-+)+ 0+ ) =0 /7 BV w0, st Plaves 0,6 0 +0) =3 s -+) +2(0 B -+ +5Cocn 0+ ) oy im0

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*sec(d*x+c)+Cxsec(d*x+c)~2)/(b*sec(d*x+c))~(7/2),x, algorithm="
fricas")

[Out] 1/15%(-5*%I*sqrt(2)*C*sqrt(b)*weierstrassPInverse(-4, 0, cos(d*x + c) + I*si
n(d*x + c)) + bxIxsqrt(2)*C*xsqrt(b)*weierstrassPInverse(-4, 0, cos(d*x + c)

- Ixsin(d*x + c)) + 9*I*sqrt(2)*B*sqrt(b)*weierstrassZeta(-4, 0, weierstra
ssPInverse(-4, 0, cos(d*x + c) + I*sin(d*x + c))) - 9xIxsqrt(2)*Bxsqrt(b)*w
eierstrassZeta(-4, 0, weierstrassPInverse(-4, 0, cos(d*x + c¢) - I*sin(d*x +

c))) + 2x(3*B*cos(d*x + c)~2 + 5xCxcos(d*x + c))*sqrt(b/cos(d*x + c))*sin(

d*x + c¢))/(b~4x*d)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
(B + Csec(c+ dx))sec(c+ dx)

- dz
(bsec(c+dx))?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*sec(d*x+c)+C*sec(d*x+c)**2)/(bxsec(d*x+c))**(7/2),x)
[Out] Integral((B + Cxsec(c + d*x))*sec(c + dx*x)/(b*sec(c + d*x))**(7/2), x)
Giac [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxsec(d*x+c)+Cxsec(d*x+c)~2)/(b*sec(d*x+c))~(7/2),x, algorithm="
giac")
[Out] integrate((Cxsec(d*x + c)~2 + B*sec(d*x + c))/(b*sec(d*x + ¢))~(7/2), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

B C
/ cos(c+dx) + cos(c+d z)? dr

b 7/2
cos(c+d )
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((B/cos(c + d*x) + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(7/2),x%)
[Out] int((B/cos(c + d*x) + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(7/2), x)
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Bsec(c+dz)+C sec?(c+dz)
3.53 f (bsec(c+dz))9/2 dz
Optimal. Leaf size=176
6CE(1(c+dz)|2) 10B+/cos(c + dz) F(3(c+ dx)|2) v/bsec(c + dx) 2Bsin(c + d:
: -+ = +53
5btd+/cos(c + dz) \/bsec(c + dx) 216°d Th2d(bsec(c + ds

[Out] 2/7*B*sin(d*x+c)/b~2/d/(b*sec(d*x+c))~(5/2)+2/5*%C*xsin(d*x+c)/b~3/d/ (b*sec(d
*xx+c) )~ (3/2)+10/21*%B*sin(d*x+c) /b~4/d/ (b*sec(d*x+c) )~ (1/2)+6/5%C*x (cos(1/2*d
*xx+1/2%c)~2)~(1/2) /cos(1/2*d*x+1/2*c)*E11lipticE(sin(1/2*d*x+1/2%c) ,27(1/2))
/b~4/d/cos(d*x+c) " (1/2) / (bxsec(d*x+c))~(1/2)+10/21*B*(cos (1/2*d*x+1/2%c) ~2)
~(1/2)/cos(1/2*d*x+1/2xc)*E1lipticF (sin(1/2*d*x+1/2%*c) ,27(1/2))*cos(d*x+c)”

(1/2) *(b*sec(d*x+c))~(1/2)/b~5/4

Rubi [A]
time = 0.10, antiderivative size = 176, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.219,

steps used = 10, number of rules used = 7, integrand size = 32,
Rules used = {4132, 3854, 3856, 2720, 12, 16, 2719}

10B+/cos(c + dz) F(}(c+ dz)|2) v/bsec(c + dx) + 10Bsin(c + dz) 6CE(3(c+dz)|2) + 2C sin(c + dz) . 2Bsin(c + dz)
216°d 2104d/bsec(c + dz)  5bidy/cos(c + dz) /bsec(c+dz) = SbPd(bsec(c+d))¥?  Tbd(bsec(c + dz))>/2

Antiderivative was successfully verified.
[In] Int[(BxSec[c + d*x] + CxSec[c + d*x]~2)/(bxSec[c + d*x])~(9/2),x]

[Out] (6+%C+EllipticE[(c + d*x)/2, 2])/(5xb~4xd*Sqrt[Cos[c + d*x]]*Sqrt[b*Sec[c +
d*x]]) + (10*BxSqrt[Cos[c + d*x]]*EllipticF[(c + d*x)/2, 2]*Sqrt[b*Sec[c +
d*x]]1)/(21*%b"5*%d) + (2*#B*Sin[c + d*x])/(7*b~2xd*(bxSec[c + d*x])~(5/2)) + (
2xCxSin[c + d*x])/(5xb~3*d*(b*Sec[c + d*x])~(3/2)) + (10#B*Sin[c + d*x])/(2
1xb~4*d*Sqrt [b*Sec[c + dx*x]])

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
QLu, (b_)*(v_) /; FreeQ[b, x]]

Rule 16

Int[(u_.)*(v_ )" (m_.)*((b_)*(v_))~(n_), x_Symbol] :> Dist[1/b"m, Int [u*(b*v)
“(m + n), x], x] /; FreeQ[{b, n}, x] && IntegerQ[m]

Rule 2719

Int[Sqrt[sinl(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]



Rule 2720

Int[1/Sqrt[sin[(c
Yx(c - Pi/2 + dx*x),

Rule 3854
Int[(csc[(c

I NGCESEICIIEICE
bxCsclc + d*x])~(n + 1)/(bxd*n)),

_) + (d_)*(x_)11, x_Symbol]

2], x] /; FreeQl{c, d}, xI]

)" (n),

x_Symbol]
x] + Dist[(n + 1)/(b~2+%n),

227

:> Simp[(2/d)*EllipticF[(1/2

:> Simp[Cos[c + d*x]*((
Int [(b*Csc[c +

d*x])~(n + 2), x], x] /; FreeQ[{b, c, d}, x] && LtQ[n, -1] && IntegerQ[2*n

]

Rule 3856

Int[(cscl(c
) nxSin[c + d*x] "n,
EqQ[n~2, 1/4]

Rule 4132

Int[(cscl(e_
(B_.) + cscl(e_
[e + £xx])"(m + 1),
x] /; FreeQ[{b, e,

Rubi steps

_-) + (doD)*(x ) I*(b_

Do+ (L
Do+ (£

D) (),
Int[1/Sin[c + d*x]"n, x],

D*x(x)]172%(C_. ),
x],
f, A, B, C, m}, x]

x_Symbol]

Dx(x_)]*(b_.)) " (m_.)*x((A_
x_Symbol]
x] + Int[(b*Csc[e + f*x]) mx(A + CxCscl[e + f*x]~2),

:> Dist[(b*Csc[c + d*x]
x] /; FreeQ[{b, c, d}, x] &&

.) + cscl(e_.) + (£_.)*(x_)]*
:> Dist[B/b, Int[(b*Csc

/

6CE(L(c+dz)|2)

Bsec(c+dz) + C'sec’(c+dz) , B J W dx C sec?(c + dx) i
(bsec(c + dz))9/? N b (b sec(c+ dav))g/2

. 2B SiIl(C + dCE) f (bsec(c+dz))3/2 C/ sec?
~ 7b2d(bsec(c + dx))5/2 e (bsec(c —I—
_ 2Bsin(c+ dx) 10B sin(c + dx) (5B) [ \/bsec(c
~ Th%d(bsec(c + dx)) 5/2 21b%d+/bsec(c + dx) 21°
_ 2Bsin(c+dx) n 2C'sin(c + dx) n 10Bsin(c+d
~ 7bh2d(bsec(c+dz))5/2  5b3d(bsec(c+dx))32  21p4d /b sec(c +
_ 10B+/cos(c+dzx) F(5(c+ dx)|2) \/bsec(c+ dzx) 2B sin
B 21b%d 7b2d(bsec(

1OB\/cos(c+ dz) F(3(c+

a 5btd+\/cos(c + dx) \/bsec( c—i—dz)

2165
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Mathematica [A]
time = 0.44, size = 104, normalized size = 0.59

Vbsec(c + dz) (252C+/cos(c + dz) E(3(c+ dz)|2) + 100B+/cos(c + dz) F(1(c+ dz)|2) + (65B + 42C cos(c + dz) + 15B cos(2(c + dx))) sin(2(c + dz))
2
210b5d

Antiderivative was successfully verified.

[In] Integrate[(B*Sec[c + d*x] + C*Sec[c + d*x]~2)/(b*Sec[c + d*x])~(9/2),x]

[Out] (Sqrt[bxSec[c + dxx]]*(252*%C*Sqrt[Cos[c + d*x]]*EllipticE[(c + d*x)/2, 2] +
100*xBxSqrt [Cos[c + d*x]]*EllipticF[(c + d*x)/2, 2] + (65%B + 42*C*Cos[c +
d*x] + 15%B*Cos[2*(c + d*x)])*Sin[2*(c + d*x)]))/(210%b~5*d)

Maple [C] Result contains complex when optimal does not.
time = 23.06, size = 493, normalized size = 2.80

method | result

d COSs T1+C
< 25iB4 /7 +cos( dz+0) l-T-(;so(s ZI_T_)C) EllipticF ( i;( dm(ic;— ) ) cos(dz+c) sin(dz+c)—63iC sin(dz+c) cos(dz+-c) \/

default

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*sec(d*x+c)+Cxsec(d*x+c)~2)/(bxsec(d*x+c))~(9/2),x,method=_RETURNVERB
0SE)

[Out] -2/105/d*(-25%I*B*xE11lipticF (I*(-1+cos(d*x+c))/sin(d*x+c),I)*cos(d*x+c)*sin(
d*x+c)*(1/(1+cos(d*x+c))) ~(1/2)*(cos (d*x+c) /(1+cos(d*x+c))) ~(1/2)-63*xI*C*E1l
lipticF(I*(-1+cos(d*x+c))/sin(d*x+c),I)*cos(d*x+c)*sin(d*x+c)*(1/(1+cos(d*x
+c)))~(1/2)*(cos (d*x+c)/ (1+cos(d*x+c)) )~ (1/2)+63*I*CxE11lipticE (I*(-1+cos(d*
x+c))/sin(d*x+c) ,I)*cos(d*x+c)*sin(d*x+c)*(1/(1+cos(d*x+c)) )~ (1/2)*(cos(d*x
+c)/(1+cos(d*x+c)) )~ (1/2)+15xBxcos (d*x+c) "5-25*I*BxE11ipticF (I*(-1+cos (d*x+
c))/sin(d*x+c) ,I)*sin(d*x+c)*(1/(1+cos(d*x+c))) " (1/2)*(cos(d*x+c)/(1+cos(dx*
x+c)) )~ (1/2)-63*I*C*E1llipticF (I*(-1+cos(d*x+c))/sin(d*x+c),I)*sin(d*x+c)*(1
/ (1+cos (d*x+c))) ~(1/2) *(cos (d*x+c) / (1+cos (d*x+c))) ~(1/2)+63*I*C*E11lipticE(I
*(-1+cos(d*x+c))/sin(d*x+c) ,I)*sin(d*x+c)*(1/(1+cos(d*x+c)) )~ (1/2) *(cos(d*x
+c)/(1+cos(d*x+c)) )~ (1/2)+21*Cxcos (d*x+c) “4+10*B*cos (d*x+c) ~3+42*Cxcos (d*x+
c) ~2-25*B*cos (d*x+c) -63*Cxcos (d*x+c) ) /cos (d*x+c) ~5/sin(d*x+c)/(b/cos (d*x+c)
)~(9/2)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((B*sec(d*x+c)+Cxsec(d*x+c)~2)/(b*sec(d*x+c))~(9/2),x, algorithm="
maxima")
[Out] integrate((C*sec(d*x + c)~2 + Bxsec(d*x + c))/(bxsec(d*x + ¢))~(9/2), x)

Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.45, size = 175, normalized size = 0.99

7 5T Pl —4,0on -+ ) de + )+ 25 VT BT eertrsPlavers 405 e+ )= i de+.) + 5 VT OV ekttt 4,0, ezl 40,5 -+ o+ ) = 69V € o Zetl 40w Pl 4,0 de +.) i +)) +2(18 Beon e+ 421 oo 40+ 25 Bew e+ ) oy st + )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*sec(d*x+c)+Cxsec(d*x+c)~2)/(b*sec(d*x+c))~(9/2),x, algorithm="
fricas")

[Out] 1/105%(-25%I*sqrt(2)*B*sqrt(b)*weierstrassPInverse(-4, 0, cos(d*x + c) + Ix
sin(d*x + c)) + 25*%I*sqrt(2)*B*sqrt(b)*weierstrassPInverse(-4, 0, cos(d*x +

c) - Ixsin(d*x + c)) + 63xIxsqrt(2)*Cxsqrt(b)*weierstrassZeta(-4, 0, weier
strassPInverse(-4, 0, cos(d*x + c) + I*sin(d*x + c))) - 63*I*sqrt(2)*C*sqrt
(b)*weierstrassZeta(-4, 0, weierstrassPInverse(-4, 0, cos(d*x + c) - I*sin(
d*x + c))) + 2x(15xBxcos(d*x + c)~3 + 21xCxcos(d*x + c)~2 + 25xBxcos(d*x +
c))*sqrt(b/cos(d*x + c))*sin(d*x + c))/(b~5%d)

Sympy [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: SystemError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxsec(d*x+c)+Cksec(dxx+c)**2)/(b*sec(d*x+c))**(9/2),x)
[Out] Exception raised: SystemError >> excessive stack use: stack is 3879 deep
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*sec(d*x+c)+Cxsec(d*x+c)~2)/(b*sec(d*x+c))~(9/2),x, algorithm="
giac")
[Out] integrate((C*sec(d*x + c)~2 + B*sec(d*x + c))/(b*sec(d*x + ¢))~(9/2), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

B C
/ cos(c+dx) + cos(c+d z)? dr

b 9/2
cos(c+d )
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((B/cos(c + d*x) + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(9/2),x%)
[Out] int((B/cos(c + d*x) + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(9/2), x)
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3.54 [ sec*(ct+dx) (A + Bsec(c+ dx) + C'sec’(c + dx)) d

Optimal. Leaf size=122

3Btanh ' (sin(c + dz)) (5A+4C)tan(c+dx) 3Bsec(c+ dz)tan(c+dz) Bsec?(c+ dz)tan(c+ dx)
8d * 5d * 8d * 4d

[Out] 3/8*B*arctanh(sin(d*x+c))/d+1/5%(5*%A+4*C) *xtan(d*x+c)/d+3/8*Bxsec (d*x+c)*tan
(d*x+c) /d+1/4xBxsec (d*x+c) “3*tan(d*x+c) /d+1/5*C*sec (d*x+c) “4*tan(d*x+c) /d+1

/15% (56%A+4*C) *tan (d*x+c) ~3/d

Rubi [A]

time = 0.07, antiderivative size = 122, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.172,

steps used = 7, number of rules used = 5, integrand size = 29,
Rules used = {4132, 3853, 3855, 4131, 3852}

(5A+4C) tan*(c+dz) = (5A+4C)tan(c+dz) 3Btanh '(sin(c+dz)) Btan(c+ dz)sec®*(c+dz) = 3Btan(c+ dz)sec(c+dzx) C'tan(c+ dz)sec(c+ dz)
15d * 5d 8d * 4d * 8d * 5d

Antiderivative was successfully verified.
[In] Int[Sec[c + d*x]~4*(A + B*Sec[c + d*x] + CxSecl[c + d*x]~2),x]

[Out] (3*B*ArcTanh[Sin[c + d*x]])/(8%d) + ((5%A + 4%C)*Tan[c + d*x])/(5%d) + (3*B

*Sec[c + d*x]*Tan[c + d*xx])/(8%d) + (BxSec[c + d*x] 3*Tan[c + d*xx])/(4xd) +
(CxSec[c + d*x]"4xTan[c + d*x])/(5xd) + ((5%A + 4*C)*Tan[c + d*xx]~3)/(15%d

)

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((bxCsclc + d*x])"(n - 1)/(d*(n - 1))), x] + Dist[b™2*x((n - 2)/(n - 1)),
Int[(b*Csclc + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2+n]

Rule 3855

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh([Cos[c + d*x]]/d, x]
/; FreeQ[{c, 4}, x]

Rule 4131

Int[(cscl(e_.) + (£_D*(x_)]*(b_.))"(m_.)*(cscl(e_.) + (£f_.)*(x_)]1"2x(C_.)
+ (AD)), x_Symbol] :> Simp[(-C)*Cot[e + f*x]*((b*Csc[e + f*x]) m/(fx(m + 1)
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)), x] + Dist[(C*m + Ax(m + 1))/(m + 1), Int[(b*Cscl[e + f*x])"m, x], x] /;
FreeQ[{b, e, f, A, C, m}, x] && NeQ[C*m + Ax(m + 1), 0] && !LeQ[m, -1]

Rule 4132

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.)) " (m_.)*((A_.) + cscl[(e_.) + (f_.)*(x_)]1*
(B_.) + cscl(e_.) + (f_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + £xx])"(m + 1), x], x] + Int[(b*Cscl[e + f*x]) m*(A + CxCsc[e + f*xx]"2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps

/sec4(c + dz) (A + Bsec(c+ dz) + Csec’(c + dz)) dv = B / sec’(c + dr) dx + /sec4(c + dz) (A + C'se

_ Bsec*(c+ dz) tan(c + di) N C'sec*(c + dz) tan
4d 5d
_ 3Bsec(c + dz) tan(c + dx) N Bsec®(c + dz) tar
8d 4d
3Btanh™'(sin(c + dz)) (5A+ 4C)tan(c + da
- 8d - 5d

Mathematica [A]
time = 0.42, size = 80, normalized size = 0.66

45B tanh ™ (sin(c + dz)) + tan(c + dz) (458 sec(c + dz) + 30B sec?(c + dz) + 8(15(A + C) + 5(A + 2C) tan?(c + dz) + 3C tan*(c + dz)))
120d

Antiderivative was successfully verified.

[In] Integrate([Sec[c + d*x]~4*(A + BxSec[c + d*x] + C*Sec[c + d*x]~2),x]

[Out] (45%BxArcTanh[Sin[c + d*x]] + Tan[c + d*x]*(45%B*Sec[c + d*x] + 30%B*Sec[c
+ d*x]~3 + 8%(15%(A + C) + 5x(A + 2xC)*Tan[c + d*x]~2 + 3*CxTan[c + d*x]~4)
))/(120%d)

Maple [A]
time = 0.54, size = 104, normalized size = 0.85

method result

—A <_§_ (sec2(:z+c))> ta.n(dCC+c)+B <_ (_ (SecS(Zerc)) _3 sec(éiz+c)> ta.n(da:—i—c)-l— 3 ln(sec(dz+c§+tan(dz+c))> —C<

derivativedivides |
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_A <_§_ (sec2 (:w+c)) > tan(dw+c)+B <_ <_ (sec3(Zw+C)) 3 sec(éiw-i-c)) tan(dw+c)+ 3 ln(sec(d:v+cs)+tan(d:v+c)) > —C
default
risch __i(45B e(dmte) 910 eTi(dxHe) 2404 eSildrte) _560A ei(dnHe) _640C ei(dmte) —210B 3ildrHe) 4004 e2(dmte)
60d(e2i(dm+c)+1)5
4(25A+29C) (tan5 (4}4- g)) (8A—5B+8C) (tang (i}-ﬁ-g)) (8A+5B+8C) tan(dTm-k%) (32A—3B+16C) (tan7 (%’5 + g))
norman _ 15d — 4d — 4d < + 6d +
(tan (% +5)-1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sec(d*x+c) ~4*(A+B*sec(d*x+c)+Cksec(d*x+c)~2),x,method=_RETURNVERBOSE)

[Out] 1/d*x(-A*(-2/3-1/3*sec(d*x+c) ~2)*tan(d*x+c)+B*(-(-1/4*sec(d*x+c) ~3-3/8*sec(d
*x+c) ) *tan(d*x+c)+3/8*1n(sec(d*x+c)+tan(d*x+c)))-Cx(-8/15-1/5%sec (d*x+c) ~4-
4/15*sec(d*x+c) ~2) xtan(d*x+c))
Maxima [A]
time = 0.30, size = 127, normalized size = 1.04

2 (3 sin(dz-+c)® 5 sin(d1+c))

80 (tan (dz + c)® + 3 tan (dz + ¢)) A + 16 (3 tan (dz + ¢)° + 10 tan (dz + ¢)° + 15 tan (dz +c))C' — 15 B( @t 2@t 3 log (sin (dz + ¢) + 1) + 3 log (sin (dz + ¢) — 1))
240d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c) ~4*(A+B*sec(d*x+c)+Cxsec(d*x+c)~2),x, algorithm="maxima
ll)

[Out] 1/240%(80*(tan(d*x + c)~3 + 3*xtan(d*x + c))*A + 16*%(3*tan(d*x + c)~5 + 10*t
an(d*x + ¢c)~3 + 15xtan(d*x + c))*C - 15xBx(2*(3*sin(d*x + c)~3 - 5*xsin(d*x

+ ¢))/(sin(d*x + c)"4 - 2*sin(d*x + c)”2 + 1) - 3xlog(sin(d*x + c) + 1) + 3
*log(sin(d*x + ¢) - 1)))/d

Fricas [A]

time = 3.03, size = 122, normalized size = 1.00

45 B cos (dz + ¢)° log (sin (dz + ¢) + 1) — 45 B cos (dz + ¢)° log (—sin (dz +¢) + 1) +2 (16(5A+46')cos(dac+c)“1 + 45 Bcos (dz + ¢)* + 8(5 A + 4 C) cos (dz + ¢)* + 30 B cos (dz + ¢) +24C) sin (dz + ¢)
240 d cos (dz + ¢)°

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c) ~4*(A+B*sec(d*x+c)+Cxsec(d*x+c)~2),x, algorithm="fricas
ll)

[Out] 1/240%(45*B*cos(d*x + c) 5xlog(sin(d*x + c) + 1) - 45*B*cos(d*x + c) ~5*xlog(
-sin(d*x + c) + 1) + 2x(16x(5*%A + 4*C)*cos(d*x + c)~4 + 45*%B*cos(d*x + c)~3

+ 8% (5%A + 4*C)*cos(d*x + c)~2 + 30*Bxcos(d*x + c) + 24*C)*sin(d*x + c))/(
d*cos(d*x + c)~5)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (A+ Bsec(c+ dz) + Csec’ (c + dz)) sec* (c + dz) dz
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c)**4x(A+Bxsec(d*x+c)+Cksec(d*x+c)**2) ,x)
[Out] Integral((A + Bxsec(c + d*x) + Cxsec(c + d*x)*x2)*sec(c + d*x)*x4, x)

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 246 vs. 2(110) =
220.
time = 0.45, size = 246, normalized size = 2.02

520 Atan(} doi § o) 430 B an( drs § ) 100C tan(} d

. 120 Atan(} de 4 ¢)"~75 Bran(} do-+3 o 4120 C tan(§ de+
45 Blog (Jtan (3dz + }¢) +1]) — 45 Blog (jtan (3 do + L) —1]) — LLZAwGdrt30" T on(Girtjo nmCumn(

1204

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c) 4% (A+Bxsec(d*x+c)+Cksec(d*x+c)~2),x, algorithm="giac")

[Out] 1/120%(45%B*log(abs(tan(1/2xd*x + 1/2%c) + 1)) - 45%Bxlog(abs(tan(1/2*d*x +
1/2%c) - 1)) - 2%(120*xAxtan(1/2*d*x + 1/2%c)”9 - 75*B*tan(1/2*d*x + 1/2*c)

9 + 120*%Cxtan(1/2*d*x + 1/2%c)”9 - 320%Axtan(1/2xd*x + 1/2*c)”7 + 30*Bxtan
(1/2*d*x + 1/2%c)”7 - 160*Cxtan(1/2*xd*x + 1/2%c)”7 + 400*Axtan(1/2*d*x + 1/

2%c) "5 + 464*Cxtan(1/2*d*x + 1/2*%c)”5 - 320*%A*tan(1/2*xd*x + 1/2xc)~3 - 30%*B
xtan(1/2*%d*x + 1/2*%c)~3 - 160*Cxtan(1/2*d*x + 1/2%c)”~3 + 120*Axtan(1/2*d*x

+ 1/2%c) + 75*Bxtan(1/2*d*x + 1/2*%c) + 120*Cxtan(1/2*d*x + 1/2%*c))/(tan(1/2

*dxx + 1/2%c)"2 - 1)75)/d

Mupad [B]
time = 5.17, size = 197, normalized size = 1.61

3Batanh(tan(§ + %)) (2432 +20) tan(§ + )" + (8 — 184 — 5C) tan(§ + 42)" + (24 4 16O) tan(g + 42)° 4 (—194 — B _80) tan(g + 4)° + (24 + 384 20) tan(5 + %)
dz\2
H 1
2

%)
2
4d d (an (5 + %) = 5tan (5 + %)° + 10tan (5 + %)° — 10tan (5 + )" + 5tan (5 + %)~ 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + B/cos(c + d*x) + C/cos(c + d*xx)~2)/cos(c + d*x)~4,x)

[Out] (3*B*atanh(tan(c/2 + (d*x)/2)))/(4*d) - (tan(c/2 + (d*x)/2)"5%((20%A)/3 + (
116%C)/15) + tan(c/2 + (d*x)/2)*x(2xA + (5%B)/4 + 2+C) + tan(c/2 + (d*x)/2)"

9% (2%A - (5%B)/4 + 2xC) - tan(c/2 + (d*x)/2)"3*%((16%A)/3 + B/2 + (8%C)/3) -
tan(c/2 + (d*x)/2)"7*((16%A)/3 - B/2 + (8%C)/3))/(d*(5*tan(c/2 + (d*x)/2)~

2 - 10%tan(c/2 + (d*x)/2)"4 + 10*tan(c/2 + (d*x)/2)"6 - 5*tan(c/2 + (d*x)/2

)”"8 + tan(c/2 + (d*x)/2)710 - 1))
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3.55 [ sec®*(c+dx) (A + Bsec(c+ dx) + C'sec’(c + dx)) d

Optimal. Leaf size=97

(4A 4+ 3C) tanh™'(sin(c + dz)) Btan(c+dz) (44 + 3C)sec(c+ dx)tan(c+dz) Csec®(c+ dr)tan(c
8d A 8d - 4d

[Out] 1/8*(4%A+3*C)*arctanh(sin(d*x+c))/d+Bxtan(d*x+c)/d+1/8%(4*A+3*C)*sec(d*x+c)
*tan(d*x+c) /d+1/4xCxsec(d*x+c) ~3*xtan(d*x+c) /d+1/3*Bxtan (d*x+c) ~3/d

Rubi [A]
time = 0.06, antiderivative size = 97, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.172,

steps used = 6, number of rules used = 5, integrand size = 29,
Rules used = {4132, 3852, 4131, 3853, 3855}

(4A +3C) tanh~!(sin(c + dzx)) = (4A+ 3C)tan(c + dz)sec(c+ dz) Btan®(c+dz) Btan(c+dz) Ctan(c+ dz)sec®(c + dz)
8 * 8 A A B ad

Antiderivative was successfully verified.
[In] Int[Sec[c + d*x]~3*(A + B*Sec[c + d*x] + C*xSecl[c + d*x]~2),x]

[Out] ((4*A + 3*C)*ArcTanh[Sin[c + d*x]])/(8*d) + (B*Tan[c + d*x])/d + ((4*A + 3x%
C)*Sec[c + dxx]*Tan[c + d*x])/(8*%d) + (C*Secl[c + d*x] 3*Tan[c + d*x])/(4*d)
+ (BxTan[c + d*x]~3)/(3%d)

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x~2)~(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Csclc + d*x]1)"(n - 1)/(d*(n - 1))), x] + Dist[b™2x((n - 2)/(n - 1)),
Int[(b*xCsclc + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2+*n]

Rule 3855

Int[cscl[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh([Cos[c + d*x]]/d, x]
/; FreeQ[{c, 4}, x]

Rule 4131

Int[(cscl(e_.) + (£_.)*(x )]*(b_.))"(m_.)*x(cscl[(e_.) + (f_.)*(x_)]1"2x(C_.)
+ (A)), x_Symbol] :> Simp[(-C)*Cot[e + f*x]*((b*Cscle + f*x]) "m/(f*(m + 1)
)), x] + Dist[(C*m + Ax(m + 1))/(m + 1), Int[(b*Cscl[e + f*x])"m, x], x] /;
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FreeQ[{b, e, f, A, C, m}, x] && NeQ[C*m + Ax(m + 1), 0] && !LeQ[m, -1]

Rule 4132

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.))"(m_.)*x((A_.) + cscl(e_.) + (f_.)*(x_)]x*
(B_.) + cscl(e_.) + (£f_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + fxx])"(m + 1), x], x] + Int[(b*Cscle + f*x]) m*(A + C*Cscl[e + f*x]~2),
x] /; FreeQ[{b, e, £, A, B, C, m}, x]

Rubi steps

/sec3(c + dz) (A + Bsec(c+ dz) + Csec’(c+ dz)) dv = B / sect(c+ dx) dz + /sec3(c + dz) (A + C'se

3
_ Csec (¢ + dz) tan(c + dz) 4 1(4A+3C’)/sec
4d 4

Btan(c+dz) (444 3C)sec(c+ dz)tan(c+

= +
d 8d

(4A + 3C) tanh™'(sin(c + dz))  Btan(c + dz)

N 8d T

Mathematica [A]
time = 0.17, size = 71, normalized size = 0.73

3(4A + 3C) tanh ' (sin(c + dz)) + tan(c + dz) (3(4A + 3C) sec(c + dz) + 6C sec®(c + dz) + 8B(3 + tan?(c + dx)))
24d

Antiderivative was successfully verified.

[In] Integrate[Sec[c + d*x]~3*(A + BxSec[c + d*x] + CxSec[c + d*x]~2),x]

[Out] (3%(4*%A + 3*%C)*ArcTanh[Sin[c + d*x]] + Tan[c + d*x]*(3*x(4*%A + 3*C)*Sec[c +
d*x] + 6%C*Sec[c + d*x]~3 + 8*xB*(3 + Tan[c + d*x]~2)))/(24xd)

Maple [A]
time = 0.56, size = 106, normalized size = 1.09

method result

A(sec(dw+c)21:an(dz+c) + ln(sec(dm+c)2-f-tan(dw+c)) ) _B <_§_ (sec2 (:z+c)) ) tan(dx+c)-|—C (_ <_ (Sec3 (ZGH—C)) _ 35ec(giz+

derivativedivides v

3 4 8

A < sec(da}+c)2tan(dz+c) + ln(sec(dz+c)2-f-tan(dz+c)) ) _B (_ % _ (sec2(dz+c)) > ta,n(d:z:+c)+c (_ (_ (sec3 (dm+c)) _ 3sec(da+
default v




237

(4A+5C—8B) (tan” (£ +§))  (4A+5C+8B)tan( G +§) (124-9C—40B)(tan® (£ +§)) (124-9C+40B) (tan? (92 +5))
norman 4d + 4d — . 124 — 12d
(tan* (%+5)-1)
i(12A e7i(dz+c) +9C e7i(dw+c)+12A eSi(d:c+c) +33C e5i(da:+c) _48B e4i(dw+c) —_124 eSi(d:c+c) —33C e3i(da:+c) _64Bé
12d(e?i(dz+e) 41)*

risch

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sec(d*x+c) 3% (A+B*sec(d*x+c)+Cxsec(d*x+c) 2),x,method= RETURNVERBOSE)

[Out] 1/dx(Ax*(1/2*sec(d*x+c)*tan(d*x+c)+1/2*%1n(sec(d*x+c)+tan(d*x+c)))-Bx(-2/3-1/
3xsec(d*x+c) ~2) xtan (d*xx+c) +Cx (- (-1/4*sec (d*x+c) ~3-3/8*sec(d*x+c) ) *tan(d*x+c
)+3/8*1n(sec(d*x+c)+tan(d*x+c))))

Maxima [A]

time = 0.28, size = 139, normalized size = 1.43

sin(dz+c)*~2 sin(dz+c)>+1 sin(dz+c)?~1

sin(da-+c)® 5 sin(de-+c "
16 (tan (dz + c)® + 3 tan (dz +c)) B — 3C<2 i LC) 3 log (sin (dz 4 ¢) 4+ 1) + 3 log (sin (dz + ¢) — 1)) - 12A< 2sin(date) _ 100 (sin (dz + c) + 1) + log (sin (dz + ¢) — l))

48d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c) 3% (A+B*sec(d*x+c)+Cxsec(d*x+c)~2),x, algorithm="maxima
ll)

[Out] 1/48%(16*(tan(d*x + c)~3 + 3*tan(d*x + c))*B - 3*%C*(2*(3*sin(d*x + c)”3 - 5
*sin(d*x + c))/(sin(d*x + c)"4 - 2*sin(d*x + c)~2 + 1) - 3*log(sin(d*x + c)

+ 1) + 3xlog(sin(d*x + c) - 1)) - 12xA*x(2+sin(d*x + c)/(sin(d*x + ¢c)"2 - 1

) - log(sin(d*x + c) + 1) + log(sin(d*x + c) - 1)))/d

Fricas [A]

time = 3.40, size = 117, normalized size = 1.21

3(4A+3C)cos (dz + )" log (sin (dz + ¢) + 1) — 3 (4 A+ 3C) cos (dz + ¢)* log (—sin (dz + ¢) + 1) + 2 (16 B cos (dz + ¢)* + 3 (4 A + 3C) cos (dz + ¢)* + 8 B cos (dz + ¢) + 6 C) sin (dz + )
48dcos (dz + c)*

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c) 3% (A+Bxsec(d*x+c)+C*sec(d*x+c)~2),x, algorithm="fricas
ll)

[Out] 1/48%(3*(4*A + 3xC)*cos(d*x + c) 4xlog(sin(d*x + c) + 1) - 3*(4*A + 3xC)*co
s(d*x + c)~4xlog(-sin(d*x + c) + 1) + 2x(16*B*cos(d*x + c)~3 + 3x(4*A + 3%C
)*cos(d*x + c)~2 + 8*B*cos(d*x + c) + 6*%C)*sin(d*x + c))/(d*cos(d*x + c)~4)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (A + Bsec(c+ dz) + C'sec® (c + dx)) sec’ (c + dz) dz
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c)**3x(A+Bxsec (d*x+c)+Cksec(d*x+c)**2) ,x)
[Out] Integral((A + Bxsec(c + d*x) + Cxsec(c + d*x)*x2)*sec(c + d*x)*x3, x)

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 230 vs. 2(89) =
178.
time = 0.47, size = 230, normalized size = 2.37

3(4A+3C)log ([tan (1dz +1c) +1]) —3(4 A+ 3C)log (Jtan (Sdz + 1) — 1)) + 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c) 3% (A+Bxsec(d*x+c)+C*sec(d*x+c)~2),x, algorithm="giac")

[Out] 1/24%(3*(4*A + 3%C)*log(abs(tan(1/2*d*x + 1/2%c) + 1)) - 3*(4xA + 3*C)*log(
abs(tan(1/2*d*x + 1/2%c) - 1)) + 2%(12*xAxtan(1/2*d*x + 1/2%c)”~7 - 24*B*tan(
1/2%d*x + 1/2%c)”7 + 156%Cxtan(1/2*xd*x + 1/2*c)”7 - 12xAxtan(1/2*d*x + 1/2%*c

)75 + 40%Bxtan(1/2*d*x + 1/2*c)”5 + 9*Cxtan(1/2*d*x + 1/2%c)”5 - 12xAxtan(1
/2*%d*xx + 1/2%c)~3 - 40*Bxtan(1/2*d*x + 1/2*c)”3 + 9*Cxtan(1/2*d*x + 1/2%c)”

3 + 12%Axtan(1/2xd*x + 1/2%c) + 24*Bxtan(1/2xd*x + 1/2%c) + 15%Cxtan(1/2*xdx*

x + 1/2xc))/(tan(1/2xd*x + 1/2*xc)"2 - 1)74)/d

Mupad [B]
time = 5.03, size = 160, normalized size = 1.65

atanh(tan(§+d71)) (A+%) . (A—2B+%) tan(§+d71)7+ (%—A#— 30) tan( +7’) (340 IUB —A) tan(5+7z) (A+2B+ 50) tan( +7m)
d d (tan (5 +4)° — 4tan (5 + %)° + 6tan (5 +ﬂ) —dtan (5 + %)"+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + B/cos(c + d*x) + C/cos(c + d*x)~2)/cos(c + d*x)~3,x)

[Out] (atanh(tan(c/2 + (d*x)/2))*(A + (3*%C)/4))/d + (tan(c/2 + (d*x)/2)*(A + 2xB
+ (5%C)/4) + tan(c/2 + (d*x)/2)"7x(A - 2*%B + (5*%C)/4) - tan(c/2 + (d*x)/2)"

3x(A + (10%B)/3 - (3*C)/4) + tan(c/2 + (d*x)/2)75%((10%B)/3 - A + (3*C)/4))
/(dx(6xtan(c/2 + (d*x)/2)"4 - 4*tan(c/2 + (d*x)/2)"2 - 4xtan(c/2 + (d*x)/2)

~6 + tan(c/2 + (d*x)/2)78 + 1))
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3.56 [ sec?(c+dx) (A + Bsec(c+ dx) + C'sec’(c + dx)) d

Optimal. Leaf size=78

Btanh™!(sin(c + dz)) (344 2C)tan(c+dz) Bsec(c+ dz)tan(c+dz) Csec?(c+ dz)tan(c+ dz)
2d * 3d - 2d * 3d

[Out] 1/2*B*arctanh(sin(d*x+c))/d+1/3*(3%A+2*C)*xtan(d*x+c)/d+1/2*Bxsec(d*x+c)*tan
(d*x+c) /d+1/3*C*sec (d*x+c) “2*tan(d*x+c)/d

Rubi [A]
time = 0.06, antiderivative size = 78, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.207,

steps used = 6, number of rules used = 6, integrand size = 29,
Rules used = {4132, 3853, 3855, 4131, 3852, 8}

(344 2C)tan(c+dz) Btanh '(sin(c+ dx)) Btan(c+ dz)sec(c+dz) Ctan(c+ dz)sec?(c + dz)
+ + +
3d 2d 2d 3d
Antiderivative was successfully verified.
[In] Int[Sec[c + d*x]~2*(A + B*Sec[c + d*x] + CxSec[c + d*x]"2),x]

[Out] (BxArcTanh[Sin[c + d*x]])/(2xd) + ((3*%A + 2xC)*Tan[c + d*x])/(3*%d) + (B*Sec
[c + dxx]*Tan[c + d*x])/(2*%d) + (C*Sec[c + d*x] 2*Tan[c + d*x])/(3*d)

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Csclc + d*x])"(n - 1)/(@*(n - 1))), x] + Dist[b™2*((n - 2)/(n - 1)),
Int[(b*Csclc + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2+n]

Rule 3855
Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, 4}, x]

Rule 4131
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Int[(cscl(e_.) + (£_)*(x_)]*(b_.))"(m_.)*(cscl(e_.) + (f_.)*(x_)]1"2x(C_.)
+ (AD)), x_Symbol] :> Simp[(-C)*Cot[e + f*x]*((b*Csc[e + f*x])“m/(fx(m + 1)
)), x] + Dist[(C*m + Ax(m + 1))/(m + 1), Int[(b*Cscl[e + f*x])"m, x], x] /;
FreeQ[{b, e, f, A, C, m}, x] && NeQ[C*m + Ax(m + 1), 0] && !LeQ[m, -1]

Rule 4132

Int[(cscl(e_.) + (f_.)*(x_)]1*(b_.))"(m_.)*x((A_.) + cscl(e_.) + (f_.)*(x_)]x*
(B_.) + cscl(e_.) + (£f_.)*(x_)]"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + fxx])"(m + 1), x], x] + Int[(b*Cscl[e + f*x]) m*(A + CxCscl[e + f*x]"2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps

/secz(c + dz) (A + Bsec(c+ dz) + C'sec’(c+ dz)) dz = B / sec’(c + dz) dz + /sec2(c + dz) (A+ Cse

_ Bsec(c + dz) tan(c + dz) N C sec?(c + dz) tan(
2d 3d
_ Btanh '(sin(c + dz)) N Bsec(c + dz) tan(c +
2d 2d
Btanh™'(sin(c + dz)) (34 4+ 2C)tan(c + dz)
- 2d * 3d

Mathematica [A]
time = 0.15, size = 51, normalized size = 0.65

3Btanh ™' (sin(c + dz)) + tan(c + dx) (6(A + C) + 3B sec(c + dz) + 2C tan?(c + dx))
6d

Antiderivative was successfully verified.

[In] Integrate[Sec[c + d*x]~2*(A + B*Sec[c + d*x] + CxSec[c + d*x]~2),x]

[Out] (3*BxArcTanh[Sin[c + d*x]] + Tan[c + d*x]*(6%(A + C) + 3*B*Sec[c + d*xx] + 2
xC*Tan[c + d*x]"2))/(6%*d)

Maple [A]
time = 0.52, size = 68, normalized size = 0.87

method result

2 dz+
A tan(dw+c)+B ( sec(d:v+c)2tan(dz+c) + ln(seC(d:v+C)2+tan(d:c+C)) ) -C <_ % _ (Sec<3mc))> tan(dx—l—c)
derivativedivides 3
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Atan(dz+c)+B ( sec(d:v-!—c);an(d:v-!—c) + ln(sec(d:v+c)2-|-tan(d:c+0)) ) -C <_§_(SEC2<Z$+C))> tan(dz+c)
default p

oas0 o (4 45)) (245120 w2t 15))_AsD0(H55)  pia(ian(445)-1)  Bia(em
norman 3d d 7 d — 22 2

(tan2(%+5) 1)
_ i(3B e5i(d.7:+c) —_6A e4i(dz+c) —_124 eZi(dm-H:) —12C e2i(da:+c) —3B ei(dz-ﬁ-c) —6A—4C)
3d(e?i(dz+e) 41)°

Bln (ei(dm"'c) +4) Bln(
+ 2d -

risch

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sec(d*x+c) ~2x(A+B*sec(d*x+c)+C*sec(d*x+c)~2),x,method=_RETURNVERBOSE)

[Out] 1/d*x(Axtan(d*x+c)+B*(1/2*sec(d*x+c)*tan(d*x+c)+1/2*1n(sec(d*x+c)+tan(d*x+c)
))-Cx(-2/3-1/3*sec(d*x+c) ~2) *tan(d*x+c))

Maxima [A]
time = 0.28, size = 79, normalized size = 1.01

4 (tan (dz +c)® + 3 tan (dz +¢))C — 3B (sfnzi;ﬁﬁ;f_)l — log (sin (dz + ¢) + 1) + log (sin (dz + ¢) — 1)> + 12 Atan (dz +c)
12d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c) 2% (A+Bxsec(d*x+c)+C*sec(d*x+c)~2),x, algorithm="maxima
ll)

[Out] 1/12%(4x(tan(d*x + c)~3 + 3*tan(d*x + c))*C - 3xB*(2*sin(d*x + c)/(sin(d*x
+¢c)”2 - 1) - log(sin(d*x + c) + 1) + log(sin(d*x + c) - 1)) + 12xAxtan(d*x
+¢))/d

Fricas [A]

time = 2.16, size = 94, normalized size = 1.21

3 B cos (dz + ¢)’ log (sin (dz + ¢) + 1) — 3 B cos (dz + ¢)*log (—sin (dz + ¢) + 1) + 2 (2(3 A+ 2C) cos (dz + ¢)* + 3 Bcos (dz + ¢) + 2 C) sin (dz + ¢)
12d cos (dz + ¢)*

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(sec(d*x+c) 2% (A+B*sec(d*x+c)+Cksec(d*x+c)”2),x, algorithm="fricas
n)

[Out] 1/12%(3*B*cos(d*x + c)~3*log(sin(d*x + c) + 1) - 3*B*cos(d*x + c) 3*log(-si
n(d*x + c) + 1) + 2x(2*%(3%xA + 2*C)*cos(d*x + c)~2 + 3*Bxcos(d*x + c) + 2xC)
*sin(d*x + c))/(d*cos(d*x + c)~3)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (A + Bsec(c+ dz) + Csec’ (c + dz)) sec” (c + dz) dz
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c)**2x(A+Bxsec (d*x+c)+Cksec(d*x+c)**2) ,x)
[Out] Integral((A + Bxsec(c + d*x) + Cxsec(c + d*x)*x2)*sec(c + d*x)*x2, x)

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 162 vs. 2(70) =

140.
time = 0.44, size = 162, normalized size = 2.08

2 (6 Atan(} do+] o)’ ~3 Btan(} do+] o) *+6 Ctan(} da+} o) ~124tan(} dot] o)*~4Ctan(} da+} o) *+6 Atan(} do+] o) +3 Btan(} dot+] ¢)+6Ctan(} dot] c))

3 Blog ([tan (1 dz + ) +1]) — 8 Blog ([tan (1da + L ¢) — 1) — 2 e ——
6d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c) 2% (A+B*sec(d*x+c)+C*sec(d*x+c)~2),x, algorithm="giac")

[Out] 1/6%(3*B*log(abs(tan(1/2*d*x + 1/2xc) + 1)) - 3*Bxlog(abs(tan(1/2*d*x + 1/2
*c) — 1)) - 2x(6xAxtan(1/2xd*x + 1/2xc)”5 - 3*Bxtan(1/2*d*x + 1/2%c)”5 + 6%
Cxtan(1/2*d*x + 1/2%c)”5 - 12xAxtan(1/2xd*x + 1/2%c)”~3 - 4*Cxtan(1/2*d*x +
1/2*c) "3 + 6xAxtan(1/2*d*x + 1/2%c) + 3*Bxtan(1/2*d*x + 1/2%c) + 6*Cxtan(1/
2xd*xx + 1/2%c))/(tan(1/2%d*x + 1/2%c)~2 - 1)~3)/d

Mupad [B]
time = 4.61, size = 123, normalized size = 1.58
tan (S + 4)° + (2A+ B+20) tan($ + %)

2)) _ 2

5)
d @ (tan (5 + %)° — 3tan (5 +4)" + 3tan (5 + %)° - 1)

Batanh(tan($ + %)) (24— B+2C) tan(§ +42)° + (—44 - 4¢
6

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + B/cos(c + d*x) + C/cos(c + d*xx)~2)/cos(c + d*x)~2,x)

[Out] (Bxatanh(tan(c/2 + (d*x)/2)))/d - (tan(c/2 + (d*x)/2)*(2*A + B + 2*C) - tan
(c/2 + (d*x)/2)~3%(4xA + (4*C)/3) + tan(c/2 + (d*x)/2)"5x(2xA - B + 2xC))/(
dx(3*tan(c/2 + (d*x)/2)"2 - 3*tan(c/2 + (d*x)/2)"4 + tan(c/2 + (d*x)/2)"6 -

1))
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3.57 [ sec(c+dzx) (A + Bsec(c + dz) + Csec’(c + dz)) dx

Optimal. Leaf size=51

(2A + C)tanh™'(sin(c + dz)) =~ Btan(c+dz) Csec(c+ dz)tan(c + dz)
2d A 2d

[Out] 1/2*(2*A+C)*arctanh(sin(d*x+c))/d+Bxtan(d*x+c)/d+1/2*C*sec(d*x+c)*tan(d*x+c
)/d

Rubi [A]
time = 0.04, antiderivative size = 51, normalized size of antiderivative = 1.00, number of

number of rules _
7 integrand size 0.185,

steps used = 5, number of rules used = 5, integrand size = 2
Rules used = {4132, 3852, 8, 4131, 3855}

(2A + C)tanh™'(sin(c + dz)) =~ Btan(c+dz) Ctan(c+ dz)sec(c + dz)
2d A 2d

Antiderivative was successfully verified.
[In] Int[Secl[c + d*x]*(A + BxSec[c + d*x] + CxSec[c + d*xx]~2),x]

[Out] ((2*xA + C)*ArcTanh([Sin[c + d*x]])/(2xd) + (BxTan[c + d*x])/d + (CxSec[c + d
*x]*Tan[c + d*xx])/(2+*d)

Rule 8
Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 3855

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]1/d, x]
/; FreeQ[{c, d}, xI]

Rule 4131

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.)) " (m_.)*(cscl(e_.) + (£_.)*(x_)]1"2%(C_.)
+ (AL)), x_Symbol] :> Simp[(-C)*Cot[e + f*xx]*((b*Csc[e + f*x]) m/(f*x(m + 1)
)), x] + Dist[(C*m + Ax(m + 1))/(m + 1), Int[(b*Cscle + f*x])°m, x], x] /;
FreeQ[{b, e, f, A, C, m}, x] && NeQ[C*m + Ax(m + 1), 0] && !LeQ[m, -1]

Rule 4132
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Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.))"(m_.)*((A_.) + cscl(e_.) + (£f_.)*(x_)]1*
(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + fxx])"(m + 1), x], x] + Int[(b*Cscl[e + f*x]) m*(A + CxCscl[e + f*xx]~2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps

/sec(c + dz) (A + Bsec(c+ dz) + Csec’(c+ dz)) dz = B / sec?(c + dr) dr + /sec(c + dz) (A + C'sec?

_ Csec(c+ da;)dtan(c + dz) + %(QA +C) /sec(c -

(24 + C) tanh ™' (sin(c + dz))  Btan(c+ dz)
- 2d T

Mathematica [A]
time = 0.02, size = 59, normalized size = 1.16

Atanh™ (sin(c + dz)) N C tanh ™' (sin(c + dz)) 4 Btan(c+ dzx) N C'sec(c + dz) tan(c + dzx)
d 2d d 2d

Antiderivative was successfully verified.

[In] Integrate[Sec[c + d*x]*(A + B*Sec[c + d*x] + C*Secl[c + d*x]~2),x]

[Out] (AxArcTanh[Sin[c + d*x]])/d + (CxArcTanh[Sin[c + d*x]])/(2%d) + (BxTan[c +
d*x])/d + (CxSec[c + d*x]*Tan[c + d*x])/(2*d)

Maple [A]
time = 0.38, size = 63, normalized size = 1.24

method result
Aln(sec(dz+c)+tan(dz+c)) +Btan(dx+c)+c(Sec(da:+c)2tan(dx+c)+1n(sec(d:t+c)2+tan(da:+c)))
derivativedivides 5
Aln(sec(dz+c)+tan(dz+c))+B tan(dz+c)+C Sec(dz+c);an(dm+c) +ln(sec(dw+c)2+ta“(dz+c)))
default 2
d
Cr+oyien(§+5) p-O(w(F+5))  (a40)m(tan(%+5)-1)  (24+0)n(tan(%+5)41)
norman d 2d — 5 + -
(tan® (5+5)-1)
risch O B et Gt 2B) | In(eUet A (eI )0 | In(e @944 | In
d(GZi(dw+c)+1)2 d 2d a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sec(d*x+c)*(A+Bxsec(d*x+c)+Cxsec(d*x+c)”2),x,method=_RETURNVERBOSE)
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[Out] 1/d*x(A*1n(sec(d*x+c)+tan(d*x+c))+Bxtan(d*x+c)+Cx(1/2*sec(d*x+c)*xtan(d*xx+c)+
1/2%1n(sec(d*x+c)+tan(d*x+c))))

Maxima [A]
time = 0.28, size = 75, normalized size = 1.47

(Si?;rﬁ:;;i)l — log (sin (dz + ¢) + 1) + log (sin (dz + ¢) — 1)) — 4 Alog (sec (dz + ¢) + tan (dz + ¢)) — 4 Btan (dz + ¢)
4d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c)*(A+B*sec(d*x+c)+Cxsec(d*x+c)~2),x, algorithm="maxima")

[Out] -1/4%(Cx(2*sin(d*x + c)/(sin(d*x + c)”2 - 1) - log(sin(d*x + c) + 1) + log(
sin(d*x + c) - 1)) - 4xAxlog(sec(d*x + c) + tan(d*x + c)) - 4xBxtan(d*x + c

))/d

Fricas [A]
time = 2.19, size = 82, normalized size = 1.61

(2 A+ C) cos (dz + ¢)* log (sin (dz + ¢) + 1) — (2 A + C) cos (dz + ¢)* log (—sin (dz + ¢) + 1) + 2 (2 B cos (dz + ¢) + C) sin (dz + ¢)
4dcos (dz + c)*

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c)*(A+Bxsec(d*x+c)+C*sec(d*x+c)~2),x, algorithm="fricas")

[Out] 1/4%((2%xA + C)*cos(d*x + c)~2xlog(sin(d*x + c) + 1) - (2%xA + C)*cos(d*x + c
)"2%log(-sin(d*x + c) + 1) + 2*%(2+B*cos(d*x + c) + C)*sin(d*x + c))/(d*cos(

d*xx + ¢c)~2)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (A + Bsec(c+ dz) + C'sec® (c + dz)) sec (c + dz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(d*x+c)*(A+Bxsec(d*x+c)+Cxsec(d*x+c)**2) ,x)
[Out] Integral((A + Bxsec(c + d*x) + Cxsec(c + d*x)**2)xsec(c + d*x), x)
Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 115 vs. 2(47) =

94.
time = 0.44, size = 115, normalized size = 2.25

an (L dz+1c)®~Ctan(L dot+ld c)®— an (i dz+1 ¢)—Ctan(L ie
24+ C)log ([tan (dz + 1 ¢) +1]) — (24 + C) log (jtan (dz + 1) — 1]) — 2CZlhortho’Ounari} 9 2bun(fdrt}o-Cuun(l et o)
(tan(5d3+§c) —1)
2d

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(sec(d*x+c)*(A+Bxsec(d*x+c)+Cxsec(d*x+c)~2),x, algorithm="giac")

[Out] 1/2%((2%A + C)*log(abs(tan(1/2xd*x + 1/2%c) + 1)) - (2xA + C)*log(abs(tan(1l
/2xd*x + 1/2%c) - 1)) - 2*%(2xBxtan(1/2*d*x + 1/2%c)~3 - Cxtan(1/2*d*xx + 1/2
*c) "3 - 2xBxtan(1/2*%d*x + 1/2%c) - Cxtan(1l/2*%d*x + 1/2%c))/(tan(1/2*d*x + 1

/2%c)~2 - 1)72)/d
Mupad [B]
time = 3.14, size = 89, normalized size = 1.75
atanh (tan($ 4+ 42)) 2A+C) tan($+ %””)3 (2B —C) —tan(¢
d d (tan (§+d—;)4—2tan (g

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + B/cos(c + d*x) + C/cos(c + d*x)~2)/cos(c + d*x),x)

[Out] (atanh(tan(c/2 + (d*x)/2))*(2%A + C))/d - (tan(c/2 + (d*x)/2)"3%(2%B - C) -
tan(c/2 + (d*x)/2)*(2+«B + C))/(d*x(tan(c/2 + (d*x)/2)"4 - 2%tan(c/2 + (d*x)

/2)°2 + 1))
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3.58 [ (A+ Bsec(c+ dz) + C'sec’(c + dzx)) dx

Optimal. Leaf size=27

Btanh™!(sin(c + dz)) + C'tan(c + dx)

Az + i i

[Out] Axx+B*arctanh(sin(d*x+c))/d+Cxtan(d*x+c)/d
Rubi [A]

time = 0.01, antiderivative size = 27, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.150,

steps used = 4, number of rules used = 3, integrand size = 20,
Rules used = {3855, 3852, 8}

Btanh™!(sin(c + dz)) + C'tan(c + dx)

Az + 4 i

Antiderivative was successfully verified.

[In] Int[A + BxSec[c + d*x] + C*Secl[c + d*x]~2,x]

[Out] A*x + (B*ArcTanh[Sin[c + d*x]])/d + (C#Tan[c + d*x])/d
Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 3855

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

Rubi steps

/(A+Bsec(c+da:) + Csec’(c +dz)) dz = Aw+B/sec(c+dx) dx+C’/sec2(c+dx) dz

Btanh™'(sin(c + dz)) _ CSubst(/ 1dz,z, —tan(c +
d d
Btanh™'(sin(c+dz)) Ctan(c+ dz)
d T

= Az +

= Az +
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Mathematica [A]
time = 0.01, size = 27, normalized size = 1.00

Btanh™'(sin(c + dz)) + C'tan(c + dx)

Az + 1 7

Antiderivative was successfully verified.

[In] Integrate[A + BxSec[c + d*x] + CxSec[c + d*x]~2,x]
[Out] A*xx + (BxArcTanh[Sin[c + d*x]])/d + (CxTan[c + d*xx])/d

Maple [A]
time = 0.38, size = 35, normalized size = 1.30

norman o ( ) ) ) + 4 4

method result size
B In(sec(dz+c)+tan(dz+-c)) C tan(dz+c)
default Az + 7 + g 35
derivativedivides (dz+c)A+B ln(sec(dw+c)—({i—tan(dw—i-c))—i-c tan(dz+c) 37
. B ln(ei(d“'c)—i) Bln(ei(dz+c)+i) 2C
risch Ax — y + i T o) ) 62
an d— s
(tan ( )) Aar:—M Bln(tan(%-{-%)-i—l) Bln(tan(%”-i—%)—l) 87

Verification of antiderivative is not currently implemented for this CAS.

[In] int(A+B*sec(d*x+c)+Cxsec(d*x+c) 2,x,method=_RETURNVERBOSE)
[Out] Axx+B/d*1n(sec(d*x+c)+tan(d*x+c))+Cxtan(d*x+c)/d

Maxima [A]
time = 0.28, size = 34, normalized size = 1.26

Blog (sec (dz + c) + tan (dz + c)) N C'tan (dz + c)

Az + Fi d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(A+Bxsec(d*x+c)+C*sec(d*x+c)~2,x, algorithm="maxima")

[Out] A*x + Bxlog(sec(d*x + c) + tan(d*x + c))/d + Cxtan(d*x + c)/d

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 71 vs.

2(27) = b4.
time = 3.89, size = 71, normalized size = 2.63

2 Adz cos (dz + ¢) + B cos (dz + ¢) log (sin (dz + ¢) + 1) — Bcos (dz + ¢) log (—sin (dz + ¢) + 1) + 2 C'sin (dz + ¢)

2dcos (dz + ¢)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(A+Bxsec(d*x+c)+C*sec(d*x+c)~2,x, algorithm="fricas")

[Out] 1/2*%(2*%A*d*x*cos(d*x + c) + Bxcos(d*x + c)*log(sin(d*x + c) + 1) - B*cos(dx
x + c)*log(-sin(d*x + c) + 1) + 2xCxsin(d*x + c))/(d*cos(d*x + c))

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/(A—I—Bsec (c+dz) + Csec® (c+dz)) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(A+Bxsec(d*x+c)+C*xsec(d*x+c)**2,x)
[Out] Integral(A + Bxsec(c + d*x) + Cksec(c + d*x)**2, x)

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 60 vs. 2(27) = 54.
time = 0.40, size = 60, normalized size = 2.22

B (1og (

Verification of antiderivative is not currently implemented for this CAS.

sm(dw-‘rc) + sin (dx + C + 2‘) - IOg ( sm(dm-i—c) + sin (diE + C - 2‘)) n Ctan (dx + C)

Az + id d

[In] integrate(A+B*sec(d*x+c)+C*sec(d*x+c)~2,x, algorithm="giac")

[Out] A*x + 1/4*B*(log(abs(1/sin(d*x + c) + sin(d*x + c) + 2)) - log(abs(1/sin(dx
X + c) + sin(d*x + c) - 2)))/d + Cxtan(d*x + c)/d

Mupad [B]
time = 2.54, size = 161, normalized size = 5.96

644%tan(5+42) | 64AB%tan(5+%2) 64B%tan(5+%2) | 644 Btan(5+%2)
2Aatan| —grasieiapr t eiATe1AD? 2Batanh| g m 55 64 A2 B+64 B3 2C tan($ + 42)
+

d d _d(tan(§+7) —1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(A + B/cos(c + d*x) + C/cos(c + d*x)~2,x)

[Out] (2xAxatan((64*A~3*tan(c/2 + (d*x)/2))/(64*xA*xB~2 + 64*%A~3) + (64*xA*xB~2xtan(c
/2 + (d*x)/2))/(64xA*B~2 + 64*xA~3)))/d + (2*B*atanh((64*B~3*tan(c/2 + (d*x)
/2))/(64*A"2%B + 64*B~3) + (64*xA~2+Bxtan(c/2 + (d*x)/2))/(64*%A~2*B + 64%B~3
)))/d - (2%Cxtan(c/2 + (d*x)/2))/(d*(tan(c/2 + (d*x)/2)"2 - 1))
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3.59 [ cos(ct+dz) (A + Bsec(c+ dx) + C'sec’(c + dx)) dx

Optimal. Leaf size=27

C'tanh™'(sin(c + dz)) N Asin(c + dz)

Bz + d d

[Out] B*x+Cxarctanh(sin(d*x+c))/d+A*sin(d*x+c)/d

Rubi [A]
time = 0.03, antiderivative size = 27, normalized size of antiderivative = 1.00, number of

: number of rules _ 4 48,
integrand size

steps used = 4, number of rules used = 4, integrand size = 27
Rules used = {4132, 8, 4130, 3855}

A sin(2+ dx) + Bot Ctanh_l(s(;n(c + dx))
Antiderivative was successfully verified.
[In] Int[Cos[c + d*x]*(A + B*Sec[c + d*x] + CxSec[c + d*x]~2),x]
[Out] B*x + (CkArcTanh[Sin[c + d*x]])/d + (A*Sin[c + d*x])/d
Rule 8
Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rule 3855

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

Rule 4130

Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.))"(m_.)*(cscl(e_.) + (£_.)*(x_)]1"2x(C_.)
+ (A_)), x_Symbol] :> Simp[A*Cot[e + fxx]*((bxCscle + f*x]) m/(f*m)), x] +
Dist[(Cxm + Ax(m + 1))/(b"2*m), Int[(b*Cscl[e + f*x])"(m + 2), x], x] /; Fre
eQ[{b, e, f, A, C}, x] && NeQ[C*m + A*x(m + 1), 0] && LeQ[m, -1]

Rule 4132

Int[(cscl(e_.) + (£_.)*(x_)I*(b_.))"(m_.)*((A_.) + cscl(e_.) + (f_.)*(x_)]1*
(B_.) + cscl(e_.) + (f_.)*(x_)]1"2x(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + £xx])~(m + 1), x], x] + Int[(b*Cscl[e + f*x]) m*(A + CxCscl[e + f*xx]"2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps
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/cos(c + dz) (A + Bsec(c+ dz) + C'sec’(c+ dz)) dz = B / ldz + /cos(c + dz) (A + C'sec®(c + dz))

Asi
M+C/sec(c+dx)dm

C'tanh™ (sin(c + dx)) 4 Asin(c + dx)
d d

= Bz +

= Bz +

Mathematica [A]
time = 0.02, size = 38, normalized size = 1.41

C tanh™(sin(c + dz)) N A cos(dz) sin(c) N A cos(c) sin(dx)

Bz + d d d

Antiderivative was successfully verified.

[In] Integrate[Cos[c + d*x]*(A + B*Sec[c + d*x] + C*Secl[c + d*x]~2),x]

[Out] B*x + (CxArcTanh[Sin[c + d*x]])/d + (A*Cos[d*x]*Sin[c])/d + (AxCos[c]*Sin[d
*xx])/d

Maple [A]
time = 0.32, size = 37, normalized size = 1.37

method result

derivativedivides Asin(dz+c)+B (dx—l—c)-l—Cdln(sec(dx-l—c) +tan(dz+c))

default A sin(dz+c)+B(dz+c)+Cdln(sec(dm+c) +tan(dz+-c))

s o et e | WeOe _ bisoie
B:c(tan4<‘12—z+§))—3w—2Atan(dd7z+%)+2A(tansgd71+%)) Cln(tan(%-{-%)%—l) Cln(tan(d{-l-%)—l)

notman (1+tan?(L2+5)) (tan?(£+5)-1) + d B d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(d*x+c)*(A+B*sec(d*x+c)+C*sec(d*x+c)~2),x,method=_RETURNVERBOSE)
[Out] 1/d*(A*sin(d*x+c)+B*(d*x+c)+C*x1ln(sec(d*x+c)+tan(d*x+c)))
Maxima [A]

time = 0.27, size = 46, normalized size = 1.70

2(dz+c¢)B+ C(log (sin (dz +¢c) + 1) — log (sin (dz +¢) — 1)) + 2 Asin (dz + ¢)
2d

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(cos(d*x+c)*(A+B*sec(d*x+c)+Cxsec(d*x+c)~2),x, algorithm="maxima")
[Out] 1/2%(2*(d*x + c)*B + Cx(log(sin(d*x + c) + 1) - log(sin(d*x + c) - 1)) + 2%
Axsin(d*x + c))/d

Fricas [A]
time = 3.29, size = 45, normalized size = 1.67
2 Bdz + C'log (sin (dz + ¢) + 1) — C'log (—sin (dz 4+ ¢) + 1) + 2 Asin (dz + ¢)
2d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c)*(A+B*sec(d*x+c)+Cxsec(d*x+c)~2),x, algorithm="fricas")
[Out] 1/2*%(2*B*d*x + C*log(sin(d*x + c) + 1) - Cxlog(-sin(d*x + c) + 1) + 2xAxsin
(d*x + ¢))/d

Sympy [F]

time = 0.00, size = 0, normalized size = 0.00

/ (A + Bsec(c+ dz) + C'sec® (c + dx)) cos (c + dz) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c)*(A+Bxsec(d*x+c)+Cxsec(d*x+c)**2) ,x)

[Out] Integral((A + Bksec(c + d*x) + Cxsec(c + d*x)#**2)*cos(c + d*x), x)

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 70 vs. 2(27) = 54.

time = 0.42, size = 70, normalized size = 2.59
2A1:a,n(ld:v—|—l c)

(dz 4+ ¢)B + Clog (|tan (3 dz + 3 ¢) +1|) — Clog (tan (2 dz + 1c) —1]) + W

d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c)*(A+Bxsec(d*x+c)+Cxsec(d*x+c)~2),x, algorithm="giac")

[Out] ((d*x + c)*B + Cxlog(abs(tan(1/2xd*x + 1/2*c) + 1)) - Cxlog(abs(tan(1/2xd*x
+ 1/2xc) - 1)) + 2*Axtan(1/2*d*x + 1/2xc)/(tan(1/2xd*x + 1/2%c)"2 + 1))/d

Mupad [B]
time = 2.52, size = 68, normalized size = 2.52

sin(;+d;)) <Sin<§+dzm)>
(cos<;+d;”> n 2C atanh cos<%+d£) n A sin (C + d.'L')
d d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(c + d*x)*(A + B/cos(c + d*x) + C/cos(c + d*x)~2),x)
[Out] (2xBxatan(sin(c/2 + (d*x)/2)/cos(c/2 + (d*x)/2)))/d + (2*Cxatanh(sin(c/2 +
(d*x)/2)/cos(c/2 + (d*x)/2)))/d + (A*sin(c + d*x))/d
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3.60 [ cos?*(c+dzx) (A + Bsec(c + dz) + Csec*(c + dz)) d

Optimal. Leaf size=42

Bsin(c+dz)  Acos(c+ dz)sin(c + dzx)
d + 2d

%(A +2C)x +

[Out] 1/2*(A+2%C)*x+B*sin(d*x+c)/d+1/2*A*xcos (d*x+c)*sin(d*x+c)/d

Rubi [A]
time = 0.04, antiderivative size = 42, normalized size of antiderivative = 1.00, number of

9, number of rules _ 0.138,
integrand size

steps used = 4, number of rules used = 4, integrand size = 2
Rules used = {4132, 2717, 4130, 8}

Asin(c + dz) cos(c + dx)
2d

Bsin(c + dx)
d

1

Antiderivative was successfully verified.

[In] Int[Cos[c + d*x] 2*%(A + BxSec[c + d*x] + CxSec[c + d*x]~2),x]

[Out] ((A + 2xC)*x)/2 + (B*Sin[c + d*x])/d + (A*Cos[c + d*x]*Sin[c + d*x])/(2xd)
Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQla, x]

Rule 2717

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + d*x]/d, x] /;
FreeQ[{c, 4}, x]

Rule 4130

Int[(cscl(e_.) + (£_)*(x_)I1*(b_.))"(m_.)*(cscl(e_.) + (£f_.)*(x_)]1"2x(C_.)
+ (AD)), x_Symbol] :> Simp[A*Cot[e + f*xx]*((bxCscl[e + f*x])"m/(f*m)), x] +
Dist[(C*m + A*(m + 1))/(b"2%m), Int[(b*Csc[e + f*x])~(m + 2), x], x] /; Fre
eQ[{b, e, f, A, C}, x] && NeQ[C*m + Ax(m + 1), 0] && LeQ[m, -1]

Rule 4132

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.))"(m_.)*((A_.) + cscl(e_.) + (f_.)*(x_)]1*
(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + fxx])"(m + 1), x], x] + Int[(b*Cscl[e + f*x]) m*(A + CxCscl[e + f*x]~2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps



254

/cosz(c + dz) (A + Bsec(c+ dz) + Csec’(c+ dz)) dz = B / cos(c + dz) dz + /cos2(c + dz) (A + C'sex
_ Bsin(c+dx) + Acos(c + dz) sin(c + dx) N 1

d 2d 2(‘
_ %(A +20)s + Bsin(;—i— dx) N Acos(c+ d;zlSi]

Mathematica [A]
time = 0.04, size = 55, normalized size = 1.31

N A(c+dx) N B cos(dz) sin(c) N B cos(c) sin(dzx) N Asin(2(c + dzx))

Ce 2d d d 4d

Antiderivative was successfully verified.

[In] Integrate[Cos[c + d*x]~2*(A + B*Sec[c + d*x] + CxSec[c + d*x]~2),x]

[Out] Cxx + (Ax(c + d*x))/(2%d) + (B*Cos[d*x]*Sin[c])/d + (B*Cos[c]*Sin[d*x])/d +
(A*Sin[2%(c + d*x)])/(4*d)

Maple [A]
time = 0.37, size = 45, normalized size = 1.07

method result
risch % +Cz+ B sin(;a:-l-c) + A sin(it;z+20)
. . L. A M+d—x+9 + B sin(dz+c)+C(dz+c)
derivativedivides ( 2 2 d2>
A costdate)sin(dote) 4 de | c) g sin(dz+c)+C(dz+c)
default ( 2 2 d2>
(- 2-C)art (~4—C)o(san? (% +5) )+ (4+C)a(tant (4-45) )+ (4+0)o(sand (L 4+5) )+ 220 (F8))
norman (1+tan2(d§+g))2(tan2 (%+5)-1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(d*x+c) ~2x(A+B*sec(d*x+c)+C*sec(d*x+c)~2),x,method=_RETURNVERBOSE)
[Out] 1/d*x(A*(1/2*cos(d*x+c)*sin(d*x+c)+1/2xd*x+1/2*c)+B*sin(d*x+c)+C* (d*x+c))
Maxima [A]

time = 0.28, size = 42, normalized size = 1.00

(2dx +2c+sin(2dr +2c¢))A+4(dz + ¢)C + 4 Bsin (dz + ¢)
4d
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c) ~2*(A+B*sec(d*x+c)+Cxsec(d*x+c)~2),x, algorithm="maxima
n)
[Out] 1/4*((2*d*x + 2*c + sin(2*xd*x + 2*c))*A + 4*(d*x + c)*C + 4*Bxsin(d*x + c))
/d
Fricas [A]
time = 2.46, size = 33, normalized size = 0.79
(A+2C)dzx + (Acos (dx + ¢) + 2 B) sin (dz + ¢)
2d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c) 2% (A+B*sec(d*x+c)+Cxsec(d*x+c)~2),x, algorithm="fricas
n)

[Out] 1/2*x((A + 2*C)*d*x + (A*cos(d*x + c) + 2xB)*sin(d*x + c¢))/d

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (A + Bsec(c+ dz) + Csec® (c + dz)) cos® (c + dz) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c)**2x(A+Bxsec(d*x+c)+Ckxsec(d*x+c)**2) ,x)
[Out] Integral((A + Bxsec(c + d*x) + Cxsec(c + d*x)*x2)*cos(c + d*x)*x2, x)
Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 86 vs. 2(38) = 76.
time = 0.41, size = 86, normalized size = 2.05
2 (Atan(} do+1 )’ ~2 Btan(} do+1 )’ ~Atan(} do+} ) -2 Btan(} do+ 5 ¢))
(tan(} do+3 c)2+1)2
2d

(dr+c)(A+20C) —

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c) 2% (A+B*sec(d*x+c)+Cksec(d*x+c)~2),x, algorithm="giac")
[Out] 1/2%x((d*x + c)*(A + 2xC) - 2x(Axtan(1/2*d*x + 1/2%c)~3 - 2*Bktan(1/2*d*x +
1/2xc)~3 - Axtan(1/2*d*x + 1/2%c) - 2*Bxtan(1/2*d*x + 1/2%c))/(tan(1/2*d*x
+ 1/2%c)"2 + 1)72)/d
Mupad [B]
time = 2.50, size = 34, normalized size = 0.81

Azx Asin(2c—|—2dm)+Bsin(c—|—dm)

- tCz+ 1d d
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(c + d*x)~2*%(A + B/cos(c + d*x) + C/cos(c + d*x)~2),x)
[Out] (A*x)/2 + C*x + (A*sin(2*c + 2*d*x))/(4*d) + (B*sin(c + d*x))/d
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3.61 [ cos®(c+dzx) (A + Bsec(c + dz) + Csec(c + dz)) d

Optimal. Leaf size=56

Bz (A + C)sin(c+ dx) N Becos(c + dz)sin(c +dz)  Asin’(c + dx)

5 T d 2 34

[Out] 1/2*B*x+(A+C)*sin(d*x+c)/d+1/2*B*cos(d*x+c)*sin(d*x+c)/d-1/3*A*sin(d*x+c) "3
/d

Rubi [A]
time = 0.06, antiderivative size = 56, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.172,

steps used = 6, number of rules used = 5, integrand size = 29
Rules used = {4132, 2715, 8, 4129, 3092}

d 3d 2d 2

(A+C)sin(c+dz) Asin®(c + dz) N Bsin(c + dx) cos(c + dx) N Bz

Antiderivative was successfully verified.
[In] Int[Cos[c + d*x]~3*%(A + B*Sec[c + d*x] + C*xSecl[c + d*x]~2),x]

[Out] (B*x)/2 + ((A + C)*Sin[c + d*x])/d + (B*Cos[c + d*x]*Sin[c + d*x])/(2xd) -
(A*Sin[c + d*x]~3)/(3%d)

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQla, x]

Rule 2715

Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((bxSin[c + d*x])~(n - 1)/(d*n)), x] + Dist[b™2*((n - 1)/n), Int[(b*Sin[
c +d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2
*n]

Rule 3092

Int[sin[(e_.) + (£_)*(x_)]1 " (m_.)*((A_) + (C_.)*sin[(e_.) + (f_.)*(x_)1"2),
x_Symbol] :> Dist[-f~(-1), Subst[Int[(1 - x72)"((m - 1)/2)*(A + C - C*x"2)
, X], x, Cos[e + f*x]], x] /; FreeQ[{e, f, A, C}, x] && IGtQ[(m + 1)/2, 0]

Rule 4129

Int[cscl(e_.) + (£_.)*(x_)]1 " (m_.)*(cscl(e_.) + (£_.)*(x_)1"2%(C_.) + (A))),
x_Symbol] :> Int[(C + AxSin[e + f*x]~2)/Sin[e + f*x]"(m + 2), x] /; FreeQ[
{e, f, A, C}, x] && NeQ[C*m + Ax(m + 1), 0] && ILtQ[(m + 1)/2, 0]
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Rule 4132

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.))"(m_.)*((A_.) + cscl(e_.) + (£f_.)*(x_)]1*
(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + fxx])"(m + 1), x], x] + Int[(b*Cscle + f*x])"m*(A + C*Cscle + f*x]~2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps

/cosg(c + dz) (A + Bsec(c+ dz) + Csec’(c + dz)) dz = B/cosz(c + dz) dz + /0033(0 + dz) (A+ C's

_ Becos(c + dz) sin(c + dz) N B/ldw—l—/cos

2d
Bz Bcos(c+ dz)sin(c + dz) Subst(
==+
2 2d
Bx (A4 C)sin(c+dzx) Bcos(c+ dz)sin(
—2 T d * 2d

Mathematica [A]
time = 0.07, size = 53, normalized size = 0.95

6Bc + 6Bdz + 3(3A + 4C) sin(c + dz) + 3Bsin(2(c + dz)) + Asin(3(c + dx))
12d

Antiderivative was successfully verified.

[In] Integrate[Cos[c + d*x]~3*(A + BxSec[c + d*x] + C*Sec[c + d*x]~2),x]

[Out] (6%B*c + 6%Bkxd*x + 3%x(3%A + 4*C)*Sin[c + d*x] + 3*B*Sin[2*(c + d*x)] + Ax*Si
n[3*x(c + d*x)])/(12xd)

Maple [A]
time = 0.47, size = 57, normalized size = 1.02

method result
A2 2 dz+c in(dz+c N
. . o ( +cos?( :; ))S ( )+B<cos(dz+c)25m(dz+c)+d§+%)+csin(dm+c)
derivativedivides y
A(24cos? (dz+c)) sin(dz+ ;
( cos”( zsc)) sin(dz+c) +B<cos(d:c+c)251n(dw+c)+d7z+%)+csin(dx+c)
default v
risch % + 3Asm(dar:+c) + Csm(dac—i—c) + As1n(i32ddx+3c) + Bs1n(i¢cilx+2c)

et (305)) ) (29 =TI oot
2
2

d 3d

(5 +8))

norman




259

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(d*x+c) " 3*(A+B*sec(d*x+c)+C*sec(d*x+c)~2),x,method=_RETURNVERBOSE)

[Out] 1/d*(1/3%A*(2+cos(d*x+c) ~2)*sin(d*x+c)+B*(1/2*%cos(d*x+c)*sin(d*x+c)+1/2*d*x
+1/2%c)+Cxsin(d*x+c))

Maxima [A]

time = 0.27, size = 55, normalized size = 0.98

4(sin(dz+c)3—3 sin (dz + ¢))A — 3(2dz + 2¢+sin (2dz + 2¢)) B — 12C'sin (dz + ¢)
12d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c) 3% (A+B*sec(d*x+c)+Cksec(d*x+c)~2),x, algorithm="maxima

n)

[Out] -1/12*%(4*(sin(d*x + c)~3 - 3xsin(d*x + c))*A - 3x(2*d*x + 2%c + sin(2xd*x +
2%c))*B - 12*Cxsin(d*x + c))/d

Fricas [A]

time = 2.51, size = 45, normalized size = 0.80

3 Bdz + (2 Acos (dz + c)® + 3 Bcos (dz +¢) + 4 A+ 6 C) sin (dz + ¢)
6d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c) ~3*(A+B*sec(d*x+c)+Cxsec(d*x+c)~2),x, algorithm="fricas

u)

[Out] 1/6%(3*Bxd*x + (2*%A*cos(d*x + c)~2 + 3*Bkxcos(d*x + c) + 4*A + 6%C)*sin(d*x
+ c))/d

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (A+ Bsec(c+ dz) + Csec® (c + dz)) cos® (c + dz) d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c)**3*(A+B*xsec(d*x+c)+Cxsec(d*x+c)**2) ,x)

[Out] Integral((A + Bkxsec(c + d*x) + Cksec(c + d*x)*x2)*cos(c + d*x)**3, x)
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Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 138 vs. 2(50) =

100.
time = 0.45, size = 138, normalized size = 2.46
3 (dl' n c)B n 2 (GAtan(% do+3 0)5—3Btan(% dz+%c)5+60tan(%dz+%c)5+4Atan(% do+3 c)3+1220tan(% do+3 c)3+6Atan(%dz+%c)+3Btan(%dz+%c)+6Ctan(%d1+%c))
(tan(%dz+%c) +1)
6d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c) 3% (A+B*sec(d*x+c)+Cxsec(d*x+c)~2),x, algorithm="giac")

[Out] 1/6*%(3*%(d*x + c)*B + 2x(6xAxtan(1/2xd*x + 1/2%c)”~5 - 3*Bxtan(1/2*xd*x + 1/2x%
c)”5 + 6*%Cxtan(1/2*xd*x + 1/2*c)”5 + 4*A*xtan(1/2*d*x + 1/2*c)~3 + 12*C*tan(1
/2xd*x + 1/2%c)~3 + 6xAxtan(1/2*d*xx + 1/2%c) + 3*xBxtan(1/2xd*x + 1/2%c) + 6
*Cxtan(1/2*d*x + 1/2%c))/(tan(1/2*d*x + 1/2%c)"2 + 1)73)/d

Mupad [B]
time = 2.53, size = 66, normalized size = 1.18

Bz N 2Asin(c+dz) Csin(c+dx) + B cos(c+dz) sin(c+dx) + Acos(c+dx)? sin(c+ dx)
2 3d d 2d 3d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(c + d*x)~3*%(A + B/cos(c + d*x) + C/cos(c + d*x)~2),x)

[Out] (B*x)/2 + (2*A*sin(c + d*x))/(3*d) + (Cxsin(c + d*x))/d + (Bkxcos(c + d*x)*s
in(c + d*x))/(2%d) + (A*cos(c + d*x)~2*sin(c + d*x))/(3*d)
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3.62 [ cos*(c+dzx) (A + Bsec(c + dz) + Csec(c + dz)) d

Optimal. Leaf size=88

Bsin(c+dz) (3A+4C)cos(c + dz)sin(c+dz) Acos®*(c+ dx)sin(c+dz) Bsin®(c+ ¢
i 8d - 4d R

%(3A+4C’)x+

[Out] 1/8%(3%A+4%*C)*x+B*sin(d*x+c)/d+1/8%(3*%A+4*C)*cos (d*x+c)*sin(d*xx+c)/d+1/4%A%
cos (d*x+c) ~3*sin(d*x+c)/d-1/3*Bxsin(d*x+c)~3/d

Rubi [A]
time = 0.06, antiderivative size = 88, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.172,

steps used = 6, number of rules used = 5, integrand size = 29
Rules used = {4132, 2713, 4130, 2715, 8}

Bsin3(c+dz)  Bsin(c+ dz)

(3A 4+ 4C) sin(c + dz) cos(c + dz) N Asin(c+dz)cos®(c+dz) 1
3d d

8d 4d *s

Z(3A+4C) —

Antiderivative was successfully verified.
[In] Int[Cos[c + d*x]~4*(A + B*Sec[c + d*x] + CxSec[c + d*x]"2),x]

[Out] ((3*xA + 4*C)*x)/8 + (BxSin[c + d*x])/d + ((3*%A + 4*C)*Cos[c + d*x]*Sin[c +
d*x])/(8xd) + (A*Cos[c + d*x]~3*Sin[c + d*x])/(4%*d) - (BxSin[c + d*x]~3)/(3
*d)

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 2713

Int[sin[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d"(-1), Subst[Int[Expa
nd[(1 - x72)7((a - 1)/2), x], x], x, Cos[c + d*x]], x] /; FreeQl{c, d}, x]
&& IGtQ[(n - 1)/2, 0]

Rule 2715

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Sinf[c + d*x])"(n - 1)/(d*n)), x] + Dist[b™2*((n - 1)/n), Int[(b*Sin[
c + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2
*n]

Rule 4130

Int[(cscl(e_.) + (£_)*(x_)]*(b_.))"(m_.)*(cscl(e_.) + (f_.)*(x_)]1"2x(C_.)
+ (A))), x_Symbol] :> Simp[A*Cot[e + fxx]*((b*Csc[e + f*x])~m/(f*m)), x] +
Dist[(C*m + Ax(m + 1))/(b"2%m), Int[(b*Cscl[e + f*x])~(m + 2), x], x] /; Fre
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eQ[{b, e, f, A, C}, x] && NeQ[C*m + A*(m + 1), 0] && LeQ[m, -1]

Rule 4132

Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.))"(m_.)*((A_.) + cscl(e_.) + (£f_.)*(x_)]1*
(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + £xx])"(m + 1), x], x] + Int[(bxCscl[e + f*x]) " m*(A + CxCscl[e + f*xx]"2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps

/COS4(C + dz) (A + Bsec(c+ dz) + Csec’(c + dz)) dz = B/cos3(c +dz)dx + /cos4(c + dz) (A + C'se

3 .
_ Acos®(c+ dx) sin(c + dx) 4 1(3A+4C)/cos’
4d 4

Bsin(c+dz) (3A+4C)cos(c+ dz)sin(c + ¢

= +
d 8d

1 Bssi A+4

=§(3A+4C)m+ sm(;+dw)+(3 + 4C) cos

Mathematica [A]
time = 0.12, size = 70, normalized size = 0.80

36Ac + 48¢cC + 36 Adz + 48Cdz + 96 B sin(c + dzx) — 32B sin®(c + dx) + 24(A + C) sin(2(c + dz)) + 3Asin(4(c + dx))
96d

Antiderivative was successfully verified.

[In] Integrate[Cos[c + d*x]~4*(A + BxSec[c + d*x] + C*Sec[c + d*x]~2),x]

[Out] (36%A*c + 48%c*C + 36%Axd*x + 48*Ckxd*xx + 96*B*Sin[c + d*x] - 32*B*Sin[c + d
*x]"3 + 24%(A + C)*Sin[2*(c + d*x)] + 3*A*Sin[4*x(c + d*x)])/(96%d)

Maple [A]
time = 0.69, size = 84, normalized size = 0.95

method result
. 3Azx Cz 3Bsin(dz+c) Asin(4dz+4c) B sin(3dz+3c) Asin(2dz+2c) C'sin(2dz+2c)
risch 8 T2 T~ 4t 324 T 2d T 4d + 4d

C ( cos(dx-ﬁ-c);in(dm-kc) +d7z+%)

cos3 (dz+c 3cos(dz+c) sin(dz+c i
A<< (dz+c)+ 42 ) (dz+ )+:&;z+3§) +B(2+0052(dm-3|»c)) sm(d:c+c)+

derivativedivides 7




263

4 3

085 (dz+c 3cos(date) sin(dz+c i
4 < (c s®(dz+c)+ 3 ) (dz+ )+3‘§77+380) +B(2+0052(dm+c)) sin(dxz+c) +C(cos(dz+c)zsin(dz+c) +d7m+%)
default 3
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(d*x+c) ~4x(A+B*sec(d*x+c)+C*sec(d*x+c)~2),x,method=_RETURNVERBOSE)

[Out] 1/d*x(A*(1/4*(cos(d*x+c) ~3+3/2*xcos(d*x+c))*sin(d*x+c)+3/8*d*x+3/8*c)+1/3%Bx*(
2+cos (d*x+c) ~2) *sin (d*x+c)+Cx (1/2%cos (d*x+c) *sin(d*x+c)+1/2%d*xx+1/2%c))

Maxima [A]
time = 0.28, size = 77, normalized size = 0.88

3(12dz + 12c+sin (4dz + 4¢) + 8 sin (2dz + 2¢)) A — 32 (sin (dz + ¢)* — 3 sin (dz + ¢)) B + 24 (2dz + 2 ¢ + sin (2dz + 2¢))C
96d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c) 4% (A+Bxsec(d*x+c)+Cksec(d*x+c)”2),x, algorithm="maxima
n)

[Out] 1/96*%(3%(12*d*x + 12%c + sin(4*d*x + 4*c) + 8*sin(2*d*x + 2*c))*A - 32x(sin
(d*x + c)~3 - 3*sin(d*x + c))*B + 24x(2xd*x + 2*%c + sin(2xd*x + 2xc))*C)/d

Fricas [A]
time = 2.89, size = 65, normalized size = 0.74

3(3A+4C)dz + (6 Acos (dz + c)* + 8 Bcos (dz + c)* + 3 (3 A+ 4 C) cos (dz + ¢) + 16 B) sin (dz + ¢)
24d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c) 4% (A+Bxsec(d*x+c)+C*sec(d*x+c)~2),x, algorithm="fricas
ll)

[Out] 1/24*(3%(3%A + 4xC)*d*x + (6%xA*cos(d*x + c)~3 + 8*Bxcos(d*x + c)~2 + 3*(3*A
+ 4xC)*cos(d*x + c) + 16*B)*sin(d*x + c))/d

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (A + Bsec(c+ dz) + C'sec® (c + dz)) cos* (¢ + dz) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c)**4x(A+Bxsec(d*x+c)+Ckxsec(d*x+c)**2) ,x)
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[Out] Integral((A + Bxsec(c + d*x) + Cxsec(c + d*x)*x2)*cos(c + d*x)*x4, x)

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 200 vs. 2(80) =
160.
time = 0.43, size = 200, normalized size = 2.27

2 (154tan(} de+} ) 24 Bran(} de+3 ) "+12Ctan(} do+] o) '—9 Atan(} do+] ¢)°~40 Btan(} du+] o) *+12C tan(} do+] o) *+9 Atan(} do+] o) *—40 Btan(} do+1 o) *~12Ctan(} do+] o) *~15 Atan(§ da+} ¢) 24 Btan(} de+} o) -12C tan(} do+1 o))
T
(tan(} do+} o)*+1)
24d

3(dz+c)(3A+4C)—

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c) ~4*(A+B*sec(d*x+c)+Cxsec(d*x+c)~2),x, algorithm="giac")

[Out] 1/24*(3*%(d*x + c)*(3*%A + 4*C) - 2% (15xAxtan(1/2xd*x + 1/2%c)”7 - 24*Bxtan(1
/2%d*xx + 1/2%c)”7 + 12*%Cxtan(1/2*d*x + 1/2%c)”7 - 9xAxtan(1/2xd*x + 1/2%c)”
5 - 40*Bxtan(1/2xd*x + 1/2*c)”5 + 12+%Cxtan(1/2*d*x + 1/2%c)”5 + 9*kAxtan(1/2

*d*x + 1/2%c)”3 - 40*Bxtan(1/2*d*x + 1/2%c)”3 - 12*xCxtan(1/2*d*x + 1/2%c)"3

- 15%A*xtan(1/2*xd*x + 1/2*c) - 24*Bxtan(1/2*%d*x + 1/2%c) - 12*Cxtan(1/2*d*x

+ 1/2xc))/(tan(1/2xd*x + 1/2*c)"2 + 1)74)/d

Mupad [B]
time = 2.53, size = 81, normalized size = 0.92

3Az Cz  Asin(2c+2dz) Asin(dc+4dz) Bsin(3c+3dz) Csin(2c+2dz)  3Bsin(c+dz)
8 2 4d 32d 12d 4d 4d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(c + d*x)~4x(A + B/cos(c + d*x) + C/cos(c + d*x)~2),x)

[Out] (3*A*x)/8 + (C*x)/2 + (A*sin(2%c + 2%d*x))/(4xd) + (A*sin(4*c + 4xd*x))/(32
*d) + (B*sin(3*c + 3*xd*x))/(12*%d) + (C*sin(2%c + 2*xd*x))/(4*d) + (3*B*sin(c
+ dxx))/(4xd)
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3.63 [ cos®(c+dzx) (A + Bsec(c + dz) + Csec*(c + dz)) d

Optimal. Leaf size=98

3Bz (A+ C)sin(c+dz) 3Bcos(c+ dx)sin(c+dz) Bcos*(c+ dx)sin(c+dz) (24 + C)sind(c+ d:
s d - 8d - 4d B 3d

[Out] 3/8*B*x+(A+C)*sin(d*x+c)/d+3/8*B*cos(d*x+c)*sin(d*x+c)/d+1/4*Bxcos(d*x+c) 3
*sin(d*x+c)/d-1/3%(2*%A+C) *sin(d*x+c) ~3/d+1/5*A*sin(d*x+c)~5/d

Rubi [A]
time = 0.08, antiderivative size = 98, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.207,

steps used = 8, number of rules used = 6, integrand size = 29,
Rules used = {4132, 2715, 8, 4129, 3092, 380}

(244 C)sin*(c+dz) (A+C)sin(c+dz) Asin®(c+dz) Bsin(c+dz)cos’(c+dz) 3Bsin(c+ dz)cos(c+dz) 3Bz
3d d T T 1d * 8d T3

Antiderivative was successfully verified.
[In] Int[Cos[c + d*x] 5*%(A + BxSec[c + d*x] + CxSec[c + d*x]~2),x]

[Out] (3*Bxx)/8 + ((A + C)*Sin[c + d*x])/d + (3*BxCos[c + d*x]*Sin[c + d*xx])/(8*d
) + (BxCos[c + d*x]~3*Sin[c + d*x])/(4*d) - ((2%A + C)*Sin[c + d*x]~3)/(3%d
) + (AxSin[c + d*x]75)/(5xd)

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQla, x]

Rule 380

Int[((a)) + (b_D)*(x_)"(n)) " (p_.)*((c_) + (d_.)*(x_)"(n_))"(q_.), x_Symbol
1 :> Int[ExpandIntegrand[(a + b*x"n) p*(c + d*x"n)~q, x], x] /; FreeQ[{a, b
, ¢, d, n}, x] && NeQ[b*c - axd, 0] && IGtQ[p, 0] && IGtQ[q, O]

Rule 2715

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Sin[c + d*x])"(n - 1)/(d*n)), x] + Dist[b™2*x((n - 1)/n), Int[(b*Sin[
c + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2
*n]

Rule 3092

Int[sin[(e_.) + (f£_.)*(x_ )1 (m_.)*((A_) + (C_.)*sin[(e_.) + (£_.)*(x_)]1"2),
x_Symbol] :> Dist[-f7(-1), Subst[Int[(1 - x72)"((m - 1)/2)*(A + C - C*xx"2)
, x], x, Cos[e + f*xx]], x] /; FreeQ[{e, f, A, C}, x] && IGtQ[(m + 1)/2, 0]
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Rule 4129

Int[cscl(e_.) + (£_)*(x_)]1"(m_.)*(cscl(e_.) + (f_.)*x(x_)]1"2+(C_.) + (A_)),
x_Symbol] :> Int[(C + AxSin[e + f*x]~2)/Sin[e + f*x]"(m + 2), x] /; FreeQ[
{e, f, A, C}, x] &% NeQ[C*m + Ax(m + 1), 0] &% ILtQ[(m + 1)/2, 0]

Rule 4132

Int[(cscl(e_.) + (f_.)*(x_)]1*(b_.))"(m_.)*((A_.) + cscl(e_.) + (f_.)*(x_)]x*
(B_.) + cscl(e_.) + (£f_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + fxx])"(m + 1), x], x] + Int[(b*Cscle + f*x]) "m*(A + CxCscl[e + f*x]~2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps

/cos5(c + dz) (A + Bsec(c + dz) + Csec’(c + dz)) dz = B/cos4(c +dz)dz + /cos5(c + dz) (A+ C's

5 .
_ Becos (¢ + dz)sin(c + dz) + 1(33) /0082(C+

4d 4
_ 3Bcos(c+ dz)sin(c + dz) 4 B cos®(c + dz) sini
B 8d 4d
3Bz  3Bcos(c+dz)sin(c+dz) = Bcos®(c+
s " 8d -
3Bz (A+C)sin(c+dz) 3Bcos(c+ dz)si
~ s d - 8d

Mathematica [A]
time = 0.11, size = 87, normalized size = 0.89

180Bc + 180Bdz + 60(5A + 8C) sin(c + dz) — 160C sin®(c + dz) + 120 B sin(2(c + dz)) + 50Asin(3(c + dz)) + 15B sin(4(c + dz)) + 6Asin(5(c + dz))
480d

Antiderivative was successfully verified.

[In] Integrate[Cos[c + d*x]~5%(A + B*xSec[c + d*x] + CxSec[c + d*x]~2),x]

[Out] (180*Bxc + 180*Bxd*x + 60*(5%xA + 8*C)*Sin[c + d*x] - 160*%C*Sin[c + d*x]~3 +
120%B*Sin[2%(c + d*x)] + 50*%A*Sin[3*(c + d*x)] + 15%B*Sin[4*(c + d*x)] + 6

*A*Sin[5x(c + d*xx)])/(480%d)

Maple [A]

time = 0.69, size = 89, normalized size = 0.91

] method \ result
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als 1, 4(0052(d:c+c)) in(d
3tcos™(dzte)+ ———3—— | sin(dz+c) p < (cos3(dz+c)+‘2—3 Cos(d“c)) sin(dz+c) +m+:m) +C(2+cos2(dz+c)) sin
5 4 8 8
derivativedivides |
4 Cos2(d:c+c))
Al g 4(d ( in(d. )
<3+°°S (o)t =g | sin(dzte) B ( (cosB (d+e)+ 22224 ) sin(aa-+o) e 3 ) | C(2reostd@nto)) s
5 4 8 8
default |
: 3Bz 5A sin(dz+c) 3C'sin(dz+c) Asin(5dz+5c) B sin(4dz+4c) 5Asin(3dz+3c) C'sin(3dz+3c)
risch s T 8d + 4d + 80d + 32d + 48d +

_3Bz _

8

3Bz(tan2(d7m+%)) ISBz(tan‘l(de-ﬁ-%)) ISBz(tans(dTZ{—%)) 3Bz(tan10(d7m+%)) BBz(tanlz(de—f—%)) (
2 — 8 + 8 + 2 + 8 -

norman

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(d*x+c) 5*(A+B*sec(d*x+c)+C*sec(d*x+c)~2),x,method=_RETURNVERBOSE)
[Out] 1/dx(1/5*A*(8/3+cos(d*x+c) ~4+4/3*%cos (d*x+c) ~2)*sin(d*x+c)+B*x(1/4*(cos (d*x+c
) ~3+3/2*cos (d*x+c) ) *sin (d*xx+c)+3/8*d*x+3/8%c) +1/3*%C* (2+cos (d*x+c) ~2) *sin(d*

x+c))

Maxima [A]

time = 0.28, size = 89, normalized size = 0.91

32 (3 sin (dz + ¢)® — 10 sin (dz + ¢)* + 15 sin (dz + ¢)) A + 15 (12dz + 12 ¢ + sin (4 dz + 4 ¢) + 8 sin (2dz + 2¢)) B — 160 (sin (dz + ¢)* — 3 sin (dz +¢))C
480d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c) 5% (A+B*sec(d*x+c)+Cksec(d*x+c)”2),x, algorithm="maxima
n)

[Out] 1/480%(32*(3*sin(d*x + c)~5 - 10*sin(d*x + c)~3 + 15*sin(d*x + c))*A + 15%(
12%d*x + 12xc + sin(4xd*x + 4*c) + 8*sin(2*d*x + 2%c))*B - 160*(sin(d*x + c

)~3 - 3xsin(d*x + c))*C)/d

Fricas [A]

time = 2.48, size = 73, normalized size = 0.74

45 Bdz + (24Acos(dac—+—c)4—f-3OBcos(dx—|—c)3 +8(4A+5C)cos(dz + c)* + 45 B cos (dz + ¢) + 64 A + 80 C) sin (dz + c)
120d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c) ~5*(A+B*sec(d*x+c)+Cxsec(d*x+c)~2),x, algorithm="fricas
ll)

[Out] 1/120%(45%B*d*xx + (24xAx*cos(d*x + c)~4 + 30*Bxcos(d*x + c)~3 + 8x(4xA + 5%C
Ykcos(d*x + c)~2 + 45*%Bxcos(d*x + c) + 64%A + 80%C)*sin(d*x + c))/d
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Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (A + Bsec(c+ dz) + C'sec® (c + dz)) cos® (¢ + dz) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c)**5x(A+Bxsec(d*x+c)+C*xsec(d*x+c)**2) ,x)
[Out] Integral((A + Bxsec(c + d*x) + Cxsec(c + d*x)*x2)*cos(c + d*x)*x5, x)

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 222 vs. 2(88) =

176.
time = 0.46, size = 222, normalized size = 2.27

2(120Atan(} de+} ¢)°~75 Bran(} de+] ) +120Ctan(} do+ 3 ¢)°+160 Atan(} de+§ )30 Bran(} det] ) '+320 Ctan(§ de+ ) +464 A tan(
45 (dz + ¢)B +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c) 5% (A+Bxsec(d*x+c)+C*sec(d*x+c)~2),x, algorithm="giac")

[Out] 1/120%(45*(d*x + c)*B + 2x(120*%A*tan(1/2*d*x + 1/2*%c)”9 - 75xBxtan(1/2*d*x
+ 1/2*c)”9 + 120*%Cxtan(1/2*d*x + 1/2*c)”9 + 160*A*xtan(1/2*d*x + 1/2%c)”7 -
30*%Bxtan(1/2*d*x + 1/2%c)”~7 + 320*%C*tan(1/2*d*x + 1/2xc)”7 + 464xAxtan(1/2*

d*x + 1/2*c)”5 + 400*Cxtan(1/2xd*x + 1/2%c)”5 + 160*Axtan(1/2*d*x + 1/2%c)”

3 + 30*Bxtan(1/2xd*x + 1/2%c)”~3 + 320*%Cxtan(1/2*d*x + 1/2%c)"3 + 120*A*tan(
1/2%d*x + 1/2%c) + 75xBxtan(1/2xd*xx + 1/2*c) + 120*%Cxtan(1/2*d*x + 1/2%c))/
(tan(1/2*d*x + 1/2%c)"2 + 1)75)/d

Mupad [B]
time = 2.58, size = 104, normalized size = 1.06

3Ba:+5Asin(3c+3dz) Asin(5¢+5dz) Bsin(2c+2dz) Bsin(4dc+4dz) Csin(3c+3dz) 5Asin(c+dz)  3Csin(c+dz)
8 48d 80d 4d 32d 12d 8d 4d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(c + d*x)~5*x(A + B/cos(c + d*x) + C/cos(c + d*x)~2),x)

[Out] (3*Bxx)/8 + (5*%A*sin(3*c + 3*d*x))/(48%d) + (A*sin(5*c + 5*d*x))/(80*d) + (
Bxsin(2xc + 2*d*x))/(4*%d) + (B*sin(4*c + 4xd*xx))/(32*%d) + (C*sin(3*c + 3*dx*
x))/(12%d) + (5*%Axsin(c + d*x))/(8*d) + (3*Cxsin(c + d*x))/(4x*d)
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3.64 [ cosb(c+dzx) (A + Bsec(c + dz) + Csec’(c + dz)) d

Optimal. Leaf size=132

L
16

Bsin(c + dx) 4 (5A + 6C) cos(c + dz) sin(c + dx) + (5A + 6C) cos®(c + dz) sin(c + dz) A

(5A+6C)z+ 7 16d 91d —

[Out] 1/16%(5%A+6%*C) *x+B*sin(d*x+c)/d+1/16*(5%A+6*C) *xcos (d*x+c)*sin(d*x+c)/d+1/24
* (5%xA+6*C) xcos (d*x+c) “3*xsin(d*x+c) /d+1/6*A*xcos (d*x+c) ~5*xsin(d*x+c)/d-2/3*Bx*
sin(d*x+c) ~3/d+1/5*B*sin(d*x+c)~5/d

Rubi [A]

time = 0.07, antiderivative size = 132, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.172,

steps used = 7, number of rules used = 5, integrand size = 29,
Rules used = {4132, 2713, 4130, 2715, 8}

(54 + 6C) sin(c + dz) cos®(c + dx) N (

5A + 6C) sin(c + dz) cos(c + dz) | Asin(c+dz)cos’(c+dz) 1 Bsin®(c+dz) 2Bsin®(c+dz) | Bsin(c+ dz)
24d 16d + 6d - +

+Ex(5A+SC)+ 5d 3d d

Antiderivative was successfully verified.
[In] Int[Cos[c + d*x]~6*%(A + B*Sec[c + d*x] + C*xSec[c + d*x]~2),x]

[Out] ((5%A + 6%C)*x)/16 + (B*Sin[c + d*x])/d + ((5%A + 6*C)*Cos[c + d*x]*Sin[c +
d*x])/(16*xd) + ((5%A + 6%C)*Cos[c + d#*x]~3*Sin[c + d*x])/(24%d) + (A*Cos[c

+ d*xx]~5*Sin[c + d*x])/(6%d) - (2*xB*Sin[c + d*x]~3)/(3*d) + (B*Sin[c + d*x
1°5)/(5%d)

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 2713

Int[sin[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d"(-1), Subst[Int[Expa
nd[(1 - x2)7((n - 1)/2), x], x], x, Cos[c + d*x]], x] /; FreeQ[{c, d}, x]
&& IGtQ[(n - 1)/2, 0]

Rule 2715

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Sinf[c + d*x])"(n - 1)/(d*n)), x] + Dist[b™2*((n - 1)/n), Int[(b*Sin[
c + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2
*n]

Rule 4130

Int[(cscl(e_.) + (£_D*(x_)]*(b_.))"(m_.)*(cscl(e_.) + (£f_.)*(x_)]1"2x(C_.)
+ (A))), x_Symbol] :> Simp[A*Cot[e + fxx]*((b*Csc[e + f*x])~m/(f*m)), x] +
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Dist[(C*m + Ax(m + 1))/(b~2+%m), Int[(b*Cscle + f*x])~(m + 2), x], x] /; Fre
eQ[{b, e, f, A, C}, x] && NeQ[C*m + A*(m + 1), 0] && LeQ[m, -1]

Rule 4132

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.)) " (m_.)*((A_.) + cscl[(e_.) + (f_.)*(x_)]1*
(B_.) + cscl(e_.) + (f_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + £xx])"(m + 1), x], x] + Int[(b*Cscl[e + f*x]) m*(A + CxCsc[e + f*xx]"2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps

/coss(c + dz) (A + Bsec(c + dz) + Csec’(c + dz)) dz = B/cos5(c + dz)dx + /cosﬁ(c + dz) (A + C'se

5 .
_ Acos®(c+ dgg sin(c + dz) 4 é(5A+ 6C) /cos‘
_ Bsin(c+ dx) 4 (5A + 6C) cos®(c + dz) sin(c +
B d 24d
Bsin(c+dz) (5A+6C)cos(c+ dx)sin(c+
T 16d

Bsin(c + dz) + (54 +6C) cor

1
=—(5A+6C)x + y

16

Mathematica [A]
time = 0.12, size = 107, normalized size = 0.81

300Ac + 360cC + 300Adz + 360Cdz + 6008 sin(c + dx) 4+ 15(15A + 16C) sin(2(c + dz)) + 100Bsin(3(c + dz)) 4+ 45Asin(4(c + dz)) 4 30C sin(4(c + dz)) + 12Bsin(5(c + dz)) + 5Asin(6(c + dz))
960d

Antiderivative was successfully verified.

[In] Integrate[Cos[c + d*x] 6%(A + BxSec[c + d*x] + C*Sec[c + d*x]~2),x]

[Out] (300%A*c + 360*%c*xC + 300*A*d*xx + 360*%C*d*x + 600*xBxSin[c + d*x] + 15%(15%A
+ 16%C)*Sin[2*%(c + d*x)] + 100*%B*Sin[3*(c + d*x)] + 45%A*Sin[4*x(c + d*xx)] +
30%C*Sin[4*(c + d*x)] + 12*BxSin[5x(c + d*x)] + 5*A%*Sin[6*(c + d*x)])/(960

*d)

Maple [A]
time = 0.66, size = 115, normalized size = 0.87

’ method ‘ result
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3 2
<0055 (dz+c)+ > (COS Eldz-ﬁ-c)) + 15 COS(ngH_C) ) sin(dxz+c) B <§+cos4(da:+c)+ M) sin(dz+c)
5dz_, 5
A . +5de B |y - +C
derivativedivides i
3 2
<0085 (dz+c)+ > (COS Eldac-ﬁ-c)) + 15 cos(sdw+c) ) sin(dxz+c) B <%+cos4(da:+c)+ M) sin(dz+c)
5dx | 5¢
default v
. 5Az 3Cz 5B sin(dz+-c) A sin(6dz+6c) Bsin(5dz+5c) 3Asin(4dz+4c) sin(4dz+4c)C 5Bs
risch 6 t758 T 8d + 7 02q T 80d + 64d + 32d +
5A _3C 45A _ 27C dz | ¢ 25A _ 15C dx | c 25A 15C dz | c
norman (—T*—7?>w+(“ﬁf“@*)woﬁn4<§“+§>)+(—‘ﬂr—“§*)w<““9<7?+§))+<—‘ﬂr—‘§*)woﬂn6(3“*5))

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(d*x+c) ~6*(A+B*sec(d*x+c)+C*sec(d*x+c)~2),x,method=_RETURNVERBOSE)
[Out] 1/d*x(A*(1/6%*(cos(d*x+c) ~5+5/4*xcos(d*xx+c) ~3+15/8*cos (d*x+c))*sin(d*x+c)+5/16
*d*x+5/16%c) +1/5%B* (8/3+cos (d*x+c) ~4+4/3*cos (d*x+c) ~2) *sin (d*x+c)+C* (1/4*(c

os (d*x+c) ~3+3/2xcos (d*x+c) ) *sin (d*x+c)+3/8*d*x+3/8%*c))

Maxima [A]
time = 0.29, size = 115, normalized size = 0.87

5 (4 sin (2dz +2¢)° — 60dz — 60 ¢ — 9 sin (4dz + 4¢) — 48 sin (2dz + 2¢)) A — 64 (3 sin (dz + ¢)° — 10 sin (dz + ¢)* + 15 sin (dz + ¢)) B — 30 (12dz + 12 ¢ + sin (4dz + 4¢) + 8 sin (2dz + 2¢))C
960d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c) ~6*(A+B*sec(d*x+c)+Cxsec(d*x+c)~2),x, algorithm="maxima
ll)

[Out] -1/960%(5*(4*sin(2*d*x + 2%c)~3 - 60*xd*x — 60*%c - 9*sin(4*d*xx + 4*c) - 48%s
in(2%d*xx + 2*xc))*A - 64*%(3*xsin(d*x + c)~5 - 10*sin(d*x + c)~3 + 15xsin(d*x

+ c))*B - 30%(12%d*x + 12%c + sin(4xd*x + 4*c) + 8*sin(2*d*x + 2%c))*C)/d

Fricas [A]
time = 2.99, size = 93, normalized size = 0.70

15(5A+6C)da + (40 Acos (dz + c)® + 48 Bcos (dz + ¢)* + 10 (5 A+ 6 C) cos (dz + ¢)* + 64 B cos (dz + c)* + 15 (5 A + 6 C) cos (dz + c) + 128 B) sin (dz + ¢)
240d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c) 6% (A+Bxsec(d*x+c)+Cksec(d*x+c)”2),x, algorithm="fricas
n)

[Out] 1/240%(15%(5*%A + 6*C)*d*x + (40%Axcos(d*x + c)~5 + 48*Bxcos(d*x + c)~4 + 10
*(5*%A + 6*%C)*cos(d*x + c)~3 + 64*Bxcos(d*x + c)~2 + 15x(5xA + 6*C)*cos(d*x

+ c) + 128%B)*sin(d*x + c))/d
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Sympy [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c)**6x(A+Bxsec (d*x+c)+Cksec(d*x+c)**2) ,x)
[Out] Timed out

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 284 vs. 2(120) =
240.
time = 0.43, size = 284, normalized size = 2.15

15(dr +)(54+6C) — 2L

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(d*x+c) ~6*(A+B*sec(d*x+c)+Cxsec(d*x+c)~2),x, algorithm="giac")

[Out] 1/240%(15%(d*x + c)*(5%A + 6*%C) - 2x(165%A*tan(1/2*xd*x + 1/2*c)”11 - 240%*Bx*
tan(1/2xd*xx + 1/2*c)”~11 + 150*Cxtan(1/2*d*x + 1/2%c)~11 - 25%Axtan(1/2*d*x

+ 1/2%c)”9 - 560*Bxtan(1/2*d*x + 1/2%c)”9 + 210*Cxtan(1/2*xd*x + 1/2xc)”9 +
450xAxtan (1/2*xd*x + 1/2%c)”7 - 1248*Bxtan(1/2*d*x + 1/2%c)”7 + 60*Cxtan(1/2

*d*x + 1/2%c)”7 - 450*Axtan(1/2*d*x + 1/2%c)”5 - 1248*Bxtan(1/2*d*x + 1/2%c

)°5 - 60*%Cxtan(1/2*d*x + 1/2%c)”5 + 26%A*tan(1/2*d*x + 1/2*c)”3 - 560*Bxtan
(1/2*%d*x + 1/2*%c)"3 - 210*Cxtan(1/2*d*x + 1/2*c)”~3 - 165*xAxtan(1/2*d*x + 1/

2%c) - 240*%Bxtan(1/2*d*x + 1/2*%c) - 150*Cxtan(1/2*d*x + 1/2%*c))/(tan(1/2*dx*

x + 1/2*xc)"2 + 1)76)/d

Mupad [B]
time = 2.67, size = 126, normalized size = 0.95

5A2+30z+15Asin(20+2dz)+3Asin(4c+4dz)+Asin(6c+6dz)+5Bsin(3c+3dz)+Bsin(5c+5dz) Csin(2c+2dz)  Csin(4c+4dx)  5Bsin(c+dx)
16 8 64d 64d 192d 48d 80d 4d 32d 8d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(c + d*x)~6x(A + B/cos(c + d*x) + C/cos(c + d*x)~2),x)

[Out] (5*%A*x)/16 + (3*C*x)/8 + (15%A*sin(2*c + 2*d*x))/(64*d) + (3*A*sin(4*c + 4x
d*x))/(64*xd) + (Ax*sin(6*c + 6*d*x))/(192%d) + (5*%B*sin(3*c + 3*d*x))/(48%*d)

+ (Bxsin(5%c + 5%d*x))/(80%d) + (Cksin(2%c + 2%d*x))/(4*d) + (Cxsin(4x*c +
4xdxx))/(32xd) + (5*Bxsin(c + d*x))/(8%d)
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3.65 [(bsec(c+dz))3/? (A + Bsec(c+ dx) + C'sec(c + da

Optimal. Leaf size=178

_ 2P*(5A+3C)E(3(c+dz)|2) +2bB\/WF(%(c +dz)| 2) \/bsec(c + dz)’ L 2(A+ 3C)+/
5d+/cos(c + dz) \/bsec(c + dx) 3d

[Out] 2/3*B*(b*sec(d*x+c))~(3/2)*sin(d*x+c)/d-2/5*%b~2* (5xA+3*C) * (cos (1/2*d*x+1/2x%
c)~2)"(1/2)/cos(1/2*d*x+1/2*c)*E1lipticE(sin(1/2*d*x+1/2*c) ,27(1/2))/d/cos(
dxx+c) " (1/2) / (b*sec(d*x+c)) ~(1/2)+2/5xb* (6xA+3*C) *sin (d*x+c) * (b*xsec (d*x+c))
~(1/2)/d+2/3*b*B* (cos (1/2*d*x+1/2%c)~2)~(1/2) /cos(1/2*d*x+1/2*c)*E1lipticF(
sin(1/2*d*x+1/2%c) ,27(1/2) ) *cos (d*x+c) ~(1/2) *(b*sec (d*x+c) ) ~(1/2) /d+2/5*C*(
bxsec(d*x+c) )~ (3/2)*tan(d*x+c)/d

Rubi [A]
time = 0.11, antiderivative size = 178, normalized size of antiderivative = 1.00, number of

number of rules _ ( ;g9
integrand size ’

steps used = 8, number of rules used = 6, integrand size = 33,
Rules used = {4132, 3853, 3856, 2720, 4131, 2719}

26%(5A + 3C)E(4(c + dx)|2) N 2b(5A + 30) sin(c + dz) \/bsec(c + dz) + 2Bsin(c + dz)(bsec(c + dz))*/? . 2bB \/cos(c + dz) F(}(c+ dz)|2) v/bsec(c+ dz) i 2C'tan(c + dz) (bsec(c + dx))*/?
5d+\/cos(c+ dz) \/bsec(c+ dz) 5d 3d 3d 5d

Antiderivative was successfully verified.
[In] Int[(b*Sec[c + d*x])~(3/2)*(A + B*Sec[c + d*x] + C*Sec[c + d*x]~2),x]

[Out] (-2*b~2x(5%A + 3*%C)*EllipticE[(c + d#*x)/2, 2])/(5xd*Sqrt[Cos[c + d*x]]*Sqrt
[b*Sec[c + d*x]]) + (2%b*BxSqrt[Cos[c + d*x]]*EllipticF[(c + d*x)/2, 2]*Sqr
t[bxSec[c + d*x]]1)/(3*d) + (2*bx(5*A + 3*C)*Sqrt[bxSec[c + d*x]]1*Sin[c + d*
x])/(5%d) + (2*Bx(b*Sec[c + d*x])~(3/2)*Sin[c + d*x])/(3xd) + (2xC*(b*Sec(c

+ d*x])~(3/2)*Tan[c + d*x])/(5%d)

Rule 2719

Int[Sqrtlsinl(c_.) + (d_.)*(x_)1]1, x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*x), 2], x] /; FreeQl[{c, d}, x]

Rule 2720

Int[1/Sqrt[sin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/d)*EllipticF[(1/2
)*(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((bxCsclc + d*x])~(n - 1)/(d*(n - 1))), x] + Dist[b™2x((n - 2)/(n - 1)),
Int[(b*Csclc + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2x*n]
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Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d*x]
)"n*Sin[c + d*x]~n, Int[1/Sin[c + d*x]"n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

Rule 4131

Int[(cscl(e_.) + (f_.)*(x_)I*(b_.)) " (m_.)*(cscl(e_.) + (£f_.)*(x_)]1"2%(C_.)
+ (AD)), x_Symbol] :> Simp[(-C)*Cot[e + f*xx]*((b*Csc[e + f*x]) m/(fx(m + 1)
)), x] + Dist[(C*m + Ax(m + 1))/(m + 1), Int[(b*Cscl[e + f*x])"m, x], x] /;
FreeQ[{b, e, f, A, C, m}, x] && NeQ[C*m + A*x(m + 1), 0] && !'LeQ[m, -1]

Rule 4132

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.))"(m_.)*x((A_.) + cscl(e_.) + (f_.)*(x_)]*
(B_.) + cscl(e_.) + (f_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + £xx])~"(m + 1), x], x] + Int[(bxCscl[e + f*x]) m*(A + CxCscl[e + f*xx]"2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps

/(b sec(c + dz))3/? (A + Bsec(c+ dz) + Csec’*(c+ dz)) dx = BJ® sec(cl;l— dz))*" da + /(b sec(c + dz))

_ 2B(bsec(c + dz))*?sin(c + dz) N 2C (bsec

3d
2b(5A + 3C)+/bsec(c + dzx) sin(c+ dz)
- 5d *

_ 2bB+/cos(c + dz) F(3(c+ dz)|2) v/bsec(

3d
20*(5A + 3C)E(3(c+ dz)| 2) N 2bB +
5d+/cos(c + dx) \/bsec(c + dz)

Mathematica [C] Result contains higher order function than in optimal. Order 5 vs. order
4 in optimal.
time = 4.54, size = 308, normalized size = 1.73

2e7(—1 + €*) cos®(c + dz) cse(c) (55 — 15AcieH) — 3Ccieris) — 30 AcH(etis) — 94Cieh(e+de) _ 5Beklerds) — 15 AeH(erds) — 9OeH(eH) — 5iB(1 + e2(c+4)? \ [cos(c + da) F(4(c+dx)|2) + (5A+ 3C)eileria) (1 4 ¢2erd) ¥ py (1, 3,1, w“\'*“"w) (bsec(c +dz))*? (A + Bsec(c + dz) + C'sec?(c + dz))
15d (1 + ¢#(c+))? (A + 2C + 2B cos(c + dz) + Acos(2(c + dz)))

Antiderivative was successfully verified.

[In] Integrate[(b*Sec[c + d*x])~(3/2)*(A + B*Sec[c + d*x] + C*Sec[c + d*x]~2),x]
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[Out] (2*x(-1 + E~((2*I)*c))*Cos[c + d*x] 3*Csc[c]*(5%B — 15%A*E~(I*(c + d*x)) - 3
*CxE~(I*(c + d*x)) - 30*%A*E~((3*I)*(c + d*x)) - 24*xCxE~((3*I)*(c + d*x)) -
5+%B*E~((4*I)*(c + d*x)) - 15xA*E~((5*I)*(c + d*x)) - 9*C*E~((5*I)*(c + d*x)

) - (6xI)xBx(1 + E~((2*I)*(c + d*x))) 2*Sqrt[Cos[c + d*x]]*EllipticF[(c + d
xx)/2, 2] + (5%A + 3*C)*E”~(Ix(c + d*x))*(1 + ET((2*I)*(c + d*x)))~(5/2)*Hyp
ergeometric2F1[1/2, 3/4, 7/4, -E~((2*I)*(c + d*x))])*(b*Sec[c + d*x])~(3/2)

*(A + B*Sec[c + d*x] + CxSecl[c + d*x]~2))/(15+%d*E~(I*c)*(1 + E~((2*I)*(c +
d*x)))"2x(A + 2+%C + 2xB*Cos[c + d*x] + A*Cos[2*(c + d*x)]))

Maple [C] Result contains complex when optimal does not.
time = 37.26, size = 832, normalized size = 4.67

method | result size
default | Expression too large to display | 832

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*sec(d*x+c))~(3/2)*(A+Bxsec(d*x+c)+Cxsec(d*x+c)~2),x,method=_RETURNVE
RBOSE)

[Out] -2/15/d*(1+cos(d*x+c)) ~2x(-1+cos(d*x+c)) ~2* (15*%I*xA*xcos (d*x+c) “2*sin (d*x+c)*
(1/ (1+cos(d*x+c)) )~ (1/2)*(cos(d*x+c)/(1+cos(d*x+c))) ~(1/2) *E1lipticF (I*(-1+
cos(d*x+c))/sin(d*x+c) ,I)+15%xI*xA*xcos (d*x+c) ~3*sin(d*x+c)*(1/(1+cos(d*x+c)))
~(1/2)*(cos (d*x+c) /(1+cos(d*x+c))) ~(1/2)*EllipticF (I*(-1+cos(d*x+c))/sin(d*
x+c) ,I)+9xI*Cxcos (d*x+c) ~2*sin(d*x+c) *(1/(1+cos(d*x+c))) ~(1/2) *(cos(d*x+c)/
(1+cos(d*x+c)) )~ (1/2)*E1llipticF (I*(-1+cos(d*x+c))/sin(d*x+c) ,I)-15xI*A*cos(
d*x+c) “3*sin(d*x+c)*(1/(1+cos(d*x+c))) ~(1/2) *(cos(d*x+c)/(1+cos(d*x+c)))~(1
/2)*E11lipticE(I*(-1+cos(d*x+c))/sin(d*x+c),I)-15*%I*Axcos (d*x+c) "2*sin(d*x+c
)*(1/(1+cos(d*x+c)) )~ (1/2) *(cos(d*x+c) / (1+cos (d*x+c)) )~ (1/2)*E1lipticE(I* (-
1+cos(d*x+c))/sin(d*x+c) ,I)-9*%I*Ckxcos (d*x+c) ~3*sin(d*x+c) *(1/ (1+cos (d*x+c))
)~ (1/2)*(cos(d*x+c)/(1+cos(d*x+c))) ~(1/2) *E1lipticE(I*(-1+cos(d*x+c))/sin(d
*x+c) , I)+9xI*C*cos (d*xx+c) “3*sin(d*x+c) * (1/(1+cos (d*x+c)) )~ (1/2) *(cos (d*x+c)
/ (1+cos(d*x+c)))~(1/2)*E1llipticF (I*(-1+cos(d*x+c))/sin(d*x+c),I)-5*I*B*cos(
d*x+c) “3*sin(d*x+c)*(1/(1+cos(d*x+c)) )~ (1/2)*(cos (d*x+c)/(1+cos(d*x+c)) )~ (1
/2)*E1lipticF (I*(-1+cos(d*x+c))/sin(d*x+c) ,I)-9*I*C*cos(d*x+c) "2*sin(d*x+c)
*(1/ (1+cos(d*x+c))) ~(1/2)*(cos(d*x+c)/(1+cos(d*x+c))) ~(1/2)*E1lipticE(I* (-1
+cos (d*x+c))/sin(d*x+c) ,I)-5*I*B*cos (d*x+c) “2*sin(d*x+c)*(1/(1+cos(d*x+c)))
~(1/2)*(cos (d*x+c)/ (1+cos (d*x+c)))~(1/2)*EllipticF (I*(-1+cos(d*x+c))/sin(d*
x+c) ,I)+15*Axcos (d*x+c) ~3+5xBxcos (d*x+c) ~3+9*Cxcos (d*x+c) “3-15xA*cos (d*x+c)
~2-6*xC*cos (d*x+c) “2-5*%B*cos (d*x+c)-3*C) *(b/cos (d*x+c) ) ~(3/2) /sin(d*x+c)~5/c
os (d*x+c)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*sec(d*x+c))~(3/2)*(A+Bxsec(d*x+c)+C*xsec(d*x+c)~2),x, algorithm
="maxima")

[Out] integrate((C*sec(d*x + c)~2 + Bxsec(d*x + c) + A)x(b*sec(d*x + c))~(3/2), x
)

Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.95, size = 225, normalized size = 1.26

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*sec(d*x+c))~(3/2)*(A+Bxsec(d*x+c)+C*xsec(d*x+c)~2),x, algorithm
="fricas")

[Out] 1/15%(-5*%I*sqrt(2)*B*b~(3/2)*cos(d*x + c) 2*weierstrassPInverse(-4, 0, cos(
d*x + c) + I*sin(d*x + c)) + 5xI*sqrt(2)*Bxb~(3/2)*cos(d*x + c) 2*weierstra
ssPInverse(-4, 0, cos(d*x + c) - Ixsin(d*x + c)) - 3*Ixsqrt(2)*(5*A + 3xC)x*

b~ (3/2)*cos(d*x + c) 2*weierstrassZeta(-4, 0, weierstrassPInverse(-4, 0, co
s(d*x + c) + I*sin(d*x + c))) + 3*I*sqrt(2)*(5%A + 3*C)*b~(3/2)*cos(d*x + c

) "2xweierstrassZeta(-4, 0, weierstrassPInverse(-4, 0, cos(d*x + c) - Ix*sin(

d*x + c))) + 2x(3*(5%A + 3*C)*b*cos(d*x + c)~2 + 5xBxbxcos(d*x + c) + 3*CxDb
)xsqrt(b/cos(d*x + c))#*sin(d*x + c))/(d*cos(d*x + c)~2)

Sympy [F]

time = 0.00, size = 0, normalized size = 0.00

/ (bsec (c+ d:r))% (A + Bsec(c+ dz) + Csec® (c+ dz)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*sec(d*x+c))**(3/2)* (A+B*sec(d*x+c)+Cksec(d*x+c)**2),x)

[Out] Integral((bxsec(c + d*x))*x(3/2)*(A + Bxsec(c + d*x) + Cksec(c + d*x)**2),
x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*sec(d*x+c))~(3/2)*(A+Bxsec(d*x+c)+C*xsec(d*x+c)~2),x, algorithm
=N 3 n
="giac")
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[Out] integrate((Cxsec(d*x + c)~2 + B*sec(d*x + c) + A)x(bxsec(d*x + c))~(3/2), x
)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

b 3/2 B C
_ A d
/(cos(c—l—dz‘)) ( +cos(c—|—dm)+cos(c+da;)2> v

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b/cos(c + d*x))~(3/2)*(A + B/cos(c + d*x) + C/cos(c + d*x)~2),x)
[Out] int((b/cos(c + d*x))~(3/2)*(A + B/cos(c + d*x) + C/cos(c + d*x)~2), x)



278

3.66 [ /bsec(c+ dzx) (A+ Bsec(c+ dz) + Csec*(c + dz

Optimal. Leaf size=136

20BE(3(c+ dx)|2) +2(3A+C)\/cos(c+dx) F((c+dz)|2) \/bsec(c+ dx) +2B\/bsec(«

_d\/cos(c+ dz) +/bsec(c+ dz) 3d

[Out] -2xb*B*(cos(1/2xd*x+1/2%c)~2)~(1/2)/cos(1/2*d*x+1/2%c)*E1lipticE(sin(1/2*dx*
x+1/2%c) ,27(1/2)) /d/cos(d*x+c) ~(1/2) / (b*sec(d*x+c) )~ (1/2) +2*%B*sin(d*x+c) * (b

*xsec (d*x+c))~(1/2) /d+2/3%(3%A+C) * (cos (1/2xd*x+1/2%c) ~2) " (1/2) /cos (1/2*d*x+1
/2%c)*E1llipticF (sin(1/2*d*x+1/2%c) ,27(1/2))*cos(d*x+c) ~(1/2)* (b*sec(d*x+c))
~(1/2)/d+2/3*Cx* (bxsec (d*x+c)) ~(1/2) *tan(d*x+c) /d

Rubi [A]

time = 0.09, antiderivative size = 136, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.182,

steps used = 7, number of rules used = 6, integrand size = 33,
Rules used = {4132, 3853, 3856, 2719, 4131, 2720}

2(3A + C)\/cos(c + dz) F(3(c+ dz)|2) v/bsec(c+ dx) N 2Bsin(c + dz) \/bsec(c +dx) 20BE((c+ dz)|2) . 2C tan(c + dz)+/bsec(c + dz)
3d d dv/cos(c + dx) /bsec(c + dz) 3d

Antiderivative was successfully verified.

[In] Int[Sqrt([b*Sec[c + d*x]]*(A + B*Sec[c + d*x] + CxSec[c + d*x]~2),x]

[Out] (-2*%b*BxEllipticE[(c + d*x)/2, 2])/(d*Sqrt[Cos[c + d*x]]*Sqrt([b*Sec[c + d*x
11) + (2%x(3%A + C)*Sqrt[Cos[c + d*x]]*EllipticF[(c + d*x)/2, 2]*Sqrt[b*Sec[

c + dxx]])/(3*d) + (2#B*Sqrt[b*Sec[c + d*x]]*Sin[c + d*x])/d + (2*C*Sqrt[b*

Sec[c + d*x]]*Tan[c + dxx])/(3xd)

Rule 2719

Int[Sqrtlsinl(c_.) + (d_.)*(x_)1]1, x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*x), 2], x] /; FreeQl[{c, d}, x]

Rule 2720

Int[1/Sqrtlsin[(c_.) + (d_.)*(x_)1], x_Symbol]l :> Simp[(2/d)*EllipticF[(1/2
)x(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Csclc + d*x])"(n - 1)/(d*(n - 1))), x] + Dist[b™2x((n - 2)/(n - 1)),
Int[(b*Csclc + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2*n]

Rule 3856
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Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d*x]
)~n*Sin[c + d*x]"n, Int[1/Sin[c + d*x]~n, x], x] /; FreeQ[{b, c, d}, x] &
EqQ[n~2, 1/4]

Rule 4131

Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.))"(m_.)*(cscl(e_.) + (£_.)*(x_)]1"2%(C_.)
+ (AD)), x_Symbol] :> Simp[(-C)*Cot[e + f*xx]*((b*Csc[e + f*x]) m/(fx(m + 1)
)), x] + Dist[(C*m + Ax(m + 1))/(m + 1), Int[(b*Cscl[e + f*x])"m, x], x] /;
FreeQ[{b, e, f, A, C, m}, x] && NeQ[C*m + A*x(m + 1), 0] && !'LeQ[m, -1]

Rule 4132

Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.))"(m_.)*((A_.) + cscl(e_.) + (£f_.)*(x_)]*
(B_.) + cscl(e_.) + (£f_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + fxx])~(m + 1), x], x] + Int[(b*Cscle + f*x]) "m*(A + CxCscl[e + f*x]~2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps

/ V'bsec(c+ dz) (A+ Bsec(c+ dz) + Csec’(c+dz)) dr = B [(bsec(c + dz))** dz + / Vbsec(c+ d:

b

_ 2B+/bsec(c+ dz) sin(c+ dx) + 2C\/bse
B d
_ 2B+/bsec(c + dx) sin(c+ dx) 4 2C +/bse:
B d

B 2bBE(1(c+ dz)|2) N 2(3A-
d+/cos(c + dz) +/bsec(c + dx)

Mathematica [C] Result contains higher order function than in optimal. Order 5 vs. order
4 in optimal.
time = 1.49, size = 252, normalized size = 1.85

2005%(c + da) (V2 (34 + C)eieri0) (e-ieri) (14 2(64+49)) V% F((c + da)| 2) — 2i(C(—1+ £¥6+09) 4 3Bef(e4) (1 4 gaerd)) — Bilerio) (14 eri0)*/® oy (1, 4315 —e2c449) ) ) \/bsec(c + da) (A -+ Bice(c +da) + Csec*(c+ dr)

34 (1 + X)) (A + 2C + 2B cos(c + da) + Acos(2(c + da)))

Antiderivative was successfully verified.

[In] Integrate[Sqrt[b*Sec[c + d*x]]*(A + B*Sec[c + d*x] + C*Sec[c + d*x]~2),x]

[Out] (2#Cos[c + d*x]~2*%(Sqrt[2]*(3*A + C)*E~(I*(c + d*x))*((1 + E~((2*I)*(c + dx
x)))/E~(Ix(c + d*x)))~(3/2)*EllipticF[(c + d*x)/2, 2] - (2*xI)*(Cx(-1 + E~((
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2%I)*x(c + d*x))) + 3*B+E~(I*(c + d*x))*(1 + E"((2*I)*(c + d*x))) - B*E~(I*(
c + dxx))*(1 + E((2%I)*(c + d*x)))~(3/2)*Hypergeometric2F1[1/2, 3/4, 7/4,
-E~((2*I)*(c + d*x))]))=*Sqrt[b*Sec[c + d*x]]*(A + BxSec[c + d*x] + C*Seclc
+ d*x]72))/(3*d*(1 + E((2*%I)*(c + d*x)))*(A + 2%C + 2xBxCos[c + d*x] + A*C
os[2*x(c + d*x)]))

Maple [C] Result contains complex when optimal does not.
time = 35.32, size = 647, normalized size = 4.76

method | result

b 2( a4 2 1 cos(dz+c) L
2\ cos(date) (THFeosldate)) (31Asm(dx+c) (cos*(dz+¢)) \ / Trcos(dote) |/ T-eos(dz+o) EllpticF (

default

sin(dz+c)

i(—14cos(dz+c))

i)-

I

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*sec(d*x+c))~(1/2)*(A+B*sec(d*x+c)+C*sec(d*x+c)”2),x,method=_RETURNVE

RBOSE)

[Out] 2/3/d*x(b/cos(d*x+c))~(1/2) *(-1+cos(d*x+c)) ~2* (3*I*A*sin(d*x+c)*cos (d*x+c) "2

*(1/ (1+cos(d*x+c))) ~(1/2)*(cos(d*x+c)/(1+cos(d*x+c))) ~(1/2)*E1llipticF (I*(-1
+cos (d*x+c))/sin(d*x+c) ,I)-3*I*B*sin(d*x+c)*cos (d*x+c) ~2*%(1/(1+cos(d*x+c)))
~(1/2)*(cos (d*x+c)/ (1+cos (d*x+c))) ~(1/2)*EllipticF (I*(-1+cos(d*x+c))/sin(d*
x+c) ,I)+3*%I*B*xsin (d*x+c)*cos (d*x+c) ~2*%(1/(1+cos(d*x+c)) )~ (1/2)*(cos(d*x+c)/
(1+cos(d*x+c)))~(1/2)*E1lipticE(I*(-1+cos(d*x+c))/sin(d*x+c) ,I)+I*C*sin(d*x
+c) *cos (d*xx+c) "2*(1/(1+cos(d*x+c))) ~(1/2)*(cos (d*x+c) /(1+cos(d*x+c)) )~ (1/2)
*E11ipticF (I*(-1+cos(d*x+c))/sin(d*x+c) ,I)+3*I*A*cos(d*x+c)*(1/(1+cos(d*x+c
)))~(1/2)*(cos (d*x+c) / (1+cos(d*x+c)) )~ (1/2)*EllipticF (I*(-1+cos(d*x+c))/sin
(d*x+c) ,I)*sin(d*x+c)-3*xI*Bxcos (d*x+c)*(1/(1+cos(d*x+c)))~(1/2)*(cos (d*x+c)
/ (1+cos(d*x+c)) )~ (1/2)*E1llipticF (I*(-1+cos(d*x+c))/sin(d*x+c),I)*sin(d*x+c)
+3*I*Bxcos (d*x+c)*(1/(1+cos(d*x+c))) ~(1/2)*(cos(d*x+c)/(1+cos(d*x+c))) ~(1/2
)*E1lipticE(I*(-1+cos(d*x+c))/sin(d*x+c),I)*sin(d*x+c)+I*Cxcos(d*x+c)*(1/(1
+cos (d*xx+c)) )~ (1/2)*(cos(d*x+c)/(1+cos(d*x+c)))~(1/2) *E1lipticF (I*(-1+cos(d
*x+c) ) /sin(d*x+c),I)*sin(d*x+c)-3*%B*cos (d*x+c) ~2-C*cos (d*x+c) ~2+3*Bxcos (d*x
+c)+C)*(1+cos(d*x+c) ) ~2/cos(d*x+c)/sin(d*x+c)~5

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*sec(d*x+c))~(1/2)*(A+Bxsec(d*x+c)+C*xsec(d*x+c)~2),x, algorithm

="maxima")

[Out] integrate((Cxsec(d*x + c)~2 + Bksec(d*x + c) + A)*sqrt(bxsec(d*x + c))

, X)
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Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 1.01, size = 193, normalized size = 1.42

/7 (-3 A~ i C)VF cos s + ) weierstrasePlierse( 4,0, cos(d 4 )+  sin -+ ) + VI (3 A+ §CVF cos(d + ) weertrassPlavers(—4,,cos (dz + ) — s (dr + 0) ~ 3 VZ BVE cos(dr + ) eierstrssZetal 4,0, weirstssePlavesse( 4,0, coe(d + c) 4 s (d + )+ 3 v BVE cos (d + ) weirstrassZotal 4,0, weorstrsssPlavesse 4,0, co (dz + ) — s d + ) + 2(3 Beos (dr 40+ )y | ——— infio +.)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*sec(d*x+c))~(1/2)*(A+B*sec(d*x+c)+Cksec(d*x+c)”2),x, algorithm
="fricas")

[Out] 1/3*%(sqrt(2)*(-3*I*A - IxC)*sqrt(b)*cos(d*x + c)*weierstrassPInverse(-4, O,
cos(d*x + c) + I*sin(d*x + c)) + sqrt(2)*(3*I*A + IxC)*sqrt(b)*cos(d*x + ¢
)*weierstrassPInverse(-4, 0, cos(d*x + c) - Ixsin(d*x + c)) - 3*Ixsqrt(2)*B
xsqrt (b) *cos(d*x + c)*weierstrassZeta(-4, 0, weierstrassPInverse(-4, 0, cos

(d*x + c) + Ik*sin(d*x + c))) + 3*Ixsqrt(2)*Bxsqrt(b)*cos(d*x + c)*weierstra
ssZeta(-4, 0, weierstrassPInverse(-4, 0, cos(d*x + c) - Ixsin(d*x + c))) +

2% (3*B*cos(d*x + c) + C)*sqrt(b/cos(d*x + c))*sin(d*x + c))/(d*cos(d*x + c)

)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/\/bsec(c+dx) (A + Bsec(c+ dz) + C'sec® (c+ dz)) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*sec(d*x+c))**(1/2)* (A+B*sec(d*x+c)+Cksec(d*x+c)**2),x)
[Out] Integral(sqrt(b*sec(c + d*x))*(A + Bxsec(c + d*x) + Cksec(c + d*x)**2), x)
Giac [F]
time = 0.00, size = 0, normalized size = 0.00
could not integrate
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((b*sec(d*x+c))~(1/2)*(A+Bxsec(d*x+c)+C*xsec(d*x+c)~2),x, algorithm
="giac")
[Out] integrate((C*sec(d*x + c)~2 + Bxsec(d*x + c) + A)*sqrt(bxsec(d*x + c)), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ b <A+ B + ¢ > dz
cos (c+ dx) cos(c+dz)  cos(c+dzx)’

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b/cos(c + d*x))~(1/2)*(A + B/cos(c + d*xx) + C/cos(c + d*x)~2),x)
[Out] int((b/cos(c + d*x))~(1/2)*(A + B/cos(c + d*x) + C/cos(c + d*x)~2), x)
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3.67 A+ B sec(c+dx)+C secQ(chdx) d
/ \/bsec(c + dz) !

Optimal. Leaf size=110

24— C)E(3(c+ da:)‘ 2) +QB\/cos(c +dz) F(3(c+ dx)‘ 2) \/bsec(c + dz) N 2C tan(c + dz)

d+/cos(c + dz) +/bsec(c + dz) bd d+/bsec(c + dz)

[Out] 2*(A-C)*(cos(1/2*d*x+1/2%c)~2)~(1/2)/cos(1/2xd*x+1/2*c)*EllipticE(sin(1/2x*d
*x+1/2%c) ,27(1/2))/d/cos(d*x+c) ~(1/2) / (b*sec(d*x+c) )~ (1/2)+2*B*x (cos (1/2*d*x
+1/2*xc)"2)~(1/2) /cos (1/2*d*x+1/2%c) *E11lipticF (sin(1/2*d*x+1/2%c) ,27(1/2) ) *c
os(d*x+c) " (1/2)*(b*sec(d*x+c) )~ (1/2) /b/d+2xCxtan (d*x+c) /d/ (b*sec(d*x+c)) "~ (1

/2)

Rubi [A]
time = 0.07, antiderivative size = 110, normalized size of antiderivative = 1.00, number of

: number of rules _ 0.152,
integrand size

steps used = 6, number of rules used = 5, integrand size = 33
Rules used = {4132, 3856, 2720, 4131, 2719}

2(A—=C)E(3(c+dx)|2) N 2B+/cos(c+ dz) F(%(c+dz)|2) \/bsec(c + dz) N 2C tan(c + dz)
d+/cos(c + dz) /bsec(c + dzx) bd d+/bsec(c + dz)

Antiderivative was successfully verified.
[In] Int[(A + BxSec[c + d*x] + CxSec[c + d*x]~2)/Sqrt[bxSec[c + d*x]],x]

[Out] (2*x(A - C)*EllipticE[(c + d*x)/2, 2])/(d*Sqrt[Cos[c + d*x]]*Sqrt[b*Sec[c +
d*x]]) + (2xBxSqrt[Cos[c + d*x]]*EllipticF[(c + d*x)/2, 2]*Sqrt[bxSec[c + d
*x]]1)/(b*xd) + (2*CxTan[c + d*x])/(d*Sqrt[b*Sec[c + d*x]])

Rule 2719

Int[Sqrt[sin[(c_.) + (d_.)*(x_)]1], x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, xl]

Rule 2720

Int[1/Sqrt[sinl(c_.) + (d_.)*(x_)]1], x_Symbol] :> Simp[(2/d)*EllipticF[(1/2
)*(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Dist[(b*Cscl[c + d#*x]
)~n*Sin[c + d*x]"n, Int[1/Sin[c + d*x]~n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

Rule 4131
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Int[(cscl(e_.) + (£_D*(x_)]*(b_.))"(m_.)*(cscl(e_.) + (f_.)*(x_)]1"2x(C_.)
+ (AD)), x_Symbol] :> Simp[(-C)*Cot[e + f*x]*((b*Csc[e + f*x]) m/(fx(m + 1)
)), x] + Dist[(C*m + Ax(m + 1))/(m + 1), Int[(b*Cscl[e + f*x])"m, x], x] /;
FreeQ[{b, e, f, A, C, m}, x] && NeQ[C*m + Ax(m + 1), 0] && !LeQ[m, -1]

Rule 4132

Int[(cscl(e_.) + (f_.)*(x_)]1*(b_.))"(m_.)*((A_.) + cscl(e_.) + (f_.)*(x_)]x*
(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + fxx])"(m + 1), x], x] + Int[(b*Cscl[e + f*x]) m*(A + CxCscl[e + f*xx]~2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps

/A+Bsec(c+da:) + C'sec?(c + dz) dp — B [ \/bsec(c+dz) dz N A+ Csec?(c+ dx) i
V/bsec(c + dz) b V/bsec(c + dz)
o

2C tan(c + dx) 1
=d\/m+(fl—0)/\/mdm+
_ QB\/MF(%(c+dx)}2) bsec(c + dz) N 2C tar

bd d/bse
_ 2(A-C)E(j(c+do)|2) N 2B+/cos(c+dz) F(i(cH
d+/cos(c + dz) \/bsec(c + dz) be

Mathematica [C] Result contains higher order function than in optimal. Order 5 vs. order
4 in optimal.
time = 0.94, size = 156, normalized size = 1.42

2e7" .\ /bsec(c + dz) (—icos(dz) + sin(dz)) (—SA cos(c + dz) + 3C cos(c + dz) + 3iB+/cos(c + dz) F(3(c+ dz)|2) + (A — C)ellctdn) \/1 4 e2iletds) ,Fy (1,3, 7, —e2le+de)) 4 3iC sin(c + dz))
3bd

Antiderivative was successfully verified.

[In] Integrate[(A + B*Sec[c + d*x] + C*Sec[c + d*x]~2)/Sqrt[b*Sec[c + d*x]],x]

[Out] (2*Sqrt[b*Sec[c + d*x]]1*((-I)*Cos[d*x] + Sin[d*x])*(-3*A*Cos[c + d*x] + 3*C
*xCos[c + d*x] + (3*%I)*B*Sqrt[Cos[c + d*x]]*EllipticF[(c + d*x)/2, 2] + (A -
C)*E~(I*(c + d*x))*Sqrt[1 + E~((2*I)*(c + d*x))]*Hypergeometric2F1[1/2, 3/

4, 7/4, -E~((2*xI)*(c + d*x))] + (3*I)*CxSin[c + d*x]))/(3*b*d*E~ (I*d*x))

Maple [C] Result contains complex when optimal does not.
time = 35.00, size = 720, normalized size = 6.55
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method | result

cos(dz+c)

default

2 <iA cos(dz+-c) sin(dz+-c) \/1+cos}da:+c) \/1+cos(dw+6) EllipticE<% ,i) —iAsin(dz+c) cos(dz+c)

1

1+-cos(

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A+B*sec(d*x+c)+C*sec(d*x+c)~2)/(b*sec(d*x+c))~(1/2),x,method=_RETURNVE

RBOSE)

[Out] -2/d*(I*A*cos(d*x+c)*sin(d*x+c)*EllipticE(I*(-1+cos(d*x+c))/sin(d*x+c),I)*(

1/ (1+cos(d*x+c))) ~(1/2)*(cos (d*x+c) / (1+cos (d*x+c))) ~(1/2) -I*A*xcos (d*x+c) *si
n(dxx+c)*(1/(1+cos(d*x+c)))~(1/2) *(cos(d*x+c) / (1+cos(d*x+c))) ~(1/2)*Ellipti
cF(I*(-1+cos(d*x+c))/sin(d*x+c),I)-I*B*cos(d*x+c)*sin(d*x+c)*EllipticF (I*(-
1+cos(d*x+c))/sin(d*x+c) ,I)*(1/(1+cos(d*x+c)))~(1/2) *(cos(d*x+c)/ (1+cos (d*x
+¢)))~(1/2)-I*C*cos (d*x+c) *sin (d*x+c) *E11ipticE(I* (-1+cos(d*x+c))/sin(d*x+c
), I)*(1/(1+cos(d*x+c))) ~(1/2) *(cos (d*x+c) / (1+cos (d*x+c) )) ~(1/2) +I*Cxcos (d*x
+c)*(1/ (1+cos(d*x+c))) ~(1/2) *(cos (d*x+c) / (1+cos (d*x+c))) ~(1/2) *E1lipticF (I*
(-1+cos(d*x+c))/sin(d*x+c) ,I)*sin(d*x+c)+I*A*sin(d*x+c)*E1llipticE(I*(-1+cos
(d*x+c))/sin(d*x+c) ,I)*(1/(1+cos(d*x+c))) ~(1/2) *(cos (d*x+c) / (1+cos (d*x+c)))
~(1/2)-I*A*sin(d*x+c)*E1lipticF (I*(-1+cos(d*x+c))/sin(d*x+c),I)*(1/(1+cos(d
*x+¢))) ~(1/2) *(cos (d*x+c) / (1+cos (d*x+c))) ~(1/2) -I*B*sin(d*x+c) *E1lipticF (I*
(-1+cos(d*x+c))/sin(d*x+c) ,I)*(1/(1+cos(d*x+c))) ~(1/2) *(cos(d*x+c) /(1+cos(d
*x+c)) )~ (1/2) -IxCxsin(d*x+c)*E1lipticE(I* (-1+cos(d*x+c))/sin(d*x+c),I)*(1/(
1+cos(d*x+c)) )~ (1/2) *(cos(d*x+c) /(1+cos(d*x+c))) ~(1/2) +IxCxsin(d*x+c)*Ellip
ticF(I*(-1+cos(d*x+c))/sin(d*x+c),I)*(1/(1+cos(d*x+c)))~(1/2)*(cos(d*x+c)/(
1+cos(d*x+c))) ~(1/2)+Axcos (d*x+c) ~2-A*cos (d*x+c) +C*cos (d*x+c) -C) * (b/cos (d*x
+c))~(1/2) /b/sin(d*x+c)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+B*sec(d*x+c)+C*sec(d*x+c)”2)/(b*sec(d*x+c))~(1/2),x, algorithm

="maxima")

[Out] integrate((Cxsec(d*x + c)~2 + B*sec(d*x + c) + A)/sqrt(b*sec(d*x + c)), x)

Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.72, size = 153, normalized size = 1.39

i VZ BV weierstrassPlnverse(—4,0, cos (dz + ¢) + i sin (dz + ¢)) + i VZ BVE weierstrassPlnverse(—4,0, cos (dz + ¢) — i sin (dx + ¢)) + vZ (i A — i C) Vb weierstrassZeta(~4, 0, weierstrassPInverse( —d, 0, cos (dz + ¢) + i sin (dz + ¢))) + VZ (=i A + i C) Vb weierstrassZeta(—4, 0, weierstrassPInverse( 4, 0, cos (dx + c) — i sin (dz + c))) + zcv‘i sin (dz +¢)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((A+B*sec(d*x+c)+C*sec(d*x+c)~2)/(b*sec(d*x+c))~(1/2),x, algorithm
="fricas")

[Out] (-I*sqrt(2)*B*sqrt(b)*weierstrassPInverse(-4, 0, cos(d*x + c) + I*sin(d*x +
c)) + Ixsqrt(2)*B*sqrt(b)*weierstrassPInverse(-4, 0, cos(d*x + c) - I*sin(

d*x + c)) + sqrt(2)*(I*A - I*C)*sqrt(b)*weierstrassZeta(-4, 0, weierstrassP
Inverse(-4, 0, cos(d*x + c) + Ixsin(d*x + c))) + sqrt(2)*(-I*A + I*C)*sqrt(

b)*weierstrassZeta(-4, 0, weierstrassPInverse(-4, 0, cos(d*x + c) - I*sin(d

*x + c))) + 2xCxsqrt(b/cos(d*x + c))*sin(d*x + c))/(bxd)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

dz

/A+Bsec(c+dx) + C'sec? (¢ + dx)
bsec (c + dz)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+B*sec(d*x+c)+C*sec(d*x+c)**2)/(bxsec(d*x+c))**(1/2),x)
[Out] Integral((A + B*sec(c + d*x) + Cxsec(c + d*x)*x2)/sqrt(b*sec(c + d*x)), x)
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+B*sec(d*x+c)+Cxsec(d*x+c)~2)/(b*sec(d*x+c))~(1/2),x, algorithm
="giac")
[Out] integrate((C*sec(d*x + c)~2 + Bxsec(d*x + c) + A)/sqrt(bxsec(d*x + c)), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

dz

B C
/ A+ cos(ct+dx) + cos(ct+dz)?
b
cos(c+dx)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + B/cos(c + d*x) + C/cos(c + d*xx)~2)/(b/cos(c + d*x))~(1/2),x)
[Out] int((A + B/cos(c + d*x) + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(1/2), x)
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A+ B sec(c+dz)+C sec?(c+dx)
3.68 f (bsec(c+dzx))3/2 dz
Optimal. Leaf size=117
2BE(%(c+dz)|2) +2(A+3C)\/cos(c+dx) F((c+dz)|2) \/bsec(c+ dx) 2A tan(c -
bd+\/cos(c + dz) +/bsec(c+ dz) 3b%d 3d(bsec(c +

[Out] 2*B*(cos(1/2*d*x+1/2%c)~2)~(1/2)/cos(1/2xd*x+1/2xc)*E1llipticE(sin(1/2*d*x+1
/2%c) ,27(1/2))/b/d/cos (d*x+c) ~(1/2) / (b*sec (d*x+c) )~ (1/2)+2/3* (A+3*C) *(cos (1
/2xd*x+1/2%c)~2)~(1/2) /cos (1/2*d*x+1/2*c) *E1lipticF (sin(1/2*d*x+1/2%c) ,2" (1
/2))*cos (d*x+c) "~ (1/2) *(b*sec(d*x+c))~(1/2) /b~2/d+2/3*Axtan (d*x+c) /d/ (b*sec(
d*x+c))~(3/2)

Rubi [A]

time = 0.08, antiderivative size = 117, normalized size of antiderivative = 1.00, number of

number of rules __
' integrand size 0.152,

steps used = 6, number of rules used = 5, integrand size = 33
Rules used = {4132, 3856, 2719, 4130, 2720}

2(A+3C)+/cos(c + dz) F(i(c+ dz)|2) \/bsec(c + dz) 2Atan(c + dz) 2BE(}(c+dz)|2)
3b*d 3d(bsec(c +dx))3? * bd\/cos(c + dx) \/bsec(c+ dz)

Antiderivative was successfully verified.
[In] Int[(A + BxSec[c + d*x] + CxSecl[c + d*xx]~2)/(b*Sec[c + d*x])~(3/2),x]

[Out] (2#B#EllipticE[(c + d*x)/2, 2])/(bxd*Sqrt[Cos[c + d*x]]*Sqrt[b*Sec[c + d*x]
1) + (2%(A + 3%C)*Sqrt[Cos[c + d*x]]*EllipticF[(c + d*x)/2, 2]*Sqrt[bx*Seclc
+ d*x]])/(3*%b"2+d) + (2+A*Tan[c + d*x])/(3*d*(bxSec[c + d*x])~(3/2))

Rule 2719

Int[Sqrt[sinl(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*xx), 2], x] /; FreeQ[{c, d}, x]

Rule 2720

Int[1/Sqrtlsinl(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/d)+*EllipticF[(1/2
)*(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, xI]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Dist[(b*Cscl[c + d*x]
)~n*Sin[c + d*x]"n, Int[1/Sin[c + d*x]~n, x], x] /; FreeQ[{b, c, d}, x] &
EqQ[n~2, 1/4]

Rule 4130
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Int[(cscl(e_.) + (£_D*(x_)]*(b_.))"(m_.)*(cscl(e_.) + (f_.)*(x_)]1"2x(C_.)
+ (AD)), x_Symbol] :> Simp[AxCot[e + f*xx]*((bxCscl[e + f*x])"m/(f*m)), x] +
Dist[(C*m + A*x(m + 1))/(b~2+#m), Int[(b*Cscle + f*x])~(m + 2), x], x] /; Fre
eQ[{b, e, £, A, C}, x] && NeQ[C*m + A*x(m + 1), 0] && LeQ[m, -1]

Rule 4132

Int[(cscl(e_.) + (f_.)*(x_)]1*(b_.))"(m_.)*((A_.) + cscl(e_.) + (f_.)*(x_)]x*
(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + fxx])"(m + 1), x], x] + Int[(b*Cscl[e + f*x]) m*(A + CxCscl[e + f*xx]~2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps

1

B - d
/A+Bsec(c+da:)+Csec2(c+dx) dp — J V/bsec(c + dz) v /A+Cse02(c+dx) i
(bsec(c + dx))3/2 N b (bsec(c + dx))3/2
_ 2Atan(c+ dx) N (A+30) [ \/bsec(c+ dz) dz N
~ 3d(bsec(c + dr))3/2 302 by/c
2BE(1(c+dz)|2) 2Atan(c + dz) <(

N bd+/cos(c + dz) \/bsec(c+dx)  3d(bsec(c + dz))*/? B
B 2BE(3(c+dz)|2) N 2(A + 3C)/cos(c + dx)
a bd\/cos(c + dx) +/bsec(c + dx)

Mathematica [C] Result contains higher order function than in optimal. Order 5 vs. order
4 in optimal.
time = 1.08, size = 154, normalized size = 1.32

e~ sec?(c + dz)(cos(dz) + i sin(dz)) (6iB cos(c + dz) + 2(A + 3C) y/cos(c + dx) F(3(c+ dr)|2) — 2iBecta /1 4 e2ilerdn) ,Fy (1,3, 7, —¢%(e+) 4 Asin(2(c+ dz)))
3d(bsec(c + dx))3/?

Antiderivative was successfully verified.

[In] Integrate[(A + B*Sec[c + d*x] + CxSec[c + d*x]~2)/(b*Sec[c + d*x])~(3/2),x]

[Out] (Seclc + d*x]~2*(Cos[d*x] + I*Sin[d*x])*((6*I)*BxCos[c + d*x] + 2%(A + 3*C)
*Sqrt [Cos[c + d*x]]*EllipticF[(c + d*x)/2, 2] - (2*I)*B*E~(I*(c + d*x))*Sqr

t[1 + ET((2*I)*(c + d*x))]*Hypergeometric2F1[1/2, 3/4, 7/4, -E~((2xI)*(c +
d*x))] + A*Sin[2*(c + d*x)]))/(3*d*E~ (I*d*x)*(b*Sec[c + d*x])~(3/2))

Maple [C] Result contains complex when optimal does not.
time = 25.30, size = 602, normalized size = 5.15
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method | result

cos(dz+c)

S 1 ‘ COS(d:l!~|—C) ‘ . i(—14cos(dz+c)) .
2iA sin(dz+c) cos(dz+c) \/1+COS(d{L‘+C) \/1+COS(d$+C) ElhptlcF(W,z) . 1
3 —2B 1+-cos(dz+c)

default

1+cos(dz+c)

I

Verification of antiderivative is not currently implemented for this CAS.

[In] int ((A+B*sec(d*x+c)+Cxsec(d*x+c)~2)/(bxsec(d*x+c))~(3/2),x,method=_RETURNVE

RBOSE)

[Out] 2/3/d*(I*A*sin(d*x+c)*cos(d*x+c)*E1lipticF (I*(-1+cos(d*x+c))/sin(d*x+c),I)*

(1/(1+cos(d*x+c))) ~(1/2)*(cos(d*x+c)/ (1+cos(d*x+c))) ~(1/2)-3*I*B*x (1/ (1+cos(
d*x+c)))~(1/2)*(cos(d*x+c)/(1+cos(d*x+c))) ~(1/2)*E1lipticE(I*(-1+cos(d*x+c)
)/sin(d*x+c) ,I)*cos(d*x+c)*sin(d*x+c)+3*I*B*(1/(1+cos(d*x+c)))~(1/2)*(cos(d
*xx+c)/ (1+cos(d*x+c))) ~(1/2)*E1l1lipticF (I*(-1+cos(d*x+c))/sin(d*x+c),I)*cos(d
*xx+c)*sin (d*x+c)+3*%I*Cxsin(d*x+c) *cos (d*x+c)*E1lipticF (I*(-1+cos(d*x+c))/si
n(d*x+c) ,I)*(1/(1+cos(d*x+c)) )~ (1/2)*(cos(d*x+c) / (1+cos(d*x+c)) ) ~(1/2) +I*A*
sin(d*x+c)*E1lipticF (I*(-1+cos(d*x+c))/sin(d*x+c),I)*(1/(1+cos(d*x+c)))~(1/
2) *(cos (d*x+c) / (1+cos (d*x+c))) ~(1/2) -3*I*B*sin(d*x+c) *E11lipticE(I*(-1+cos(d
*xx+c))/sin(d*x+c) ,I)*(1/(1+cos(d*x+c))) ~(1/2)*(cos(d*x+c) /(1+cos (d*x+c))) ~(
1/2)+3*I*B*sin(d*x+c)*E1llipticF (I*(-1+cos(d*x+c))/sin(d*x+c) ,I)*(1/(1+cos(d
*xx+c))) ~(1/2)*(cos (d*x+c)/(1+cos(d*x+c))) ~(1/2)+3*I*xC*sin(d*x+c)*E1llipticF(
Ix(-1+cos(d*x+c))/sin(d*x+c) ,I)*x(1/(1+cos(d*x+c))) ~(1/2) *(cos(d*x+c)/(1+cos
(d*x+c)))~(1/2)-A*cos (d*x+c) ~3-3*B*cos (d*x+c) “2+A*xcos (d*x+c) +3*B*cos (d*x+c)
) /cos(d*x+c) "2/ (b/cos(d*x+c))~(3/2) /sin(d*x+c)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+B*sec(d*x+c)+C*sec(d*x+c)~2)/(b*sec(d*x+c))~(3/2),x, algorithm

="maxima")

[Out] integrate((Cxsec(d*x + c)~2 + B*sec(d*x + c) + A)/(bxsec(d*x + ¢c))~(3/2), x

)

Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.41, size = 160, normalized size = 1.37

24 oy e+ st )+ VT (i 310V werstosPimers(—4,,co(do )+ sinde ) +VE(14+310) T werstasPlavere(— o+ =i s e +) + 81 7 BV veerstasita{ 4, wesrasPlaverse 4 ros ) 5 +)) 5 V7 BV eirtrastetal 0, wfersos Pl ) i n 6o +)

Verification of antiderivative is not currently implemented for this CAS.



289

[In] integrate((A+B*sec(d*x+c)+C*sec(d*x+c)~2)/(b*sec(d*x+c))~(3/2),x, algorithm
="fricas")

[Out] 1/3*(2*A*sqrt(b/cos(d*x + c))*cos(d*x + c)*sin(d*x + c) + sqrt(2)*(-I*A - 3
*xI*C) *sqrt (b) *weierstrassPInverse(-4, 0, cos(d*x + c) + I*sin(d*x + c)) + s

qrt (2)*(I*A + 3*I*C)*sqrt(b)*weierstrassPInverse(-4, 0, cos(d*x + c) - I*si

n(d*x + c)) + 3*I*xsqrt(2)+*B*sqrt(b)*weierstrassZeta(-4, 0, weierstrassPInve
rse(-4, 0, cos(d*x + c) + I*sin(d*x + c))) - 3*I*sqrt(2)*B*sqrt(b)*weierstr
assZeta(-4, 0, weierstrassPInverse(-4, 0, cos(d*x + c¢) - I*sin(d*x + c))))/
(b~2%d)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

dx

/A-I—Bsec(c-l—dx) + C'sec? (¢ + dx)
(bsec (c+ dz))%

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+Bxsec(d*x+c)+Cxsec(d*x+c)**2)/(b*sec(d*x+c))**(3/2),x)

[Out] Integral((A + B*sec(c + d*x) + Cxsec(c + dxx)#**2)/(bxsec(c + d*x))*x(3/2),
x)

Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+Bxsec(d*x+c)+Cxsec(d*x+c)~2)/(b*sec(d*x+c))~(3/2),x, algorithm
="giac ")

[Out] integrate((C*sec(d*x + c)~2 + Bxsec(d*x + c) + A)/(b*sec(d*x + c))~(3/2), x
)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

B c
/ A+ cos(ct+dx) + cos(ctdz)? dr

b 3/2
(cos(c+d x))

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + B/cos(c + d*x) + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(3/2),x)
[Out] int((A + B/cos(c + d*x) + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(3/2), x)
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A+ B sec(c+dz)+C sec?(c+dx)
3.69 f (bsec(c+dzx))5/? dz

Optimal. Leaf size=150

2(3A+ 5C)E(3(c+ dz)|2) +2B\/cos(c +dz) F(i(c+dx)|2) \/bsec(c + d) N 2Bsin(c + dx)
5b2d+/cos(c + dz) +/bsec(c + dx) 3b%d 3b2d+/bsec(c + d:

[Out] 2/3*B*sin(d*x+c)/b~2/d/(b*sec(d*x+c))~(1/2)+2/5%(3%A+5xC)* (cos(1/2*d*x+1/2%
c)~2)~(1/2)/cos(1/2*d*x+1/2*c)*E1lipticE(sin(1/2*d*x+1/2x*c),2~(1/2))/b~2/d/

cos (d*x+c)~(1/2)/ (b*sec(d*x+c)) ~(1/2)+2/3*B* (cos (1/2*xd*x+1/2*c)~2)~(1/2)/co
s(1/2xd*x+1/2*c) *E1lipticF (sin(1/2*d*x+1/2%c) ,27(1/2))*cos (d*x+c) ~(1/2) * (b*
sec(d*x+c))~(1/2)/b~3/d+2/5*A*tan (d*x+c) /d/ (b*sec (d*x+c))~(5/2)

Rubi [A]
time = 0.10, antiderivative size = 150, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.182,

steps used = 7, number of rules used = 6, integrand size = 33,
Rules used = {4132, 3854, 3856, 2720, 4130, 2719}

2(3A+5C)E(L(c+dz)|2) + 2Atan(c + dz) N 2B+/cos(c+ dz) F(L(c+ dz)|2) /bsec(c + dx) 2Bsin(c + dz)
5b2d/cos(c + dx) /bsec(c+dz)  Sd(bsec(c+ dz))/2 3b%d 3b2d+/bsec(c + dz)

Antiderivative was successfully verified.
[In] Int[(A + B*Sec[c + d*x] + CxSec[c + d*x]~2)/(b*Secl[c + d*x])~(5/2),x]

[Out] (2%(3*A + 5%C)*EllipticE[(c + d*x)/2, 2])/(5xb~2*d*Sqrt[Cos[c + d*x]]*Sqrt[
bxSec[c + d*x]]) + (2xBxSqrt[Cos[c + d*x]]*EllipticF[(c + d*x)/2, 2]*Sqrt[b
*Sec[c + d*x]])/(3*xb~3*d) + (2*B*Sin[c + d*x])/(3*b~2xd*Sqrt[b*Sec[c + d*x]

1) + (2*%AxTan[c + d*x])/(5*d*(b*Sec[c + d*x])~(5/2))

Rule 2719

Int [Sqrt[sinl(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

Rule 2720

Int[1/Sqrtlsin[(c_.) + (d_.)*(x_)1], x_Symbol] :> Simp[(2/d)*EllipticF[(1/2
)x(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

Rule 3854

Int[(cscl(c_.) + (d_.)*(x_)]1*(b_.))"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
b*Cscl[c + d*x])~(n + 1)/(b*d*n)), x] + Dist[(n + 1)/(b~2*n), Int[(b*Csc[c +
d*x])~(n + 2), x], x] /; FreeQ[{b, c, d}, x] && LtQ[n, -1] && IntegerQ[2*n
]
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Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)]1*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d*x]
)"n*Sin[c + d*x]~n, Int[1/Sin[c + d*x]"n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

Rule 4130

Int[(cscl(e_.) + (£_)*(x_)]*(b_.))"(m_.)*(cscl(e_.) + (£f_.)*(x_)]1"2x(C_.)
+ (AD)), x_Symbol] :> Simp[A*Cot[e + f*xx]*((bxCscle + f*x])"m/(f*m)), x] +
Dist[(C*m + A*x(m + 1))/(b~2+#m), Int[(b*Cscle + f*x])~(m + 2), x], x] /; Fre
eQ[{b, e, £, A, C}, x] && NeQ[C*m + A*x(m + 1), 0] && LeQ[m, -1]

Rule 4132

Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.))"(m_.)*((A_.) + cscl(e_.) + (£f_.)*(x_)]=*
(B_.) + cscl(e_.) + (£f_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + fxx])"(m + 1), x], x] + Int[(b*Cscle + f*x]) " m*(A + C*Cscl[e + f*x]~2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps

dz

/A—i—Bsec(c-l—dx) + C'sec?(c + dzx) dp — Bfmdx / A+ C'sec?(c + dx)
(bsec(c + dx))>/? B b (bsec(c + dz))5/2

2Bsin(c + dz) L 2Atan(c + dx) B | \/bsec(c

" 312dy/bsec(c + dz) | Bd(bsec(c+ )zt 3,,3
2Bsin(c + dx) 2Atan(c + dx) (34+50) [

= +
3b2d\/bsec (c+dzx) 5d bsec(c + dz))5/2 5b2+/cos(c+d
2(3A+5C)E(3(c+ dz)|2) N 2B+/cos(c + dz) F (5|

N 5b2d+/cos(c + dz) +/bsec(c + dx)

Mathematica [C] Result contains higher order function than in optimal. Order 5 vs. order
4 in optimal.
time = 1.30, size = 169, normalized size = 1.13

iz /bsec(c + dz) (cos(dz) + isin(dz)) (10B+/cos(c + dz) F(i(c+ dz)|2) — 2i(3A + 5C)e!ctd2) \/1 + e2iletdn) , Fy (1 3,7, _e2ilc+de)) 4 cos(c + dz)(6i(3A + 5C) + 10Bsin(c + dz) + 3Asin(2(c + dz)))
3 211
15b6%d

Antiderivative was successfully verified.

[In] Integrate[(A + B*Sec[c + d*x] + CxSec[c + d*x]~2)/(bxSec[c + dx*x])~(5/2),x]
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[Out] (Sqrt[bxSec[c + d*x]]1*(Cos[d*x] + I*Sin[d*x])*(10*xB*Sqrt[Cos[c + d*x]]*E1lli
pticF[(c + d*x)/2, 2] - (2xI)*(3*%A + 5xC)*E~(I*(c + d*x))#*Sqrt[1 + E~((2xI)

*(c + d*x))]*Hypergeometric2F1[1/2, 3/4, 7/4, -E~((2*I)*(c + d*x))] + Cosl[c

+ d*x]*((6%I)*(3%A + 5%C) + 10*B*Sin[c + d*x] + 3*A*Sin[2x(c + d*x)])))/(1
5*b~3*d*E~ (I*d*x))

Maple [C] Result contains complex when optimal does not.
time = 23.66, size = 766, normalized size = 5.11

method | result

d:
2<-9"AE“1P“CF(“ et i) sindo+o) | | Troos(rrg) | Tioos(anty) —19C Bllipticr (=tetisto),

default | —

) sin(dz+

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A+B*sec(d*x+c)+C*sec(d*x+c)~2)/(b*sec(d*x+c))~(5/2),x,method=_RETURNVE
RBOSE)

[Out] -2/15/d*(-5*%I*B*sin(d*x+c)*EllipticF(I*(-1+cos(d*x+c))/sin(d*x+c),I)*(1/(1+
cos (d*x+c))) " (1/2)*(cos(d*x+c)/ (1+cos(d*x+c))) ~(1/2) +9*I*xA*xcos (d*x+c)*sin(d
*x+c)*E1lipticE(I*(-1+cos(d*x+c))/sin(d*x+c),I)*(1/(1+cos(d*x+c)))~(1/2)*(c
os (d*x+c)/(1+cos(d*x+c))) ~(1/2)-9*I*Axcos (d*x+c)*sin(d*x+c)*E1lipticF (I*(-1
+cos (d*x+c))/sin(d*x+c) ,I)*(1/ (1+cos(d*x+c)) )~ (1/2) *(cos(d*x+c)/ (1+cos (d*x+
€)))~(1/2)-15%I*C*sin(d*x+c)*E1lipticF (I*(-1+cos(d*x+c))/sin(d*x+c) ,I)*(1/(
1+cos(d*x+c)) )~ (1/2) *(cos(d*x+c)/ (1+cos(d*x+c))) " (1/2) -15%I*Cxcos (d*x+c) *si
n(d*x+c)*E1lipticF (I*(-1+cos(d*x+c))/sin(d*x+c),I)*(1/(1+cos(d*x+c)))~(1/2)
* (cos(d*x+c)/(1+cos(d*x+c)) )~ (1/2) +15%I*Cxcos (d*x+c) *sin(d*x+c)*E1lipticE(I
* (-1+cos(d*x+c))/sin(d*x+c) ,I)*(1/ (1+cos(d*x+c))) ~(1/2)*(cos (d*x+c) / (1+cos(
dxx+c))) ~(1/2)+9xIxA*sin(d*x+c)*E1lipticE(I*(-1+cos(d*x+c))/sin(d*x+c) ,I)*(
1/ (1+cos(d*x+c)) )~ (1/2) *(cos (d*x+c)/ (1+cos(d*x+c)) )~ (1/2)+15*I*Cksin (d*x+c)
*E11lipticE(I*(-1+cos(d*x+c))/sin(d*x+c),I)*(1/(1+cos(d*x+c)))~(1/2)*(cos(d*
x+c)/(1+cos(d*x+c))) ~(1/2)-5xI*B*cos (d*x+c)*sin(d*x+c) *E1lipticF (I*(-1+cos(
d*x+c))/sin(d*x+c) ,I)*(1/(1+cos(d*x+c)) )~ (1/2)*(cos(d*x+c)/ (1+cos(d*x+c)))”
(1/2)-9*I*A*sin(d*x+c)*E1lipticF (I*(-1+cos(d*x+c))/sin(d*x+c),I)*(1/(1+cos(
d*xx+c)) )~ (1/2)*(cos (d*x+c) / (1+cos(d*x+c) ) ) ~(1/2)+3*A*cos (d*x+c) ~4+5*xB*xcos (d
*x+c) ~3+6%A*cos (d*xx+c) “2+15%C*cos (d*x+c) ~2-9%A*cos (d*x+c) -5*B*cos (d*x+c)-15
*C*xcos (d*x+c)) /cos (d*x+c) ~3/(b/cos(d*x+c) )~ (5/2) /sin(d*x+c)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((A+B*sec(d*x+c)+C*sec(d*x+c)~2)/(b*sec(d*x+c))~(5/2),x, algorithm
="maxima")

[Out] integrate((C*sec(d*x + c)~2 + B*sec(d*x + c) + A)/(bxsec(d*x + ¢))~(5/2), x
)

Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.51, size = 176, normalized size = 1.17

5 VT BYE we 4,0,c08(dr +¢) 4 s (dr + €) + 51 VT BYE woier

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+Bxsec(d*x+c)+Cxsec(d*x+c)~2)/(bxsec(d*x+c))~(5/2),x, algorithm
="fricas")

[Out] 1/15%(-5*%I*sqrt(2)*B*sqrt(b)*weierstrassPInverse(-4, 0, cos(d*x + c) + I*si
n(d*x + c)) + b*I*sqrt(2)#*B*sqrt(b)+*weierstrassPInverse(-4, 0, cos(d*x + c)

- Ixsin(d*x + c)) - 3*sqrt(2)*(-3*%I*A - 5*I*C)*sqrt(b)*weierstrassZeta(-4,

0, weierstrassPInverse(-4, 0, cos(d*x + c) + I*sin(d*x + c))) - 3*sqrt(2)*
(3xIxA + 5xIxC)*sqrt(b)*weierstrassZeta(-4, 0, weierstrassPInverse(-4, 0, c
os(d*x + c) - Ixsin(d*x + c))) + 2%(3xA*cos(d*x + c)~2 + 5*Bxcos(d*x + c))x*
sqrt(b/cos(d*x + c))*sin(d*x + c))/(b~3xd)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

dz

/A+Bsec(c+dx) + C'sec? (¢ + dx)
(bsec (c+ dx))%

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+B*sec(d*x+c)+Cxsec(d*x+c)**2)/(bxsec(d*x+c))**(5/2),x)

[Out] Integral((A + Bksec(c + d*x) + Cxsec(c + d*xx)*x2)/(bxsec(c + dxx))**(5/2),
x)

Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+B*sec(d*x+c)+C*sec(d*x+c)~2)/(b*sec(d*x+c))~(5/2),x, algorithm
="giac: n)

[Out] integrate((C*sec(d*x + c)~2 + Bxsec(d*x + c) + A)/(b*sec(d*x + c))~(5/2), x
)
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Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

B c
/ A+ cos(ct+dx) + cos(ctdx)? dr

b 5/2
(cos(c+d x))

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + B/cos(c + d*x) + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(5/2),x)
[Out] int((A + B/cos(c + d*x) + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(5/2), x)
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A+ B sec(c+dz)+C sec?(c+d
3.70 f Se(cb(sec(fj-dar:))Sg/C2 (et dx

Optimal. Leaf size=185

6BE(3(c+ dz)|2) 2(5A+7C)\/WF(%(c+dx)}2) bsec(c + dx) 2B s
‘ -+ . +
5b3d+\/cos(c + dz) \/bsec(c + dz) 21b4d 5b2d(bs

[Out] 2/5*B*sin(d*x+c)/b~2/d/(bxsec(d*x+c))~(3/2)+2/21* (5xA+7*C) *sin(d*x+c)/b~3/d
/ (bxsec(d*x+c)) ~(1/2)+6/5%Bx(cos (1/2*d*x+1/2*c) ~2) ~(1/2) /cos (1/2*d*x+1/2*c)
*E11lipticE(sin(1/2*d*x+1/2%c),27(1/2))/b~3/d/cos(d*x+c)~(1/2)/(b*sec(d*x+c)

)~ (1/2)+2/21% (5xA+7*C) * (cos (1/2*d*x+1/2*c) "2)~(1/2) /cos (1/2*d*x+1/2*c)*E11li
pticF(sin(1/2*d*x+1/2%c),2~(1/2))*cos(d*x+c)~(1/2) *(bxsec(d*x+c))~(1/2) /b4
/d+2/T*xAxtan (d*x+c) /d/ (b*sec(d*x+c) )~ (7/2)

Rubi [A]

time = 0.12, antiderivative size = 185, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.182,

steps used = 8, number of rules used = 6, integrand size = 33,
Rules used = {4132, 3854, 3856, 2719, 4130, 2720}

2(5A4 4 7C)+/cos(c + dx) F(}(c + dz)|2) \/bsec(c + dz) + 2(5A + 7C) sin(c + dz) 2Atan(c + dz) + 6BE(3(c+ dz)|2) N 2Bsin(c + dx)
21b*d 21b%d+/bsec(c + dz) Td(bsec(c + dz))"/? * 5b3d\/cos(c + dz) \/bsec(c+dz) ~ 5b*d(bsec(c + d))3/?

Antiderivative was successfully verified.
[In] Int[(A + BxSec[c + d*x] + CxSecl[c + dxx]~2)/(b*Secl[c + d*xx])~(7/2),x]

[Out] (6*B*#EllipticE[(c + d*x)/2, 2])/(5%b~3*d*Sqrt[Cos[c + d*x]]*Sqrt[b*Sec[c +
dxx]]) + (2x(5%A + 7xC)*Sqrt[Cos[c + d*x]]*EllipticF[(c + d*x)/2, 2]*Sqrt([b
*Sec[c + d*x]])/(21*%b~4*d) + (2+B*Sin[c + d*x])/(5*¥b~2xd* (b*Sec[c + d*x])~(
3/2)) + (2% (5%A + 7*C)*Sin[c + d*x])/(21%b~3*d*Sqrt [b*Sec[c + d*x]]) + (2x%A
*Tan[c + d*x])/(7*d*(b*Sec[c + d*x])~(7/2))

Rule 2719

Int[Sqrt[sinl(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*xx), 2], x] /; FreeQl[{c, d}, x]

Rule 2720

Int[1/Sqrtlsinl(c_.) + (d_.)*(x_)]1], x_Symbol] :> Simp[(2/d)+*EllipticF[(1/2
)*(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, xI]

Rule 3854

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
b*Csc[c + d*x])"(n + 1)/(b*d*n)), x] + Dist[(n + 1)/(b"2*n), Int[(b*Csclc +
d*x])~(n + 2), x], x] /; FreeQ[{b, c, d}, x] & LtQ[n, -1] && IntegerQ[2*n
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Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d*x]
)"n*Sin[c + d*x]~n, Int[1/Sin[c + d*x]~n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

Rule 4130

Int[(cscl(e_.) + (£_.)*(x_)I*(b_.))"(m_.)*(cscl(e_.) + (£f_.)*(x_)]1"2%(C_.)
+ (A_)), x_Symbol] :> Simp[A*Cot[e + fxx]*((bxCscle + f*x]) m/(f*m)), x] +
Dist[(Cxm + A*x(m + 1))/(b"2*m), Int[(b*Cscl[e + f*x])"(m + 2), x], x] /; Fre
eQ[{b, e, f, A, C}, x] && NeQ[C*m + A*(m + 1), 0] && LeQ[m, -1]

Rule 4132

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.)) " (m_.)*((A_.) + cscl[(e_.) + (f_.)*(x_)]1*
(B_.) + cscl(e_.) + (£f_.)*(x_)]1"2%(C_.)), x_Symbol] :> Dist[B/b, Int[(b*Csc
[e + £xx])"(m + 1), x], x] + Int[(b*Cscl[e + f*x]) m*(A + CxCscl[e + f*x]"2),
x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Rubi steps

B f (bsec(c—ll-clac))5/2 dz n / A+ C sec? (C + dm)

/A—l— Bsec(c + dz) + C'sec?(c + dz) i — i
(bsec(c + dzx))7/? b (bsec(c + dz))7/?
_ 2Bsin(c+dx) 2Atan(c + dz) 6B)J \/ bsec(
~ 5b2d(bsec(c+dx))3/2 " 7d(bsec(c+ dx))7/? 5b3
_ 2Bsin(c+dx) 2(5A + 7C)sin(c + dx) 2Atan(c
= 5id(bsec(c + dz))"2 | 21t /bsec(c + dz) | Td(bsec(cH

6BE(1(c+dz)|2

2Bsin(c+ dx

)
" 5b3d Vcos(c+ dz) \/bsec(c+dz)  5b2d(bsec(c+ dz))3/

b3d\/cos ¢+ dzx) \/bsec(c + dz)

Mathematica [C] Result contains higher order function than in optimal. Order 5 vs. order
4 in optimal.
time = 1.91, size = 183, normalized size = 0.99

it /Bsec(c + dz) (cos(dz) + i sin(dx)) (20(5A +7C)/cos(e + da) F(4(c+ dr)|2) — 84iBec+0) /11 eBeran) oy (4,3 55 €%+ + cos(c + d) (5(23A + 38C) sin(c + dz) + 3(84iB + 14B sin(2(c + da)) + 5Asin(3(c + d)))))
2106%d

)
(

6BE(1( c—l—dm )| 2) N 2(bA+7C)+/cos(c + da
(
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Antiderivative was successfully verified.

[In] Integrate[(A + Bx*Sec[c + d*x] + CxSec[c + d*x]~2)/(bxSec[c + dx*x])~(7/2),x]

[Out] (Sqrt[bxSec[c + d*x]]1*(Cos[d*x] + I*Sin[d*x])*(20*(5%A + 7*C)*Sqrt[Cos[c +
d*x]]*EllipticF[(c + d*x)/2, 2] - (84*I)*B*E~(I*(c + d*x))*Sqrt[1 + E~((2xI

)*(c + d*x))]*Hypergeometric2F1[1/2, 3/4, 7/4, -E~((2*xI)*(c + d*x))] + Cos[

c + dxx]*(5*%(23*A + 28xC)*Sin[c + d*x] + 3*((84*I)*B + 14*B*Sin[2*(c + d*x)

] + 5xA*Sin[3*(c + d*x)]1))))/(210%b~4*d*E~ (I*d*x))

Maple [C] Result contains complex when optimal does not.
time = 22.72, size = 645, normalized size = 3.49

method | result

: 1 COS(d:l:+C) P i(—1+4cos(dxz+c)) . . . 1
2 <63zB1 / 1Fcos(dzte) T+cos(dz+c) ElllpthE(W,z) cos(dz+c) sin(dz+c)—63iB Tocos(dzte)

C

14

default

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A+B*sec(d*x+c)+C*sec(d*x+c)~2)/(b*sec(d*x+c))~(7/2),x,method=_RETURNVE
RBOSE)

[Out] -2/105/d*(-35*I*Cxsin(d*x+c)*E1lipticF (I*(-1+cos(d*x+c))/sin(d*x+c),I)*(1/(
1+cos(d*x+c))) " (1/2)*(cos(d*x+c)/(1+cos(d*x+c)) )~ (1/2)+63*xI*B*xcos (d*x+c) *si
n(d*x+c) *E1lipticE(I*(-1+cos(d*x+c))/sin(d*x+c) ,I)*(1/(1+cos(d*x+c)))~(1/2)
* (cos(d*x+c) /(1+cos(d*x+c)) )~ (1/2)-63*I*Bxcos (d*x+c)*sin(d*x+c)*E1llipticF (I
*(-1+cos(d*x+c)) /sin(d*x+c) ,I)*(1/(1+cos(d*x+c))) ~(1/2) *(cos (d*x+c) / (1+cos(
d*xx+c)) )~ (1/2)-63*I*B*sin (d*x+c)*E1lipticF (I*(-1+cos(d*x+c))/sin(d*x+c),I)*
(1/(1+cos(d*x+c)) )~ (1/2) *(cos(d*x+c) / (1+cos(d*x+c))) ~(1/2) +15*A*cos (d*x+c) ™
5-25*%I*A*cos (d*x+c) *sin(d*x+c)*E11lipticF (I*(-1+cos(d*x+c))/sin(d*x+c) ,I)*(1
/ (1+cos(d*x+c)) )~ (1/2) *(cos(d*x+c) / (1+cos(d*x+c))) ~(1/2) +63*I*Bxsin (d*x+c) *
EllipticE(I*(-1+cos(d*x+c))/sin(d*x+c),I)*(1/(1+cos(d*x+c)))~(1/2)*(cos(d*x
+c) /(1+cos(d*x+c)) )~ (1/2)-35*xI*C*cos (d*x+c)*sin(d*x+c) *E1lipticF (I*(-1+cos(
d*x+c))/sin(d*x+c) ,I)*(1/(1+cos(d*x+c))) ~(1/2)*(cos(d*x+c)/(1+cos(d*x+c)))~
(1/2)-25*%I*Axsin(d*x+c) *E1llipticF (I*(-1+cos(d*x+c))/sin(d*x+c),I)*(1/(1+cos
(d*x+c)))~(1/2)*(cos(d*x+c)/ (1+cos(d*x+c))) ~(1/2)+21*B*cos (d*x+c) “4+10*A*co
s (d*xx+c) ~3+35*Cxcos (d*x+c) ~3+42*B*cos (d*x+c) "2-25xA*cos (d*x+c) -63*B*cos (d*x
+c)-35%Cxcos (d*x+c) ) /cos (d*x+c) ~4/(b/cos(d*x+c) )~ (7/2) /sin(d*x+c)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((A+B*sec(d*x+c)+C*sec(d*x+c)~2)/(b*sec(d*x+c))~(7/2),x, algorithm
="maxima")

[Out] integrate((C*sec(d*x + c)~2 + Bksec(d*x + c) + A)/(bxsec(d*x + ¢))~(7/2), x
)

Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.78, size = 193, normalized size = 1.04

V(544 75C) VP welrstrassPluverse(—4,0,cos(ds-+) -+ i + ) + 5 VE'(~55 A — 74 C) VI welrstrassPluverse(—4,,cos (s -+ ) i (s + <) — 63 v BV welrstrassZeta(—4, 0, wlestrassPlaverse( 4,0, cos(dz + )+ sin(ds+ )+ 6% v BVE welrstusiZata(—4,0, weirstrassPluverse 4,0, cos (s -+ ) — sin (s + &) — 2 (15 Acos(dz + o+ 21 B (d + o + 5(5.4+7C) con(ds +¢

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+Bxsec(d*x+c)+Cxsec(d*x+c)~2)/(bxsec(d*x+c))~(7/2),x, algorithm
="fricas")

[Out] -1/105%(5*sqrt(2)*(5*xIxA + 7*I*C)*sqrt(b)*weierstrassPInverse(-4, 0, cos(dx
X + c) + I*sin(d*x + c)) + bxsqrt(2)*(-5xI*A - 7xIxC)*sqrt(b)*weierstrassPI
nverse(-4, 0, cos(d*x + c) - I*sin(d*x + c)) - 63*%I*sqrt(2)*B*sqrt(b)*weier
strassZeta(-4, 0, weierstrassPInverse(-4, 0, cos(d*x + c) + I*sin(d*x + c¢))

) + 63*I*sqrt(2)*B*sqrt(b)*weierstrassZeta(-4, 0, weierstrassPInverse(-4, O

, cos(d*x + c) - I*sin(d*x + c))) - 2*x(15*A*cos(d*x + c)~3 + 21*Bxcos(d*x +
c)~2 + bk (5*%A + T7xC)*cos(d*x + c))*sqrt(b/cos(d*x + c))*sin(d*x + c))/(b"4

*d)

Sympy [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+B*sec(d*x+c)+Cksec(d*x+c)**2)/(bxsec(d*x+c))**(7/2),x)
[Out] Timed out
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+B*sec(d*x+c)+C*sec(d*x+c)”2)/(b*sec(d*x+c))~(7/2),x, algorithm
="giac")

[Out] integrate((Cxsec(d*x + c)~2 + B*sec(d*x + c) + A)/(bxsec(d*x + ¢))~(7/2), x
)
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Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

B C
/ A+ cos(c+dx) + cos(ct+d z)? dr

b 7/2
(cos(c+d x))

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + B/cos(c + d*x) + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(7/2),x)
[Out] int((A + B/cos(c + d*x) + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(7/2), x)
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4.1 Download section

The following zip files contain the raw integrals used in this test.

Mathematica format [Mathematica syntax.zip|

Maple and Mupad format [Maple syntax.zip|

Sympy format SYMPY syntax.zip|

Sage math format SAGE syntax.zip|

4.2 Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.2.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *)
(* Small rewrite of logic in main function to make it*)
(* match Maple's logic. No change in functionality otherwis

(* ::Subsection:: *)

(*GradeAntiderivative[result, optimal]*)

(* ::Text:: *)
(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returns*)
(¥ "F" if the result fails to integrate an expression that*)
(* is integrablex)

(¥ "C" if result involves higher level functions than necessary+*)
(*» "B" if result is more than twice the size of the optimal*)

(* antiderivative*)

(*» "A" if result can be considered optimalx*)

ex)


/my_notes/CAS_integration_tests/reports/summer_2022/input/Mathematica_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/Maple_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/SYMPY_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/SAGE_syntax.zip
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GradeAntiderivative[result_,optimal_] := Module[{expnResult,expnOptimal,leafCount

(* :

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount [result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
If [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez+*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A","none"}

,» (*ELSE*)
finalresult={"B","Both result and optimal contain complex but
]
, (*ELSE*)
finalresult={"C","Result contains complex when optimal does not."
]
, (xELSE*) (*result does not contains complez*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A","none"}
, (*ELSE*)
finalresult={"B","Leaf count is larger than twice the leaf count o
]

]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],
finalresult={"C","Result contains higher order function than in optim

3

finalresult={"F","Contains unresolved integral."}

]
1;
finalresult
:Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)

(*1
(*2
(*3
(%4
(*5
(*6
(*7
(*8

= rational function*)

= algebraic function*)

= elementary function¥)

= special function*)

= hyperpergeometric function*)
= appell function*)

= rootsum function*)

= integrate function*)

Result,leafC

leaf count

f optimal. $

al. Order "<
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(*9 = unknown function*)

ExpnType[expn_] :=
If[AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQ[expn[[2]]1],
ExpnType [expn[[1]]],
If [Head [expn[[2]]]===Rational,
If[IntegerQlexpn[[1]1]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1]],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]1]1,3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
I1f [SpecialFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],6]1],
If [Head[expn]===RootSum,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],8]]1,
91111111111

ElementaryFunctionQ[func_] :=
MemberQ[{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
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ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductLog,
EllipticF, EllipticE, EllipticPi

},func]

HypergeometricFunctionQ[func_] :=
MemberQ [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1}, func]

4.2.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000
#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems

#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf _count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf count_result > 500000 then
return "B","result has leaf size over 500,000. Avoiding possible recu

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

rsion issues




#
#
#
#
#
#
#
#

If result and optimal are mathematical expressions,
GradeAntiderivative[result,optimal] returns

IIFII

IICII
IIBII

"AII

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then

fi;

if ExpnType_result<=ExpnType_optimal then

306

if debug then
print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",ExpnType
fi;

if the result fails to integrate an expression that

is integrable

if result involves higher level functions than necessary
if result is more than twice the size of the optimal
antiderivative

if result can be considered optimal

return "F","Result contains unresolved integral";

if debug then
print ("ExpnType_result<=ExpnType_optimal") ;
fi;
if is_contains_complex(result) then
if is_contains_complex(optimal) then
if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return "A" s nn g

else

return "B",cat("Both result and optimal contain complex but le
convert(leaf_count_result,string)," vs. $2 (",
convert(leaf_count_optimal,string)," ) = ",con
end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C","Result contains complex when optimal does not.";
fi;

optimal) ;

af count of r

vert (2xleaf _c

else # result do not contain complex
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# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal do not as well"
fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A","";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the leaf count of o
convert(leaf_count_result,string),"$ vs. $2(",
convert(leaf_count_optimal,string),")=",convert(2xleaf_cou
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C",cat("Result contains higher order function than in optimal. Order ",
convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

= algebraic function

= elementary function

= special function

= hyperpergeometric function

= appell function

= rootsum function

H OH OH H HH HEHH
~NOo O WwN -
|



# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType, expn) )
elif type(expn, 'sqrt') then
if type(op(1,expn), 'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' " ') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn),'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply (max,map (ExpnType, [op(expn)]1)))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
elif AppellFunctionQ(op(0,expn)) then
max (6, apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8,apply (max ,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [
exp,log,ln,
sin,cos,tan,cot,sec,csc,
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arcsin,arccos,arctan,arccot,arcsec,arccsc,

sinh,cosh,tanh,coth,sech,csch,

arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])
end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount(u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple
leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:
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4.2.3 Sympy grading function

p

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

]

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Fi, Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar

]

def is_ hypergeometric_ function(func):
return func in [hyper]

def is_appell function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False




def expnType(expn):
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except AttributeError as error:
return False

debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
returnl
else:
return max(2,expnType(expn.args(0])) #maz(2,EzpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2,ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args(l])) #maz(3,ExpnType(op(1
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' +'') or type(expn,’
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(3,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):

,expn)), Expn’

x')

ml = max(map(expnType, list(expn.args))) #Apply/Max, Append[Map[ExpnType, Apply[List,expn]],7]],

return max(7,ml)

elif str(expn).find("Integral") != —1:
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ml = max(map(expnType, list(expn.args)))

return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:

return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result," optimal=",optimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count_optimal=",leaf _count optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != —1:

grade = "F"
grade_ annotation =""
else:

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larger

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2+leaf count_optimal:

grade = "A"

grade_ annotation =
else:

grade = "B'

grade__annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(lea

else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order "+st

r(ExpnType_ re



#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade_annotation
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4.2.4 SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazxima results.

#Dec 24, 2019. Nasser: Added 'exp integral_e' and 'sng', 'sin__integral’
# 'arctan2’, 'floor','abs', 'log__integral’

#June 4, 2022 Made default grade annotation "none" instead of "" due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_size(expr):
I," nn
Return the tree size of this expression.
nnn

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False




def is_elementary_ function(func):
#debug=False

m = func.name() in ['exp','log','In',
'sin','cos’,'tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',

'arcsinh','arccosh','arctanh','arccoth','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'

]
if debug:
if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is_special function(func):
#debug=False
if debug:

print ("type(func)=", type(func))

m= func.name() in ['erf')'erfc','erfi','fresnel_sin','fresnel cos','Ei',
'Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__ integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi,zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral]
if debug:
print ("m=",m)
if m:

print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special_function")

return m

def is_ hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U']

def is_appell function(func):
return func.name() in ['hypergeometric']

#[appellfl] can't find this in sagemath
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def is_atom(expn):

#debug=False
if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equivalent—to—atomic—
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ name )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(ezpn.args[0],Rational):

returnl
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args(0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands()[0]) #expnType(expn.args[0])

elif type(expn.operands()[1])==Rational: #isinstance(ezpn.args[1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args/0],Rational)
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return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args(0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maz(3,e
elif expn.operator() == add_ vararg or expn.operator() == mul_ vararg: #isinstance(ezpn,
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(ExpnType(op(1,expn)) max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(4,ml) #maz(4,m1)
elif is_hypergeometric_ function(expn.operator()): #is_hypergeometric_ function(expn.func
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(5,ml) #maz(5,m1)
elifis appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf count_result=", leaf count_result, "leaf count optimal=",leaf count

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

rpn Type(expn. o]
Add) or isinsta

optimal)
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if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnType_

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count of re
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"
grade_ annotation ="none"
else:
grade = "B’
grade_ annotation ="Leaf count of result is larger than twice the leaf count of optims
else:
grade = "C"

grade_annotation ="Result contains higher order function than in optimal. Order "+str(e

print("Before returning. grade=",grade, " grade_annotation=",grade_ annotation)

return grade, grade_ annotation

‘optimal)

ssult is larger t

l. "+str(leaf

xpnType_ rest



	Introduction
	Listing of CAS systems tested
	Results
	Time and leaf size Performance
	list of integrals that has no closed form antiderivative
	List of integrals solved by CAS but has no known antiderivative
	list of integrals solved by CAS but failed verification
	Timing
	Verification
	Important notes about some of the results
	Important note about Maxima results
	Important note about FriCAS result
	Important note about finding leaf size of antiderivative
	Important note about Mupad results

	Design of the test system

	detailed summary tables of results
	List of integrals sorted by grade for each CAS
	Rubi
	Mathematica
	Maple
	Maxima
	FriCAS
	Sympy
	Giac
	Mupad

	Detailed conclusion table per each integral for all CAS systems
	Detailed conclusion table specific for Rubi results

	Listing of integrals
	 ^6(c+d x) (A+C ^2(c+d x))  dx
	 ^5(c+d x) (A+C ^2(c+d x))  dx
	 ^4(c+d x) (A+C ^2(c+d x))  dx
	 ^3(c+d x) (A+C ^2(c+d x))  dx
	 ^2(c+d x) (A+C ^2(c+d x))  dx
	 (c+d x) (A+C ^2(c+d x))  dx
	 (A+C ^2(c+d x))  dx
	 (c+d x) (A+C ^2(c+d x))  dx
	 ^2(c+d x) (A+C ^2(c+d x))  dx
	 ^3(c+d x) (A+C ^2(c+d x))  dx
	 ^4(c+d x) (A+C ^2(c+d x))  dx
	 ^5(c+d x) (A+C ^2(c+d x))  dx
	 ^6(c+d x) (A+C ^2(c+d x))  dx
	 ^m(c+d x) (-C m  1+m+C ^2(c+d x))  dx
	 ^m(c+d x) (A-A (1+m) ^2(c+d x)  m)  dx
	 (b (c+d x))^5/2 (A+C ^2(c+d x))  dx
	 (b (c+d x))^3/2 (A+C ^2(c+d x))  dx
	 b (c+d x) (A+C ^2(c+d x))  dx
	 A+C ^2(c+d x)  b (c+d x)  dx
	 A+C ^2(c+d x)  (b (c+d x))^3/2  dx
	 A+C ^2(c+d x)  (b (c+d x))^5/2  dx
	 A+C ^2(c+d x)  (b (c+d x))^7/2  dx
	 A+C ^2(c+d x)  (b (c+d x))^9/2  dx
	 3+3 ^2(c+d x)  (c+d x)  dx
	 ^m(e+f x) (m-(1+m) ^2(e+f x))  dx
	 ^5(e+f x) (5-6 ^2(e+f x))  dx
	 ^4(e+f x) (4-5 ^2(e+f x))  dx
	 ^3(e+f x) (3-4 ^2(e+f x))  dx
	 ^2(e+f x) (2-3 ^2(e+f x))  dx
	 (e+f x) (1-2 ^2(e+f x))  dx
	 -^2(e+f x)  dx
	 -(e+f x)  dx
	 ^2(e+f x) (-2+^2(e+f x))  dx
	 ^3(e+f x) (-3+2 ^2(e+f x))  dx
	 ^4(e+f x) (-4+3 ^2(e+f x))  dx
	 ^5(e+f x) (-5+4 ^2(e+f x))  dx
	 ^3(c+d x) (B (c+d x)+C ^2(c+d x))  dx
	 ^2(c+d x) (B (c+d x)+C ^2(c+d x))  dx
	 (c+d x) (B (c+d x)+C ^2(c+d x))  dx
	 (B (c+d x)+C ^2(c+d x))  dx
	 (c+d x) (B (c+d x)+C ^2(c+d x))  dx
	 ^2(c+d x) (B (c+d x)+C ^2(c+d x))  dx
	 ^3(c+d x) (B (c+d x)+C ^2(c+d x))  dx
	 ^4(c+d x) (B (c+d x)+C ^2(c+d x))  dx
	 ^5(c+d x) (B (c+d x)+C ^2(c+d x))  dx
	 ^6(c+d x) (B (c+d x)+C ^2(c+d x))  dx
	 (b (c+d x))^3/2 (B (c+d x)+C ^2(c+d x))  dx
	 b (c+d x) (B (c+d x)+C ^2(c+d x))  dx
	 B (c+d x)+C ^2(c+d x)  b (c+d x)  dx
	 B (c+d x)+C ^2(c+d x)  (b (c+d x))^3/2  dx
	 B (c+d x)+C ^2(c+d x)  (b (c+d x))^5/2  dx
	 B (c+d x)+C ^2(c+d x)  (b (c+d x))^7/2  dx
	 B (c+d x)+C ^2(c+d x)  (b (c+d x))^9/2  dx
	 ^4(c+d x) (A+B (c+d x)+C ^2(c+d x))  dx
	 ^3(c+d x) (A+B (c+d x)+C ^2(c+d x))  dx
	 ^2(c+d x) (A+B (c+d x)+C ^2(c+d x))  dx
	 (c+d x) (A+B (c+d x)+C ^2(c+d x))  dx
	 (A+B (c+d x)+C ^2(c+d x))  dx
	 (c+d x) (A+B (c+d x)+C ^2(c+d x))  dx
	 ^2(c+d x) (A+B (c+d x)+C ^2(c+d x))  dx
	 ^3(c+d x) (A+B (c+d x)+C ^2(c+d x))  dx
	 ^4(c+d x) (A+B (c+d x)+C ^2(c+d x))  dx
	 ^5(c+d x) (A+B (c+d x)+C ^2(c+d x))  dx
	 ^6(c+d x) (A+B (c+d x)+C ^2(c+d x))  dx
	 (b (c+d x))^3/2 (A+B (c+d x)+C ^2(c+d x))  dx
	 b (c+d x) (A+B (c+d x)+C ^2(c+d x))  dx
	 A+B (c+d x)+C ^2(c+d x)  b (c+d x)  dx
	 A+B (c+d x)+C ^2(c+d x)  (b (c+d x))^3/2  dx
	 A+B (c+d x)+C ^2(c+d x)  (b (c+d x))^5/2  dx
	 A+B (c+d x)+C ^2(c+d x)  (b (c+d x))^7/2  dx

	Appendix
	Download section
	Listing of Grading functions
	Mathematica and Rubi grading function
	Maple grading function
	Sympy grading function
	SageMath grading function



